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Partial Order Alignment (POA) has been proposed recently as an alternative to conventional sequence
alignment. Instead of the familiar tabular alignments, POA methods produce a partial order — a labeled
directed acyclic graph — that includes the input sequences. In this paper, we formalize POA in terms
of graphs, and show it corresponds to finding a Minimal Common Supergraph for a set of partial order
graphs. We also show how this formulation may serve as a guide in the development of new alignment
algorithms, and in addressing perennial problems, such as how to align alignments.

1. Introduction

Partial Order Alignment (POA) ����� ���	� 
���� 
�
�� 
�� is a recently-developed alternative to tradi-
tional sequence alignment methods ����� ��� . Rather than a tabular arrangement of sequences,
alignments with POA consist of a partial order (labeled directed acyclic graph) that sub-
sumes the sequences, as shown in Figure 1.

Recently an independent evaluation by Lassman and Sonnhammer 
�
 reported the POA
approach to have real advantages over traditional alignment methods. To illustrate quickly
why this would be so, and to show that POA has a number of possible applications, some
examples of alignments are reproduced in Figures 2–5. The biological implications of these
diagrams 
�� is omitted here; they are only meant to convey a rough impression of possibili-
ties, and suggest that partial order structures are good models for some aspects of biological

�
POA home page: http://www.bioinformatics.ucla.edu/poa. Work supported by NSF grant IIS

0082964. Project home page: http://www.bioinformatics.ucla.edu/leelab/db
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sequences that are not as well captured by the traditional tabular arrangements. POA is of
interest in its own right, since it gives a global, graph-like perspective that can be used with
local perspectives afforded by dynamic programming when attacking alignment problems.

An important theme in this paper is the role of scale, or granularity, in alignment. Fig-
ures 3, 4, and 5 address aspects of sequences at successively larger granularities. That this
can be done is not only an interesting aspect of POA from the standpoint of biology, but
also an important aspect of POA from the standpoint of algorithmic complexity. Although
some algorithms in this paper may be impractical at the granularity of nucleotides, they can
be quite practical at the granularity of splices (Figure 4) or protein domains (Figure 5).

This paper attempts to formalize POA in graph-theoretic terms; set a foundation for
implementations; and formulate sequence alignment questions from a POA perspective,
such as how to align alignments ��� . This paper is specifically focused on pairwise POA. A
companion paper 
�� analyzes the generalization to multiple alignment.

We begin by considering a view of alignment as a ‘fusion’ process that integrates se-
quences into a model (a partial order graph). The resulting intuition about fusion is then
formalized as POA. We show the pairwise POA problem to be NP-complete. As a result (or
nevertheless) we then develop a generic algorithm for POA that works by enumerating sets
of possible fusions, or equivalently by enumerating certain subgraphs of a derived fusion
graph. We conclude by considering applications, a scheme for aligning alignments, and
avenues for future work.
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Fig. 1. Partial Order Alignment for the two input sequences PKMIVRPQKNETV, THKMLVRNETIM. The first
line gives a pairwise alignment for these sequences. The second line is a linear graph — the PO corresponding to
the sequence PKMIVRPQKNETV. The third line (ignoring the dashed ovals) includes only the input sequences
as paths, while the fourth line is a POA that includes many other sequences as paths. However, the fourth line
has the minimal number of nodes among all POs that include the input sequences as paths, while the third has
the maximal number (the sum of all input sequence lengths). The fourth line is thus both a POA for the two input
sequences and a solution to the (pairwise) PO Alignment problem for these sequences as graphs. It can also be
viewed as an sequence emission model — a HMM- or grammar-like generator — for these two sequences.
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CONSENSUS a.gttcctgc.tgcgtttgctggactgatgtactt.gtttgtgagg.caa
Hs#S663801 a.gttcctgc.tgcgtttgctggacttatgtactt.gtttgtgagg.caa
Hs#S337687 aagttcctgc.tgcgtttgctggactgatgtacttggtttgtgnaggcaa
Hs#S629177 a.gttcctgc.tgcgtttgctggactgatgtactt.gtttgtnagg.caa
Hs#S672957 a.gttcctgc.tgcgtttgct.............................
Hs#S672182 a.gttcctgc.tgcgtttgctggactgatgtactt.gttt..........
Hs#S674099 a.gttcctgc.tgcgtttgctggactgatgtactt.gtttgtgagg.caa
Hs#S196113 a.gttnctgn.tgngtttgctggactgatgtactt.gtttgtgagg.caa
Hs#S994400 .............................gtacnt.gtttgtgagg.cta
Hs#S80460 a.gttcctgc.tgcgtttgctggactgatgtactt.gtttgtgagg.caa
Hs#S1988018 a.gttcctgc.tgcttttgctggactgatgtactt.gattgtgagg.caa
Hs#S1794113 a.gttcctgc.tgcgcttgctggactgatgtactt.gtttgtgagg.caa
Hs#S4698 a.gttcctgc.tgcgtttgctggactgatgtactt.gtttgtgcgg.caa
Hs#S813765 a.gt.cctgc.g.cgtttgc.ggacggatgtactt.gtt.gtgagg.caa
Hs#S1184845 .............................................g.caa
Hs#S1577463 ............................................gg.caa
Hs#S914987 ........................ctgatgtactt.gtt.gtgagggcaa
Hs#S1985364 a.gttcctgc.tgcgtttgctggactgatgtactt.gtttgtgagg.caa
Hs#S1465644 ..gttc.tgcctgcgtttgctgaactgatgtactt.gttagt.aag.caa
Hs#S1850471 c.gttactgc.ggggtttgctggactcatg.actttgttngt.agg.caa

