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Abstract

We considerthe problemof nding the smallestcontext-
free grammarthat generate®xactly one given string of
lengthn. The size of this grammaris of theoreticalin-
terestasanef ciently computablevariantof Kolmogoror
compleity. Theproblemis of practicalimportancen ar
eassuchasdatacompressiomndpatternextraction.

The smallestgrammaris known to be hardto approxi-
mateto within aconstantactor, andano(log n=loglog n)
approximationrwould requireprogreson along-standing
algebraicproblem[10]. Previously, the bestproved ap-
proximationratio was O(n'=2) for the BISECTION algo-
rithm [8]. Our mainresultis anexponentialimprovement
of this ratio; we give anO(log(n=g )) approximatioral-
gorithm,whereg is thesizeof thesmallestgrammar

We then considerother computablevariantsof Kolo-
mogoras compleity. In particularwe give an O(log? n)
approximationfor the smallestnon-deterministic nite
automatorwith advicethat producesa given string. We
also apply our techniquesto “advice-grammars”and
“edit-grammars”two othernaturalmodelsof stringcom-
plexity.
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1 Intr oduction

This paper addresseghe smallest grammar problem
namely what is the smallestcontect-free grammarthat
generategxactly one given string ? For example,the
smallesitontext-free grammargeneratinghe string:

= a rose is a rose is a rose
is asfollows:
S | BBA
A a rose
B ! A _is

The size of a grammaris de ned to be the total number
of symbolson the right sidesof all rules. The small-
estgrammaris known to be hardto approximatewithin
a small constantfactor Further even for a very re-
strictedclassof strings,approximatinghesmallesgram-

marwithin afactorof o Io'g"lgog — wouldrequireprogress
on awell-studiedalgebraigproblem[10]. Previously, the
bestprovenapproximatiorratio wasO(n=2) for the Bi-
SECTION algorithm[8]. Our mainresultis anexponential
improvementof this ratio.

Severalrich linesof researcltonnecthis elegantprob-
lemto elds suchasKolmogoror compleity, datacom-
pression patternidenti cation, and approximationalgo-
rithmsfor hierarchicalproblems.




The sizeof thesmallestcontect-freegrammargenerat-
ing a givenstringis a natural,but moretractablevariant
of Kolmogoror complexity. (The Kolmogoror complex-
ity of astringis thedescriptiorlengthof the smallesfTur-
ing machinethatoutputsthatstring.) The Turing machine
modelfor representingstringsis too powerful to be ex-
ploited effectively; in general the Kolmogoros complex-
ity of a stringis uncomputableHowever, wealeningthe
modelfrom Turingmachinego contect-freegrammarse-
duceghecompleity of theproblemfrom therealmof un-
decidabilityto mereintractability,. How well the smallest
grammarcanbe approximatedemainsan openquestion.
In this work we malke signi cant progressoward an an-
swer: our main resultis that the “grammarcompleity”
of a stringis O(log(n=g ))-approximablén polynomial
time,whereg is thesizeof the smallesigrammar

This perspectie onthesmallesgrammarproblemsug-
gestsa generaldirection of inquiry: canthe complec-
ity of a string be determinedor approximatedwith re-
spectto othernaturalmodels? Along this line, we con-
sidertheproblemof optimallyrepresentingninputstring
by a non-deterministicnite automatorguidedby anad-
vice string. We shaw that the optimal representatiomf
a string is O(log? n)-approximablein this model. Then
we considercontect-freegrammarsvith multiple produc-
tions per nonterminal,againguidedby an advicestring.
Thismodi ed grammamodelturnsout, unexpectedlyto
be essentiallyequivalentto the original.

The smallestgrammarproblemis alsoimportantin the
areaof datacompressionlnsteadof storingalong string,
onecanstorea smallgrammarthatgenerated, provided
suchagrammaicanbefound. Thisline of thoughthasled
toa urry of research8, 12, 16, 7, 1, 9] in thedatacom-
pressioncommunity Kieffer andYangshow thata good
solution to the grammarproblemleadsto a good uni-
versalcompressioralgorithmfor nite Markov sources
[7]. Empirical resultsindicatethat grammarbaseddata
compressiolis competitve with othertechniquesn prac-
tice [8, 12]. Surprisingly however, the mostprominent
algorithmsfor the smallestgrammarproblemhave been
shawvn to exploit the grammamodelpoorly [10]. In par
ticular, the SEQUITUR [12], BISECTION [8], LZ78 [16],
andSEQUENTIAL [14] algorithmsall have approximation
ratiosthatare ( n'=3). In this paper we achieve a loga-
rithmic ratio.

The smallesigrammarproblemis alsorelevantto iden-

tifying importantpatternsin a string, sincesuchpatterns
naturallycorrespondo nonterminalsn a compactgram-
matr. In fact,anoriginalmotivationfor the problemwasto
identify regularitiesin DNA sequencefll]. Sincethen,
smallestgrammaralgorithmshave beenusedto highlight
patternsn musicalscoresanduncover propertiesof lan-
guagefrom exampletexts[4]. All thisis possiblebecause
a string representedby a contect-free grammarremains
relatively comprehensible This comprehensibilityis an
importantattractionof grammarbasedcompressiomela-
tive to otherwisecompetitve compressiorschemes For
example, the bestpatternmatchingalgorithmthat oper
ateson a string compresse@s a grammaris asymptoti-
cally fasterthantheequivalentfor LZ77 [6].

Finally, work onthesmallesgrammaiproblemextends
the studyof approximatioralgorithmsto hierarchicalob-
jects,suchasgrammarsasopposedo “ at” objects;such
asgraphs,CNF-formulas.etc. This is a signi cant shift,
sincemary real-world problemshave a hierarchicalna-
ture, but standardapproximationtechniqguesuchaslin-
earandsemi-de nite programmingarenot easilyapplied
to this new domain.

The remainderof this paperis organizedas follows.
Section2 de nes terms and notation. Section3 con-
tainsourmainresult,anO(log(n=g )) approximatioral-
gorithm for the smallestgrammarproblem. Section4
follows up the Kolmogoros compleity connectionand
includesthe resultson the compleity measuren other
models.We concludewith someopenproblemsandnew
directions.

2 De nitions

A grammarGis a4-tuple( ; ;S;) ,where isaset
of terminals isasetof nonterminalsS 2 isthestart
symboJand isasetof rulesof theformT ! ( [ )

A symbolmay be eithera terminalor nonterminal. The
size of a grammaris de ned to be the total numberof
symbolson theright sidesof all rules. Note thata gram-
marof sizeg canbereadilyencodedisingO(glog g) bits,
andsoour measures closeto this naturalalternatie

IMore sophisticatedvays to encodea grammar[7, 14] relatethe
encodingsizein bits to theabove de nition of the sizeof agrammarin
aclosermannerandgive theoreticajusti cation to thisde nition.



SinceG generatesxactly one nite string,thereis ex-
actlyonerulein  de ning eachnonterminalin . Fur
thermore,G is agyclic; that s, there exists an ordering
of the nonterminalsn  suchthateachnonterminalpre-
cedesall nonterminalgn its de nition. The expansionof
a string of symbols is obtainedby replacingeachnon-
terminalin by its de nition until only terminalsremain.
The expansionof is denotedh i, andthelengthof h i
is denoted .

Throughoutsymbols(terminalsandnonterminalsjpre
uppercaseand stringsof symbolsare lowercaseGreek.
We use for theinput string, n for its length, g for the
sizeof agrammarhatgenerates, andg for thesizeof
thesmallestsuchgrammar

jGj denotedhe sizeof grammaminusnumberof non-
terminals. Without loss of generalilywe do not allow
unaryrulesof theform A ! B; thenjGj is at leasthalf
thesizeof G.

3 An O(log(n=g)) Approximation
Algorithm

We now give an O(log(n=g ))-approximationalgorithm
for the smallestgrammarproblem. The descriptionis di-
videdinto threesections.First, we introducea variantof
the well-known LZ77 compressiorscheme.This senes
two purposes:it givesa lower boundon the size of the
smallestgrammarfor a stringandis the startingpoint for
our constructionof a small grammar Secondwe intro-
ducebalancedinary grammarsa classof well-behaed
grammarghatour procedureemploys. We alsointroduce
threebasicoperationson balancedinary grammars Fi-
nally, we presenthe main algorithm, which translatesa
string compressedisingour LZ77 variantinto a gram-
marat mostO(log(n=g )) timeslargerthanthesmallest.

3.1 LZ77

Our algorithm for approximatingthe smallestgrammar
employsavariantof theLZ77 compressioschemd15].
In this variant,a string is representedby alist of pairs

andthe concatenatiomf thesestringsis . In particular
if pi = 0, thenthe pair representshe stringl;, which is

asingleterminal. If p; 6 0, thenthe pair representa
portion of the pre x of thatis representedby the pre-
cedingi 1 pairs;namely thel; terminalsbeginning at
positionp; in . Notethat,unlike in the standard_Z77,

we requirethatthesubstringeferredto by (p; ; I;) befully

containedwithin thepre x of generatedby theprevious
pairs. Thesizeof the LZ77 representationf astringis s,

thenumberof pairsemployed. ThesmallestL Z77 repre-
sentationcanbe easilyfound usinga greedyalgorithmin

polynomialtime. More ef cient algorithmsare possible;
for example,[5] givesan O(n logn) time algorithmfor

ourvariantof LZ77.