Fig. 2. Sample Multiple Sequence Alignment for EST sequences from UniGene cluster Hs.100194
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Fig. 3. POA summarizing the sequences shown in Figure 2
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Fig. 4. Partial Order Alignment showing four different observed alternatively spliced mRNA forms, and the ge-
nomic sequence, of human gene HLA-DM � from Unigene cluster Hs.1162. Exons are shown as rectangles;
asterisks indicate that all four forms share an indicated sequence.
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Fig. 5. POA showing recombination among the 4 multidomain protein sequences with Swissprot identifiers
MATK HUMAN (M), ABL1 HUMAN (A), GRB2 HUMAN (G), and CRKL HUMAN (C); protein domains are
shown as ovals and rectangles.
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1.1. Alignment as Graph Fusion

In what follows sequences are viewed as graphs in which nodes are labeled with the letters
of the sequences, as shown in Figure 1.

When sequences are represented as graphs, alignment of sequences corresponds nat-
urally to fusion of their nodes. That is, nodes (letters) that are aligned can be integrated
into a single node. Figure 1 shows a simple example, in which 7 fusions are made (for the
subsequences of nodes corresponding to the letters KMVRNET).

This fusion process has the effect of integrating multiple sequence emission models into
a single model. Usually there is more than one possible result. The shape of the resulting
graph depends on the specific fusions that are permitted (e.g., we are permitted to fuse
nodes having identical letters), and on the specific choices of fusions made.

Generally, as a Parsimony Principle, we seek a minimal model — a model that is as
concise as possible. Intuitively, for example, the final graph in Figure 1 is a minimal model
for the two sequences shown. To obtain a minimal model, we seek a set of fusions that
minimizes the size of the resulting graph.

Definition 1. Each node and edge in a graph has a size: an associated numeric value. The
size of a graph is the sum of the sizes of its nodes and the sizes of its edges.

This definition is general enough to cover many notions of size. It can handle statisti-
cal notions such as log-odds measures. It can also handle graph-theoretic notions such as
node+edge graph size, discussed later, which assigns high weight to the number of nodes
and lower weight to the number of edges.

Definition 2. There are two kinds of node fusion:

� identity fusion: fusion of identically-labeled nodes.� substitution fusion: fusion of differently-labeled nodes.

The node resulting from the fusion is labeled with a set containing all labels from the fused
nodes. This set is called an align ring ��� .

For example, in Figure 1, only identity fusion is shown. The two final nodes labeled
with the letters I and V could be fused into a single node labeled with align ring

�
V,I � .

Labeling nodes with sets of letters differs in a minor way from the initial POA paper 
�� ,
which used dashed circles around nodes to denote align rings.

In this paper, alignment is fusion. Furthermore fusion is limited to a predefined set of
possible fusions, from which we seek optimal subsets.

Definition 3. A set of possible fusions PF for labeled graphs � �����	� ��

� ��
�� ��� and
� 
 ����� 
 
�� 
 
�� 
 � is a subset PF � � ��� � 
 of the cartesian product of their nodes.

Some natural sets of possible fusions include the set of all identity fusions, the set
of fusions for pairs of letters for which the probability of point mutation is high (e.g.,
as measured in a PAM/BLOSUM matrix ��� ), or the set of fusions for nodes whose codon
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triplets differ by at most a single base change (such as ����� , ����� , etc. ��� ).

PF �
�
� � 
 	 � 
 � � � � 


�
� � � � � � ��
 � 	 � , i.e., � and 	 have identical labels �

PF �
�
� � 
 	 � 
 � ��� � 


�
the � � � � � � 
�� 
 � 	 ��
 entry in the BLOSUM62 matrix is positive �

PF �
�
� � 
 	 � 
 � ��� � 


�
the codon labels of � , 	 differ by at most a single base change ���

This paper focuses on problems in which the set of possible fusions PF has nontrivial
structure, such as when the set of labels (alphabet) is relatively large and substitutions are
held to a high standard. In trivial problems where PF � � � � � 
 the alignment problem
becomes less a graph problem, emphasizing the model structure we are interested in, and
more a numerical optimization problem. The purpose of this paper is to investigate basic
properties of a graph-theoretic formulation.

2. Partial Order Alignment as a Graph Problem

Definition 4. A labeled, sized, directed graph � ����� 

� 
���
�� � is a graph such that:

� � is the set of nodes of � .� ��� � � � is the set of directed edges of � ; each pair � � 
 	 � 
 � represents the
directed edge ( ����	 ).� node labels of � are defined by ��� � ����� , a function mapping individual nodes
to nonempty subsets of � , a fixed label set (e.g., alphabet of individual letters).� sizes of nodes and edges in � are defined by ��� ��� � �� , a function mapping
individual nodes and edges to numeric values. The size of � is !#"%$�&('*) � �,+ � .

Thus each node and edge in the graphs has a size — an associated numeric value — and
the size of a graph is the sum of its node sizes and edge sizes. A node size � � 	 � can, for
example, depend on � � 	 � or other properties of node 	 . Again, this definition is general
enough to handle many notions of size.

For example, the node+edge size of a graph � ����� 

� � assigns every node has size 1
and every edge has size - , where - is small (e.g., .0/1-�/325476 
 , where 6 is an upperbound
on the number of nodes). This yields the total graph size

�
�
�98 - � �

�
, in which

�
�
�

is
of primary importance;

�
�
�
has at most secondary influence on size. The node+edge size

measure implements a lexicographic ordering on
�
�
�
first and

�
�
�
second.

Definition 5. Let � � � �	� � 

� � 
�� � 
�� � � and � 
 � ��� 
 

� 
 
�� 
 
:� 
 � be graphs in which � �
and � 
 are disjoint sets, and let PF � � � � � 
 be a set of possible node fusions.

Formally, for any subset ; � PF, the result of performing fusions ; is a supergraph
� � ��� 

� 
���
�� � such that � � ��� �<� � 
 �>=0?A@ ; and � � � � �B� � 
 �C=0?A@ ; . HereD =0?*@ ; denotes the object

D
upon which ; has been applied as an equivalence relation;

equivalent objects are fused. Thus � contains both � � and � 
 as subgraphs ( =E?A@ ; ).
Informally, the result of performing fusions ; is to make the previously disjoint sets

� � and � 
 subsequently share a common subset �EF of fused nodes. Both � � and � 
 are
contained in the graph � that results from this fusion, and � is thus a supergraph.
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The set ��F of fused nodes also defines a subgraph � F � ����F�

� F 
���
�� � of � . Within
this subgraph � F consists of the edges in � � and � 
 that only connect nodes in � F , i.e.,

� F � � � ��� F � � F � . The node label � of the node 	 
 � F resulting from fusing 	 � 
 � �
and 	 
 
 � 
 is defined by � � 	 � � � ��� 	 � �7� ��
 � 	 
 � 
 whereas the size � � 	 � reflects the sizes of	
� and 	 
 as well as some ‘score’ from fusing 	 � and 	 
 . For non-fused nodes 	 
 � � � F

both � � 	 � and � � 	 � are defined by the graph containing 	 .

Definition 6. A PO (Partial Order) is a graph � � �	� 
�� 
���
:� � that is acyclic, i.e., there
is no value ��� 2 and no subset

� 	��	� 
 � � � 
 	
��� � � � such that the cyclic sequence of edges	 � � ��	 ��
 
������ 
 	 ����� � ��	 ��� 
 	 ��� ��	 � � is a subset of � .
Every sequence � � ����� ��� naturally defines a PO: a graph � � ��� 

� 
���
�� � that has

nodes � �
� 	

� 
 � � � 
 	 � � , edges � �
�
� 	 � 
 	 
 � 
 � 	 
 
 	 
 � 
������ 
 � 	 ��� � 
 	 � � � , and the node

labels � � 	 � � �
� � � � , for 2 /�� / 6 . In what follows we call such a graph a linear graph.

Definition 7. Given POs � � ����� � 
�� � 
�� � 
�� � � and � 
 ����� 
 

� 
 
���
�
:� 
 � , and a set PF �
� ��� � 
 of possible node fusions among them:

� a compatible set of fusions ; � PF is a set of node pairs that, if fused together,
would combine � � and � 
 into a graph � that is acyclic (i.e., a PO);� a common supergraph of � � and � 
 defined by PF is one of these graphs �
obtained by a compatible set of fusions ;�� PF — and is thus also a PO;� a Minimal Common Supergraph (MCS) of � � and � 
 defined by PF is a com-
mon supergraph � defined by PF that is minimal (among all such supergraphs, it
has minimal size).� a common subgraph of � � and � 
 defined by PF is also a graph obtained from
a compatible set of fusions ;�� PF — specifically, the common subgraph is
the subset of the supergraph � , whose nodes are all of the nodes in � resulting
from fusion, and whose edges are all of the edges in � among these nodes — and
because it is a subgraph of the PO � , it is also a PO;� a maximal common subgraph (mcs) of � � and � 
 defined by PF is a common
subgraph that is maximal (among all such subgraphs, it has maximal size).

Notice that the MCS and mcs need not be unique.

Bunke et al. ��� ��� � have explored similar formulations for MCS and mcs. One
formulation � allows only identity fusions, the node+edge graph size function. Another ��� �
permits substitution fusions and a class of size functions linear in the numbers of nodes
and edges affected by the various kinds of edit operations; it defines a graph edit distance
in terms of these size measures and shows how it is naturally related to MCS size.