As obseredin [12], a grammarG for a string canbe
corvertedin a simpleway to an LZ77 representationlt
is not hardto seethatthis transformatiorgivesan L Z77
list of atmostjGj + 1 pairs. Thuswe have:

Lemma 1l Thesizeof the smallestgrammarfor a string
is lower boundedby the sizeof the smallestL Z77 repre-
sentationfor that string.

Our O(log(n=g ))-approximation algorithm essen-
tially invertsthis processmappinganLZ77 sequencéo
a grammar This directionis much more involved, be-
causeahestringsrepresentetly pairscanarbitrarily over-
lap eachotherwhereagherulesin a grammarhave less
e xibility . Hence pneof ourmaintechnicalcontributions
is anefcient procedureo performthis corversion.

3.2 BalancedBinary Grammars

Our approximationalgorithm works exclusively with a
restrictedclassof well-behaed grammargeferredto as
balancedbinary grammas. A binary rule is a grammar
rule with exactly two symbolson theright side.A binary

grammaris agrammaiin which everyruleis binary. Two

stringsof symbols, and , are -balancedf

1

—
[a—

1

—
[a—

for someconstant between0 and % Intuitively, -
balancedmeans*about the samelength”. Note thatin-
vertingthefraction H givesanequwalentcondition. The
conditionaboveis alsoequialentto sayingthatthelength
of theexpansiorof eachstring([ ]and[ ]) is betweeran



andal fraction of the lengthof the combinedex-
pansion([ ]). An -balancedrule is a binary rule in
which the two symbolson theright are -balanced.An

-balancedgrammaris a binary grammarin which ev-
ery rule is -balanced. For brevity, we usually shorten
“ -balancedto simply “balanced”.

If Gis abinarygrammarjGj = $229'G = numberof
non-terminalsn G. Soin therestof this sectionwe shall
considerthe numberof non-terminalsof a binary gram-
marinsteadof its size.

Theremaindenof this sectionde nesthreebasicopera-
tionson balancedinary grammars Eachoperationadds
a smallnumberof rulesto an existing balancedyrammar
to producea new balancedyrammarthat hasa nontermi-
nal with speci ed properties. Theseoperationsare sum-
marizedasfollows.

AddPair : Producesa balancedgrammar containing
a nonterminalwith expansionhX Yi from a bal-
ancedgrammarcontainingsymbolsX andY. The
numberof rules addedto the original grammaris

X1

O 1+ log 8l
AddSequence : Producesa balancedgrammar con-
taining a nonterminalwith expansionhX : t
from a balanced grammar containing symbols

X111 Xy, The number of rules added is
O t 1+ loglezXd
AddSubstring : Producesa balancedgrammarcon-

taining a nonterminalwith expansion from a bal-
ancedgrammarcontaininga nonterminalwith  as
a substringof its expansion. Adds O(logj j) new
rules.

For theseoperationgo work correctly we requwethat
be selectedrom the limited range0 < 1 35 2
whichis about0:293 Thesethreeoperationsaredetailed
below.

3.2.1 The AddPair Operation

We are given a balancedgrammarwith symbolsX and
Y andwantto createa balancedgrammarcontaininga
nonterminalwith expansionhX Yi. Supposehat[X ]
[Y]; theothercaseis symmetric.

First, we decompos¢’ into a string of symbolsasfol-
lows. Initially, this string consistsf the symbolY itself.
Thereafter while the rst symbolin the string is not in
balancewith X , we replaceit by its de nition. A routine
calculationwhichwe omit, showvs thatbalances eventu-
ally achieved. At this point, we have a string of symbols
Y1 :::Yy with expansionhYi suchthatY; is in balance
with X . FurthermorenotethatY; :::Y; isin balancawith
Yi«1 foralll i < tbyconstruction.

Now we createnew rules. Initially, we createa new
ruleZ, ! XY; anddeclarethis to be the active rule.
The remainderof the operationis proceedsn steps. At
thestartof thei-th step,theactive rule hastheform Z; !
A;iB;, andthefollowing threeinvariantshold:

1. hZji = hiXY1::0Y,
2. 'Bji isasubstringof hyy :::Yji

3. All rulesin thegrammararebalancedincludingthe
activerule.

Therelationshipsetweerstringsimplied by the rst two
invariantsareindicatedin thefollowing diagram:

After t stepstheactiverule de nesanonterminalZ; with
expansiorhX Y1 :::Y;i = X Yi asdesired.

The invariants statedabove imply some inequalities
that are neededater to shav that the grammarremains

in balance. SinceY; :::Y; is in balancewith Yj+1, we
have:
[Yi+1] 1
1 [Y1:::1Yi]

SincehBii is asubstringof hyy :::
canconclude:

Y;i by invariant2, we

[Yi+1]
1 [Bi]

@)

On the other hand, since hZ;i
hyy:::

is a superstring of
Y;i by invariantl, we canconclude:



[Yi +1 ] 1
[Zi]
Below we describehow duringa stepanew active rule
is created.For clarity, we supplementhe text with dia-

grams.In thesediagramsaruleZ; | A;B; isindicated
with awedge:

)

Preeistingrulesareindicatedwith brokenlines,andnew
ruleswith darklines.

At the start of the i-th step,the active rule is Z; !
AiB;. Ourgoalis to createa new active rule thatde nes
Zi+1 while maintainingthe threeinvariants. Thereare
threecasedo consider
Casel: If Z; andYj+; arein balancethenwe createa
new rule:

Z\+1

/N

Z Yiet

Ziv1 ! ZiYi+1

This becomeghe active rule. It is easyto checkthatthe
threeinvariantsaremaintained.

If casel is bypassedthenZ; andY;.; arenotin bal-
ance;thatis, thefollowing assertiordoesnot hold:

[Yie1] 1
1 [Zi]
Sincethe right inequality is (2), the left inequality must
beviolated. Thus,hereaftemwe canassume:

> [Yi+1]
1 (Zi]

Case2: Otherwisejf A; is in balancewith B;Y;+1 , then
we createtwo new rules:

®3)

Zi+1 !
T !

AT
BiYi+1

The rst of thesebecomesghe active rule. It is easyto
checkthatthe rst two invariantsaremaintained But the
third, which assertghat all new rules are balanced re-
quiressomework. Therule Zj,; ! A;T; is balanced
by the caseassumptionWhatremainss to show thatthe

ruleTi ! B;Y+1 isbalancedthatis, we mustshow:
[Yi +1 ] 1
1 [Bi]

The left inequalityis (1). For theright inequality begin
with (3):

Mesl < ;121
= 7 (Al+[BiD
— B+ B
LBl

The equalityfollows from the de nition of Z; by therule
Zi ! A;B;. Thesubsequeninequalityusesthefactthat
this rule is balancedaccordingto invariant3. The last
inequalityusesonly algebraandholdsfor all 0:381
If case? is bypassedhenA; andB;Y.+; arenotin
balancethatis, thefollowing assertioris false:

[Ai] 1
1 [Bi Yi+1 ]
SinceA; is in balancewith B; aloneby invariant3, the

right inequalityholds. Therefore theleft inequalitymust
not; hereafterwe canassume:

S [Ai]
1 [BiYi+1]

(4)

Combininginequalitieg3) and(4), onecanusealgebraic
manipulationto establishthe following bounds,which
hold hereafter:

[Ai]
Bl 17 (5)

[Yi+1]
[Bi] 1 2 ©)



Then[Bi] > 1, assay[Ai]] 1> ;——;i.e.,Bjisnota
terminal.Solet B; bede ned by theruleB; ! UV.

Case3: If webypassased and2, we createhreenen
rules:

Zis
Zisn ! PiQ P Q
Pl AU /\ B /\
Q ! VVia
AU Vo Yin

The rst of thesebecomesheactiverule. We mustcheck
that all of the new rulesarein balance. We begin with

P; ! A;U. In onedirection,we have:
[Ai] [Ai]
V] [Bil
1

The rst inequalityfollows as[B;] = [UV] > [U]. The
secondnequalityusesthefactthatA; andB; arein bal-
ance.In theotherdirection,we have:

[Ai]

(V]

[Ai]

[Bi]
1

2

B

The rst inequality usesthe factthatB; ! UV is bal-
ancedandthe secondollows from (5). Thelastinequal-
ity holdsfor all < 0:293
Next, we shav thatQ; !
direction,we have:

VY1 is balanced.In one

[Yi+1 ]
vVl

[Yi+1]
[Bi]
1

1 2
1

The rst inequalityusesthefactthatB; ! UV is bal-
anced,the seconduses(6), and the third holds for all
< 0:293 In theotherdirection,we have:

[Yis1] [Yis1]
V] [Bil
_

The rst inequalityfollowsas[B;] > [V], andthesecond
is (1).