In this paper we will emphasize the node+edge graph size measure since it is natural
and it reflects graph structure. It also seems particularly useful in large-grain alignment of
segments or features of sequences, and this alignment can then be refined to smaller-grain
levels using other methods.
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Fig. 6. A Minimal Common Supergraph (MCS) and maximal common subgraph (mcs) for two POs ��� and ��� ,
assuming the node+edge size of a graph is used. The mcs is the common subgraph induced by the nodes with labels
S, F, T, I, A, and is unique for these graphs (there is no larger common subgraph). By fusing the corresponding
pairs of nodes in ��� and ��� with these labels, we obtain a larger graph, containing both ��� and ��� . This larger
graph is exactly a MCS of ��� and ��� . Thus the MCS is something like the smallest possible ‘union’ of ��� and
��� , and relative to this the mcs is their ‘intersection’.
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Fig. 7. Another supergraph for the two directed acyclic graphs ��� and ��� in Figure 6. It is not minimal if the
node+edge size of a graph is used, because it has more edges than — although the same number of nodes as —
the supergraph MCS of ��� and ��� in Figure 6. Both of these supergraphs are results of fusing five pairs of nodes
between � � and � � , as is explained in Figure 8.
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Definition 8. The Pairwise PO Alignment Problem:
Given POs � � and � 
 , and a set PF � � � � � 
 of possible node fusions among them, find
a MCS � for � � and � 
 using only fusions in PF.

Example 1. Each partial order alignment in Figure 1 is also a PO. Also, if the size of a
graph is proportional to its number of nodes, so that minimality of a graph means it has as
few nodes as possible, the fourth line of Figure 1 shows the unique solution of the Multiple
PO Alignment problem for the sequences PKMIVRPQKNETV and THKMLVRNETIM.

Example 2. Figure 6 shows a MCS and a mcs for two graphs � � and � 
 , assuming
node+edge graph size. With this size function, the MCS or mcs for the two graphs shown
are unique. Figure 7 shows another graph that is obtainable by fusing a different set of five
nodes in the fusion graph in Figure 8. Although it has the same number of nodes as that in
Figure 6, it has more edges, and thus is not minimal.

3. Algorithms for Pairwise Partial Order Alignment

The algorithms considered in this section take two POs � � and � 
 as input, and find a
MCS. Efficient algorithms for Partial Order Alignment exist for some special cases, such
as where � � is a linear graph and � 
 is a PO. Also, some results are developed here for the
general case.

3.1. Alignment of a Partial Order with a Sequence

Theorem 1. (Lee, Grasso & Sharlow 
�� )
In the special case where � � is a PO and � 
 is a linear graph (sequence), a MCS can be
found in polynomial time by dynamic programming.

Specifically, if 	 is a node in the PO � � , and � is the index of a node in sequence � 
 ,
we obtain a dynamic programming recurrence

�
� 	 
 � � � = ��� � � ��	 � 
 � �

�� � � � 	 
 � � 2 �
8	�

� 	 ��
� � 
 � � 2 �

8
� � 	 
 � ��

� � 
 � � 8
� � � �
where � ranges over all direct predecessors of 	 in the partial order, � � 	 
 � � is the substitu-
tion score for aligning node 	 of � � with letter � of � 
 (fused node size), and

�
specifies a

gap penalty (non-fused node size). The difference from standard sequence alignment here
is that there can be multiple predecessors � for any given node 	 , whereas in standard
alignment there can be only one. When the partial ordering � � is sparse, which is typi-
cal in practice, the complexity of this alignment is not much greater than that of pairwise
sequence alignment 
�� .

An implementation of this approach has been available (now for several years) at
www.bioinformatics.ucla.edu/poa. It takes a set of sequences as input, and itera-
tively integrates them into a PO with dynamic programming 
�� . The implementation has
been used heavily in a high-throughput production environment ����� 
�� .
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3.2. Alignment of a Partial Order with a Partial Order

Recently Grasso ��� has developed a heuristic dynamic programming algorithm for aligning
two POs. The algorithm works by finding an optimal linear mcs for the two input POs � �
and � 
 , directly generalizing on the algorithm just discussed for aligning a Sequence with
a Partial Order. Specifically, if 	 and 	 F are nodes in � � and � 
 , respectively, it evaluates
the dynamic programming recurrence

�
� 	 
 	 F � � = ��� � � � 	 � 
 � �

� � F ��	 F � 
 � 


�� � � � 	 
 � F � 8
� � 	 ��
� � 
 � F �

8
� � 	 
 	 F ��

� � 
 	 F �
8
�

� 	 F �
where � ranges over all direct predecessors of 	 in � � ,

� F ranges over all direct predecessors
of 	 F in � 
 , and � � 	 
 	 F � is the substitution score for aligning 	 of � � with 	 F of � 
 . Since
only linear fusions of � � and � 
 are considered, the algorithm is very efficient. In a se-
ries of experiments it exhibited subquadratic time complexity, significantly outperforming
CLUSTALW � � in both specific timings and in asymptotic timing behavior. It also produced
superior alignments for problems generated by ROSE 
�� , and for BAliBASE benchmarks 
�
 .

3.3. Computational intractability of Pairwise Partial Order Alignment

Being able to find a MCS for general POs � � and � 
 will allow us to align alignments.
Unfortunately, in its general form this Partial Order Alignment problem is intractable:

Theorem 2. With node+edge graph size, the pairwise Partial Order Alignment Problem is
NP-complete.

Proof. We actually show that a decision problem variant of the PO Alignment Problem
is NP-complete: given a PO and a set of possible fusions, and an integer ��� . , does
the PO have a MCS of size � or less, using node+edge graph size? (The corresponding
optimization problem, of finding the smallest possible value of � , can be reduced to a kind
of binary search using this decision problem.)

The approach here for demonstrating the hardness of this problem is to show that it con-
tains a hard supergraph (graph subsumption) problem as a special case; deciding whether
one graph is a supergraph of another is NP-complete for many kinds of graphs. The MCS
of two POs should be one of the POs precisely when it is a supergraph of the other.

Specifically, the CLIQUE problem (a well-known NP-complete problem ��
 ) can be re-
duced to the MCS problem. The CLIQUE problem takes as input an undirected graph �
and integer � , and asks whether � has a clique (completely-connected subgraph) of size � .

Intuitively this reduction can work by reducing the CLIQUE problem to a directed
variant of the MCS problem. Assuming that � is an undirected graph, we convert � to
a directed graph � � by choosing an arbitrary numbering 2 
 � � � 
 6 of its nodes, and then
orienting each of � ’s edges to point from its lower-numbered node to its higher-numbered
node. We also create a graph � 
 — a directed version of a clique — that has nodes num-
bered 2 
 � � � 
 � , and has a directed edge from node � to node � iff 2 / ����� / � . (We can
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assume without loss of generality that 6 � � , and that � contains no isolated nodes.) Both
� � and � 
 are directed acyclic graphs. Thus � has a clique of size � if and only if � � is a
MCS of � � and � 
 , or equivalently, every MCS of � � and � 
 is no larger than � � .

Implicit in this reduction outline is the assumption that every node in both � � and � 

has the same node label (e.g., letter). This is a degenerate kind of POA problem that does
not arise in practice. Generally, we say that a PO is degenerate if it contains distinct nodes

+ and � that are indistinguishable — they have the same label, and they have the same
paths: any sequence of labels on a path to (resp. from) one is also a sequence of labels
on a path to (resp. from) the other. So this reduction outline is deficient in that it does not
specifically show that nondegenerate POA is a hard problem.

It is possible to avoid degeneracy concerns, and reduce a CLIQUE problem to a nonde-
generate POA problem, by replacing every node in � � and � 
 with a copy of a nondegen-
erate PO (one that could arise in practice), and then including a few additional edges. We
do this as follows.

First, let � be a large nondegenerate PO with � source nodes and � sink nodes, where� � � 6 

8 � 
 � . (That is, in � there is a path from every source node to every other node,

and to every sink node from every other node.) We then create � F � (resp. � F
 ) by replacing
every node in � � (resp. � 
 ) with a copy of � , and replacing every edge � � 	 in � �
(resp. � 
 ) with � edges connecting the � -th sink of � ’s copy of � to the � -th source of	 ’s copy of � ( 2 / �0/�� ). It is still true that � has a clique of size � , and every MCS
of � � and � 
 is no larger than � � , if and only if some MCS of � F � and � F
 has the same
number of nodes as � F � . The point of the large value for � is that it allows us to add many
additional ‘nondegeneracy-guaranteeing edges’ to � F � and to � F
 without disturbing this
basic structure.

So far, the graphs � F � and � F
 still can be degenerate, since they are homomorphic
images of � � and � 
 , and � � and � 
 can have indistinguishable nodes. This degeneracy
can be avoided by adding more edges. Viewing 6�� and 6�� as fixed distinct integer indices
for nodes � and 	 (ranging over the 6 nodes in � � and � nodes in � 
 ), for every edge � ��	
in � � (resp. � 
 ), we add one more edge from sink node 6�� of � ’s copy of � to source node
6 � of 	 ’s copy of � . There are fewer than � 6 


8 � 
 � such edges. Adding these edges destroys
any degeneracy: if nodes + and � have isomorphic predecessors and successors in � F � (resp.
� F
 ), then they cannot both be in one copy of � (since � is nondegenerate), but if they are
in different copies of � , they cannot be indistinguishable, since they are not isolated ( �
contains no isolated nodes) and since sources and sinks of these different copies of � have
been affected in non-isomorphic ways by the newly added edges.

Furthermore, since there are fewer than � 6 

8 � 
 � such edges, adding them to � F � and

� F
 does not change the property that � 
 is not a � -clique in � � if and only if any MCS of
� F � and � F
 has at least � 6 


8 � 
 � edges more than � F � . (If � 
 is a � -clique in � � , then the
MCS of � F � and � F
 is � F � along with the edges that were added to avoid degeneracy. If � 

is not a � -clique in � � , then the MCS must include at least � 6 


8 � 
 � edges more than � F � .)
So being able to bound the size of a MCS is sufficient to solve the CLIQUE problem.

Finally: the problem is NP-complete even when there are only two possible node labels.
This construction does not impose requirements on the number of labels (letters) used. In
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fact the number � of labels can be reduced to 2 by replacing each node in � F � and � F
 with
a sequence (linear graph) of ��� ?�� 
 � � �

�
nodes by using binary encodings.