Finally, we mustcheckthatZ;.; !
In onedirection,we have:

P; Qi isin balance.

Pl _  [AiU]
[QI] [VYi+1]
[Ail+ (1 )[Bi]
[Bi]l+ [Yi+1]
_ BIt@e )
+ [\[(Ii;il]]
— 2 )
tr—
1

The equality follows from the de nitions of P; and Q;.
The rst inequalityusesthe factthattheruleB; ! UV
is balanced.The subsequergqualityfollows by dividing
thetopandbottomby [Bi]. In thenext step,we use(5) on
thetop, and(1) onthe bottom. The nal inequalityholds

for all % In theotherdirection,we have:
[Pl _ [AU]
[Qi] [VYia]
[Ai]+ [Bi]
(1 IBil+ [Yis1]
1 ) + [\[(‘13+i1]]
— +
@ )t
1



As before,the rst inequality usesthe de nitions of P;
andQ;. Thenwe usethefactthatB; !
We obtainthesecondequalityby dividing thetop andbot-
tom by [B;]. Thesubsequenhequalityusesthe factthat
A; andB; arein balanceonthetopand(6) onthebottom.
The nal inequalityholdsfor all 1.

All thatremainsis to upperboundthe numberof rules
createdduring the ADDPAIR operation. At mostthree
rulesareaddedin eachof thet steps. Therefore,it suf-
ces to upperboundt. Recallthatt is determinedvhen
Y is decomposethto a string of symbols:eachtime we
expandedhe rst symbolin the string, the lengthof the
expansionof the rst symboldecreaseby a factorof at
least1 . Whenthe rst symbolis in balancewith
X, the processstops. Therefore the numberof stepsis
O(log([Y]H[X ). Sincethestringinitially containsone
symbol,t is O(1 + log([Y]=[X])). Thereforethe num-
ber of new rulesis O (1+ log([Y]HX]). The caseof
[X] > [Y]is symmetric,andthe commonboundfor the

two casesanbewrittenasO 1+ log (X ]

(Yl

3.2.2 The AddSequenceOperation

The ADDSEQUENCE operatioris ageneralizatiorof AD-
DPAIR. We are given a balancedgrammarwith nonter
minalsX ::: X andwantto createa balancedgrammar
containinga nonterminaklwith expansionhX 1 : :: Xii.
But we solwe this problemin a muchsimplermanney
usingthe ADDPAIR operationrepeatedly Considerplac-
ing theX; attheleavesof abalancedinarytree.(To sim-
plify the analysis,assumehatt is a power of two.) We
createa nonterminafor eachinternalnodeby combining
the nonterminalsat the child nodesusingADDPAIR. Re-
call thatthe numberof rulesthat ADDPAIR createsvhen
combiningnonterminalsX andY is:

[X]

[Y]
Let ¢ denotethe hiddenconstanton the right, andlet s
equal[X1:::X{]. Creatingall the nonterminalson the
bottomlevel of thetreegeneratesit most

O 1+ log = O(1+ log[X]+ log[Y]D

ct=2+c log[Xi]

i=1

s
ct=2+ ctlog n

UV is balanced.

rules. (Theinequalityfollows from the concaity of log.)

Similarly, the numberof rulescreatecbnthesecondevel

of thetreeis atmostct=4+ c(t=2) log 5, becauseve pair
t=2 nonterminalshut the sumof their expansionlengths
is still s. In generalpnthei-th level, we createat most

S

t=2"*1 + c(t=2) :
c c(t=2") log =

; S 1
= c(t=2) Iogf + ct(i + z):2'
new rules. Summingi from 0 to logt, we nd thatthe
total numberof rulescreateds atmost

gt _ _
c(t:2')log?+ ct(i + %):2' = Ot 1+ Iog?
i=0

wheres = [X1:::X].

3.2.3 The AddSubstring Operation

We aregivenabalancedyrammarcontaininga nontermi-
nal with  asa substringof its expansion. We want to
createa balancedyrammarcontaininga nonterminalwith
expansionexactly .

Let T bethe nonterminalwith the shortestexpansion
suchthat its expansioncontains as a substring. Let
T! XY beitsde nition. Thenwe canwrite = , s,
wherethepre x |, liesin hXi andthesufx s liesin
hyi. (Confusingly , isactuallyasufx of hXi, and s
is apre x of hYi.) We generatea nonterminalthat ex-
pandsto thepre x p, anotherthatexpandsto the sufx

s, andthenmemethetwo with ADDPAIR. Thelaststep
generate®nly O(logj j) new rules. Soall thatremains
is to generate@nonterminathatexpandgo thepre x, p;
the sufx is handledsymmetrically This taskis divided
into two phases.