This is consistent with other negative results obtained recently for multiple sequence
alignment and supergraph problems 
	� 
���� 
 � .

For two graphs, when the node+edge graph size function is used, the MCS problem
can be treated as equivalent to the mcs problem � . The mcs problem was long ago shown to
be NP-complete for general graphs ��
 , using a similar transformation from CLIQUE. The
close connections between POA and CLIQUE will now be explored.

3.4. Fusion Graphs: graphical representations of compatible sets of fusions

Finding a mcs and finding a MCS can be computationally equivalent, in the sense that
finding an instance of one easily yields an instance of the other. Furthermore, under certain
assumptions on the graph size measure, the MCS and mcs of two graphs can be directly
related � . For example, when the size of a graph is

�
�
�
, any set of fusions ; yielding a

mcs also yields a MCS, since both depend only on the size
�
�EF
�
of the set of fused nodes.

This also is true for node+edge graph size, since again the number of nodes is of primary
importance.

Many algorithms for finding a mcs are now available ��� 
 ��� 
 ��� 
�� . Some of these rest on
clique finding algorithms ��� ��� �	� � . Our idea is to treat the mcs problem for � � and � 
 as a
maximal clique problem on a corresponding compatibility graph of � � and � 
 , which is
related to their fusion graph.

Definition 9. The fusion graph FG � � PF 
 CF � of two POs � � and � 
 is a directed
graph. The set of nodes PF � � � � � 
 defines all possible fusions � � 
 	 � of pairs of nodes� 
 � � , 	 
 � 
 .

The edges CF of the fusion graph are then defined as follows. For distinct � � 
 	 � and

� � F�
 	 F � in PF, there is a directed edge from � � 
 	 � to � � F�
 	 F � in CF if joining the POs � �
and � 
 by fusing � with 	 and fusing � F with 	 F yields a graph in which there is a path
from � to � F (equivalently, from 	 to 	 F ).

Thus it is possible for there to be an edge from � � 
 	 � to � � F�
 	 F � and an edge from

� � F�
 	 F � to � � 
 	 � . Two such nodes are called pairwise incompatible fusions; otherwise
they are pairwise compatible.

Example 3. Figure 8 shows the fusion graph for the graphs � � and � 
 that appeared
earlier in Figure 6. The fusion graph has 11 nodes, which is the total number of times a
node label in � � matches a node label in � 
 .

The special case of pairwise sequence alignment is helpful for gaining intuition about
fusion graphs. For two input sequences, in order to solve the PO Alignment Problem we
must find a directed acyclic graph that contains each of the sequences and is also minimal,
i.e., has as few nodes as possible. Finding such a graph is equivalent to finding a LCS
(Longest Common Subsequence) ��� of the two input sequences. Figure 9 shows the fusion
graph for the two sequences PKMIVRPQKNETV and THKMLVRNETIM, viewing each
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Fig. 8. The fusion graph for the graphs shown in Figure 6. For clarity, edges between pairwise incompatible
fusion nodes have been omitted. Nodes in the fusion graph correspond to node pairs ��������� ( � in � � , � in � � )
having identical labels. Highlighted nodes identify the maximal sets of compatible fusions. As an example, there
is no edge between nodes 1 and 4 of this graph, because they represent pairwise incompatible fusions: node 1
corresponds to fusing the T at the start of ��� with the T in the middle of ��� , while node 4 corresponds to fusing
the S near the middle of ��� with the S near the start of ��� . Performing both of these fusions on ��� and ���
would yield a cyclic graph. By contrast, any set of mutually-compatible fusions will yield a supergraph of ��� and
��� that is a PO. Specifically, performing the highlighted sets of fusions 	�
���
���������������� will yield the supergraph
shown in Figure 6, which is a MCS, and performing the fusions 	�������������������� will yield the supergraph shown in
Figure 7, which is not minimal because its number of edges is not minimal.
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sequence as a graph. A POA is obtained from these two by making fusions corresponding
to compatible nodes in the fusion graph.

Theorem 3. For POs � � and � 
 , the set of Minimal Common Supergraphs is in 1-to-1
correspondence with the set of maximal directed acyclic subgraphs of their fusion graph.

Proof. The union of � � and � 
 is a PO — a directed acyclic graph. Any set F of valid
pairwise node fusions (subset F � PF of nodes in the fusion graph) will yield a common
supergraph of the two. We claim that this supergraph is a PO (directed acyclic graph) if and
only if the nodes in F define a directed acyclic subgraph of FG.

Equivalently: performing a set of fusions F on � � and � 
 yields a cycle if and only if
F defines a corresponding cycle in the fusion graph FG. We prove this by induction on the
number 6 of nodes in F. The basis for 6 � 2 is trivial, since no single fusion can yield a
cycle. For the induction step, assume F �

�
� � � 
 	 � � 
 � � � 
 � � � 
 	 � � � with 6 � 2 .