In the rst phasewe nd asequencef nonterminals
X1 ::: Xy with expansionequalto . To do this, we be-
gin with anemptysequencandemploy a recursve pro-
cedure At eachstep,we have aremainingsufx (initially

p) of somecurrent nonterminal(initially X). During
eachstep,we considerthe de nition of the currentnon-
terminal,sayX ! AB. Therearetwo cases:

1. If theremainingsufx wholly containdBi, thenwe
prepend tothenonterminakequenceTheremain-
ing sufx becomeghe portion of the old sufx that



overlapshAi, andthe currentnonterminalbecomes
A.

2. Otherwise,we keepthe sameremainingsufx, but
thecurrentnonterminabecome® .

A nonterminalis only addedto the sequenceén casel.
But in that case thelengthof the desiredsufx is scaled
down by at leasta factorl . Thereforethe length of
theresultingnonterminakequencést = O(logj j).

This constructionimplies the following inequality
whichwe will needlater:

[X1:::Xi] 1
[xi+1]

()

This inequality holds becausenX ; ::: X;i is a sufx of
the expansionof a nonterminalin balancewith X;.; .
ConsequentlyX ;1 ::: X is nottoo long to bein balance
with X i+l -

In the seconcdbhasewe meigethe nonterminalsn the
sequence; ::: X to obtainthenonterminalvith expan-
sion ,. Theprocesgyoesfrom left to right. Initially, we
setR; = Xj. Thereafterat the startof thei-th step,we
have a nonterminalR; with expansionhX ::: X;i and
seekto mergein nonterminalX ., . Therearetwo cases,
distinguishedby whetheror not the following inequality
holds:

o [Ri]
1 [Xi+1]

If so, then R; and Xj,; arein balance. (In-
equality (7) suppliesthe neededupper bound on
[Ri]AXi+1].) Therefore,we addtherule Rj+; !
RiXj+1 .

If not, thenR; is too small to be in balancewith
Xi+1 . We use ADDPAIR to memge the two, which
generate®©(1+ log ([X+1 JHRi])) new rules.Since
[Xis1] [Ri+1 ], thenumberof new rulesis O(1 +

log ([Ri+1 =[Ri]))-

Summingthe numberof rules createdin this process
gives:

X [Ris1]

[Ri]

O 1+ log
i=1

O(t + log[R:])

O(logj J)

The secondoundfollows from the fact, obsened previ-
ously, thatt = O(logj j) andfrom thefactthathR:i =
p- Generatinga nonterminalfor the sufx s requires
O(logj j) rulesaswell. Therefore the total numberof
new rulesis O(logj j) asclaimed.

3.3 The Algorithm

We now combineall thetools of the precedingwo Sec-
tionsto obtainanO(log(n=g ))-approximatioralgorithm
for thesmallestgrammarproblem.

First, we apply the LZ77 variant described
in Section 3.1. This gives a sequenceof pairs
(p1;11) :::(ps;ls). By Lemmal, the length of this
sequences a lower bound on the size of the smallest
grammairfor ;thatis,s g . Now weemploy thetools
of Section3.2 to translatethis sequencedo a grammar
We work throughthe sequencé&om left to right, building
up abalancedinarygrammaraswe go. Throughoutwe
maintainanactivelist of grammarsymbols.

Initially, the active list is I3, which mustbe a single
charactesincep; = 0 necessarilyln generalatthe be-
ginning of thei-th step,the expansionof the active list is
the stringrepresentetdy (p1;11) ::: (pi; ;). Ourgoalfor
the stepis to augmentthe grammarand alter the active
list sothatthe expansionof the symbolsin the active list
is thestringrepresentedy (p1; 1) ::: (pi+1;li+1)-

If pis1 = 0, we canaccomplishthis goal by simply
appendind;.; totheactielist. If pj+1 6 0, thenit spec-
i es asubstring ; of the expansionof the active list. If

i Is containedn the expansionof a singlesymbolin the
active list, thenwe use ADDSUBSTRING to createa non-
terminalwith expansion ; usingO(logj ij) rules. This
nonterminais thenappendedo the active list.

Ontheotherhand,if ; is notcontainedn the expan-
sion of a single symbolin the actie list, thenit is the
concatenatioof asufx of hXi,allof hA; ::: At i, anda
pre x of hYi, whereX A1 ::: A, Y areconsecutie sym-
bolsin theactive list. We thenperformthe following op-
erations:



1. Construct a nonterminal M with expansion
PA1 1 Ay i USINgQADDSEQUENCE. Thenumberof
new rulesproduceds O(t; (1 + log(j ij=t))).