( � ) Suppose the fusions of F yield a cycle in the union of � � and � 
 . This cycle must
include fused nodes in some order, since without the fused nodes there is no cycle. We
can assume no proper subset of F has this property, since otherwise the rest follows by
induction. Thus we can assume the cycle is of the form

�
�

�� � �



�� � �����
�� � � � �� � �

�
where each node � � is the fusion of node � � in � � with node 	 � in � 
 , and each arrow de-
notes either a path that is in � � or a path that is in � 
 . The fusion graph definition requires
that each path between � � and � ���

� have a corresponding edge �
� � � 
 	
� � � � � ��� ��
 	
��� � ���
in FG. So F defines a cyclic subgraph of the fusion graph FG.

( � ) Suppose that F defines a cycle in FG. We can assume no proper subset of F does
also, since otherwise the rest follows by induction. Thus we can assume (by renumbering
if necessary) that FG contains the edges

��� � � 
 	 � � � � � 
 
 	 
 �
� 
 ������
 ��� � ��� � 
 	 ��� � � � � � � 
 	 � �
� 
 �
� � � 
 	 � � � � � � 
 	 � ��� �
By the fusion graph definition, the � -th edge corresponds to a path in the union of � � and
� 
 from either � � or 	 � to either � ��� � or 	 ��� � . With the fusions of F, these paths define a
cycle in the union of � � and � 
 .

The fusion graph is primarily a bookkeeping construction that allows us to find com-
patible sets of fusions. In fact the result above can be generalized for multiple graphs 
�� .

3.5. Implementing Pairwise Partial Order Alignment

Theorem 3 shows that implementation of POA requires finding good sets of node fu-
sions. Specifically, the fusions must be compatible — i.e., performing them does not create
a cycle, and destroy the partial ordering property. (Some time ago by Morgenstern et al. 
 �
mentioned a similar idea of using partial order as a consistency check for proposed MSAs.)
Beyond this, the fusions should be as extensive (size-reducing) as possible, so as to yield a
minimal supergraph.
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Fig. 9. The fusion graph for the graphs corresponding to sequences PKMIVRPQKNETV and THKMLVRNE-
TIM. For clarity, the edges between incompatible fusion nodes have been omitted. Furthermore, the nodes PF in
this graph correspond to identity fusions (fusion of nodes with identical labels). The highlighted nodes identify
the unique maximal compatible set of fusions among these (yielding a minimal supergraph of the sequences).
KMVRNET is the unique LCS (Longest Common Subsequence) of these two sequences. In the special case of two
sequences, the fusion graph ‘grid’ illustrated in this figure (in which the coordinates are pairs ��������� of indexes
into the two sequences) is directly related to the usual dynamic programming alignment matrix. Two nodes in the
fusion graph are compatible if and only if one is diagonally above and to the left of the other. Any set of fusions is
thus a sequence alignment ‘diagonal’, and a maximal set of fusions corresponds both to a LCS of the sequences
and to a mcs of their graphs. The resulting POA is minimal when as many nodes are fused as possible, which is
achieved by performing the (in this case unique) maximal set of fusions of this fusion graph. Notice the maximal
set corresponds precisely to the subsequence KMVRNET, which was shown in the fourth line of Figure 1 to be
the LCS for these sequences.

If a set of fusions ; is compatible, then all of its elements must be pairwise compat-
ible. Construct a graph FG F that has the same nodes PF as the fusion graph FG, but has
(undirected) edges between pairwise compatible fusions. If ; is a compatible set of fu-
sions, then, F will be a clique of FG F — a set of nodes that is completely connected in
FG F . So, we can implement POA by finding large cliques ; of FG F , checking that they are
also compatible subsets of FG, and if they are, then determining the size of the supergraph
that results by performing all the fusions in ; . Any smallest such supergraph is a POA. If
the size of a graph is a monotonic function of its number of nodes, or if performing graph
fusions cannot increase the size of a graph, then search can be restricted to maximal cliques.
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There are many algorithms for finding maximal cliques � . A popular choice has been
the Bron-Kerbosch clique-finding algorithm � , a clique enumeration method that includes a
branch-and-bound technique for avoiding rediscovery of cliques, and heuristics to improve
search performance. It has the virtue that it can be easily modified to return ‘all reasonable
cliques’. Furthermore its greedy strategy often succeeds in finding large cliques rapidly,
and as a result it often can generate respectable suboptimal solutions quickly, even when
the search space is too large to be exhaustively searched. The Bron-Kerbosch algorithm
has been used to find common subgraphs and supergraphs in bioinformatics applications
in the past, notably in comparing molecular structure. For example, for over a decade it has
been used in production protein structure alignment � ��� 
�� , and protein threading 
�� , which
involves the alignment of protein sequences with protein structures. VAST, the NCBI Vec-
tor Alignment Search Tool 
�
 adopts this approach, and it is used in NCBI’s MMDB � � to
relate protein domains in PDB.

In order to implement POA, we implemented an extension of the Bron-Kerbosch algo-
rithm to find maximal fusion sets. Our program consists of about 2500 lines of C, of which
200 lines is the Bron-Kerbosch algorithm, 200 lines is acyclicity checking, 650 lines is
Minimal Common Supergraph construction, and most of the remainder is concerned with
building, manipulating, and reading and printing of graphs. The POA output from the pro-
gram is rendered as a graph, using a layout obtained from the dot program in the graphviz
package ��
 available from AT&T Research; some layouts are shown in Figures 10 and 11.