2. ReplaceA; ::
symbolM .

Ay, in the active list by the single

3. Constructa nonterminalX © with expansionequal
to thepre x of ; in hXi using ADDSUBSTRING.
Similarly, constructa nonterminalY © with expan-
sionequalto thesufx of ; inhYi usingADDSUB-
STRING. This producesO(logj ij) new rulesin to-
tal.

4. Createa nonterminalN with expansionhX M Y 9
usingADDSEQUENCE on X % M, andY 2 Thiscre-
atesO(logj ij) new rules. AppendN to the endof
theactivelist.

Thus,in total,weaddO(t; + tj log(j ij=t)+ logj ij) new
rulesduring eachstep. The total numberof rulescreated
is:

ti + tjlog(j ij=t) + logj ij
i=1 |
- - ﬁ - ..
tilog(j ij=t))+  logj ij

i=1 i=1 i=1

The rst sumis upperboundedby the total numberof
symbolsinsertedinto the active list, This is at mosttwo
perstep(M andN ), whichimplies le i 2s.

To upperboundthe secondsum, we usethe concaity
inequality:

x x _s_ alh

a logh a log PFL—

i=1 i=1 i=1 &
andseta; = tj,b = j jj=t; togive:

! P

X i i x i

t; Iog ti log —FL

i=1 i=1 i=1 tl
n
= O slog S

S

The tgtterinequalityusesthefactthat =1 ij nand
that is:l ti  2s. Notethatthefunctionx log(n=x) is
increasingfor x up to n=e, and so this inequality holds
only if 2s  n=e. This conditionis violated only when
input string (lengthn) turnsout to be only a smallfactor
(2e) longerthanthe LZ77 sequencélengths). If we de-
tectthis specialcase thenwe canoutputthetrivial gram-
marS ! andachieve a constanapproximatiorratio.

By concaity again,thethird sumis upperboundedy
slog 14 ' 1) slog 2 andthustotal grammarsizeis at
most:

0] slogg = 0 g Iogg1

wherewe usetheinequalitys g and,again,the ob-
senationthatx log(n=x) is increasingor x < n=e. The
preceedingnalysisestablisheshefollowing theorem.

Theorem1 The optimumgrammarfor a string can be
approximatecdef ciently within afactorof O(log (n=g )),
wheen is thelengthof thestringandg isthesizeofthe
smallestigrammar

Remark: Universal souice codesare of greatinterest
in informationtheory Grammarbasedcodeshave been
shawvn to be universalprovidedthereis a goodgrammar
transformandassuminga nite alphabe{7, 14]. [7] de-
nes a grammatstransformto be asymptoticalljcompact
if for every string , it producesagrammarG suchthat
iG jF j = o(1), asj j goesto in nity . Thoughnot the
motivation for our work, we note that our algorithmis

asymptoticallycompact. To seethis, notethatfor a -

nite alphabetthe numberof pairsin the LZ77 represen-

tationof isg= O( |ogn) wheren = j j (e.g.Lemma

12.10.1,[3]). Soglog(n=g) = O(n'28%9") andhence

log n

jG j=n= O(!°¢!99 1) = o(1). It thenfollowsfrom Theo-

log n
rem7in[7] thatthere|s asourcecodebasecnourgram-

mar transformwhich is universalwith a maximalpoint-
wiseredundancyf O( {22109 1)° n)? )2

log n
2|n fact by Theorem8 in [7], by modifying the transformto give
an irreduciblegrammara better redundang of O(%) can be
achiered. Oneway to modify the algorithmis to post- proces!ehegram-
marin a straight-forvard way by applyingthe ReductionRulesin [7]

(SectionVI). Thiscanbedonein polynomialtime.




4 Kolmogorov complexity in related
models

The compleity of a stringis a naturalquestionof theo-
reticalimportance Kolmogoros complexity is anelegant
wayto de ne thisnotion. It isthedescriptionengthof the
smallestUniversalTuring machineprogramwhich prints
the string. But it is well-known that this is an uncom-
putablemeasureof compleity. Thuswe areled to the
ideaof de ning a computablemeasuref the compleity
of strings.A naturalapproacho de ning suchameasure
is to restrictthecomputatiormodelunderwhichthestring
is generated.

We take the most natural candidaterestrictions: in-
steadof Turing machineswe restrict oursehesto non-
deterministic nite automataandcontext-free grammars.
We make precisethe notion of generatingstringsunder
suchamodellater Thenwe askthe questionof whether
the string compleity under thesemodels can be ef -
ciently estimated. Although the problemsare known to
be NP-hard,we shaw thatef cient algorithmswith good
approximatiorratiosexist.