The graph formulation of POA presented here gives a new way to attack the difficult
problem of aligning alignments ��� . Examples of alignments of alignments produced by the
program appear in Figure 10. This problem has high intrinsic complexity, and POA does
not change this. However POA admits heuristics that may work well in practice, such as
the recent work of Grasso ��� mentioned above. Also, the shift from tabular layouts to partial
order graphs does change the problem in ways that might lead to new approaches.
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Fig. 10. Progressive alignment of alignments. Iterative pairwise alignment can be used to align alignments; the
two operations shown here obtained Minimal Common Supergraphs of their operands (assuming node+edge
graph size, and identity fusions) using the clique-finding MCS implementation. While progressive alignment al-
gorithms often generate their plan for merging alignments by using a similarity measure among sequences, here
it is important to choose pairs of alignments to align so as to minimize the size of their fusion graphs.
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Hs#S672182 a.gttcctgctgcgtttgctggactgatgtacttg.ttt..........
Hs#S337687 aagttcctgctgcgtttgctggactgatgtacttggtttgtgnaggcaa
Hs#S629177 a.gttcctgctgcgtttgctggactgatgtacttg.tttgt.naggcaa
Hs#S1794113 a.gttcctgctgcgcttgctggactgatgtacttg.tttgtg.aggcaa
Hs#S813765 a.g.tcctgc.gcgtttgc.ggacggatgtacttg..ttgtg.aggcaa
Hs#S663801 a.gttcctgctgcgtttgctggacttatgtacttg.tttgtg.aggcaa
Hs#S4698 a.gttcctgctgcgtttgctggactgatgtacttg.tttgtg.cggcaa
Hs#S1988018 a.gttcctgctgcttttgctggactgatgtacttg.attgtg.aggcaa
Hs#S196113 a.gttnctgntgngtttgctggactgatgtacttg.tttgtg.aggcaa
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Fig. 11. A supergraph for the indicated Hs.100194 sequence segments from Figure 2. The result is comparable to
Figure 3. Although layouts of this kind lose information about individual sequences, this information can be re-
tained with schemes that identify individual paths, such as in the final POA shown here. The two graphs shown are
actually both renderings of one graph using different dot program parameters. If the sequences are numbered from
0 to 8, the result was produced by the arbitrarily-chosen pairwise alignments � ��� � � � � � � � � � ��� ��
 
 � � ������� � � .
For perspective on complexity, consider the problem of aligning the first two sequences. If each nucleotide is
represented as a graph node, the fusion graph has 510 vertices and 198167 edges. The large number of possible
identity fusions results from the small nucleotide alphabet. Although this brute-force approach to fusion is imprac-
tical, the Bron-Kerbosch algorithm is often able to find large cliques quickly. However, an improvement limits the
search dramatically: by representing subsequences of 3 nucleotides as single graph nodes, the resulting fusion
graph shrinks to 84 vertices and 4487 edges, with a unique maximal clique of 43 fusions. This clique is found by
Bron-Kerbosch in less than a second on a 750 MHz SUNW UltraSPARC-III CPU, and the resulting alignment is
optimal. Ultimately the POA for all sequences was produced in 23 seconds. With greater ingenuity the search can
be reduced further.

As another application, we had the program iteratively find pairwise MCS for some
Hs.100194 sequence fragments (like Figure 3 for the sequences in Figure 2). The resulting
POA is shown in Figure 11, retaining the paths that correspond to each sequence.

The more that searches can be limited to fusion of features like blocks or segments,
rather than fusion of individual residues, the larger the problems that can be handled. For
example, Figure 5 presents a POA for four protein sequences, showing 4 ‘hits’ (signifi-
cant aligned segments) among them. If the sequences are then represented in terms of hit
segments, the resulting POA problem is easily solved with clique-based approaches.

4. Conclusion

Partial Order Alignment (POA) ����� ���	� 
���� 
�
�� 
�� presents an alternative to conventional se-
quence alignment. This paper is an attempt to characterize POA in graph-theoretic terms.
From this perspective pairwise POA amounts to the problem of finding a minimal super-
graph for the two input graphs. Although this problem is NP-complete, this formulation is
helpful conceptually and can lead to new algorithms. For example, this formulation sug-
gests an implementation based on clique finding, and for large-grain alignment problems
(alignment of hits, HSPs, blocks, domains, ...) these clique methods can be practical. This
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formulation also gives new ways to approach the difficult problem of aligning alignments.
A companion paper 
�� analyzes analogues of results in this paper for multiple alignment.

Pairwise and multiple alignment differ in interesting ways. First, by forming the union of
the input graphs, with an appropriate definition of PF the multiple alignment problem can
be restricted to take a single graph as input. Second, pairwise alignment fusions always
combine a pair of nodes from the two input graphs, where multiple alignment fusions can
combine arbitrarily many nodes from the single input graph.

This paper has concentrated on presenting the POA concept in terms of graphs, leaving
open many specific questions about implementation. The aim has been to develop a foun-
dation for further exploration and development. An implementation and other information
about POA is available at www.bioinformatics.ucla.edu/poa.
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