The grammarmodel, which forms the focus of this
work, turnsout to be closelyrelatedto both the models
mentionedabove. The problemcastin the NFA model
reducesto a two-level grammarmodel, for which we
develop an O(log? n) approximationalgorithm. In the
grammamodelabove we useda CFG which generatea
languagecontainingasinglestringto de ne thecomplex-
ity of the string. Another natural possibility, which we
call the advice-grammamodel, encodesan input string
with a CFG (which can potentially generatean in nite
numberof strings)andanadvicestring. Theadvicestring
speci eshow the productionrulesof the CFG shouldbe
appliedsuchthatonly thespeci edstringis producedWe
shaw thatthecompleitiesin thesetwo modelsareequi-
alentwithin a constantfactor Henceour main resulton
grammarapproximationmpliesthatwe canapproximate
the CFG-basecdtompleity of a string (eitherde nition)
within alogarithmicfactor

4.1 NFA-complexity of a string

A Non-deterministid=inite Automaton(NFA) is speci ed
by a setof statesand a transitionfunction betweenthe

states.To associat@nNFA with astringwe consideiit as
a Mealy machine which outputsa string on eachtransi-
tion. An NFA is saidto geneatethestringthatit outputs
duringanentiresequencef transitiondrom thestartstate
to a nal state.ThusanNFA cangeneratamary strings,
andwe have to provide an adviceto specifywhich tran-
sition to take at eachpoint whenmultiple transitionsare
possible. To measurghe compleity of the input string,
we countboththe NFA cost,which is the total length of
the stringsappearingon the transitionedgesandthe ad-
vice costwhichis simply the numberof advicesrequired.
Having x edthis measuref compleity, it is easyto see
thatwithout lossof generalitywe canhave just onestate
(apartfrom a nal state)andall the transitionsarefrom
this stateto itself.3 Thisis identicalto a two-level restric-
tion of our grammarmodel-with onerule (for the start
symbol)correspondindo the advicestring,andonerule
for eachtransition.

In atwo-level grammar only thede nition of the start
symbolmay containnon-terminalsthe de nitions of all
other non-terminalscontain only terminals. The prob-
lemisto nd thesmallestwo-level grammarfor a string.
This problemresembleghe optimal dictionary problem
in which the goalis to nd the bestpossibledictionary
of codevordsusedto compresghe input string. Storer
[13] shaws thatthis problemis NP-hard. However, sev-
eral practicalalgorithmshave beendevelopedto address
thisproblem.In this sectionwe outlineanalgorithmwith
aO(log? n) approximatiorratio.

Theorem2 The 2-level grammarcompessionproblem
is O(log? n)-approximable

Proof: The mainideais to recastthe two-level gram-
marcompressiomproblemasadisjointsetcover problem.
Givena string , de ne the groundsetto consistof the
n positionsin theinput string  suchthat eachposition
of contributesa distinctelement. For every collection
of non-overlappingnstance®f asubstring of ,de ne
a coveringsetconsistingof all the positionscontainedn
thoseinstances. For example, if the string abc appears

3Notethatthis is possibleonly becausave chage unit costfor each
advice,which is unjusti ed if we considerthe bit representationf the
advice. But this affects the compleity measureby at mosta factorof
logarithmof the numberof differenttransitionsof the NFA.
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k timeswithout overlap, thenwe generate2 1 cov-
ering setsfor this substring. The costof a covering set
with string andsomet non-overlappinginstancess the
lengthof plust. In addition,for eachcharactein , we
de ne acoveringsetwith costonethatcontainsonly that
characterlt is not hardto seethatthis reduceghe small-
esttwo-levelgrammaiproblemto the problemof covering
the groundsetwith a minimum costcollectionof disjoint
coveringsets.

If we relaxthe conditionthatthe cover consistof dis-
joint sets thenthecostof theoptimumcovercanonly de-
crease Furthermoreye canobtainanoverlappingcover
thathascostatmostl+ In n timestheoptimumusingthe
well-known greedyalgorithmfor set-caver[2].

This overlapping cover is corverted to a two-level
grammaras follows. First we modify the cover so that
noinstanceof astringin ary coveringsetis redundantor
achieving thecover, by simply removing theredundanin-
stancesystematically This ensureghata disjoint cover-
ingof canbeobtainedromtheinstancesn thecovering
setsby takingatmostonesubstringof eachinstance Now
considera coveringset(in themodi ed cover) consisting
of instancesof a substring . We de ne a non-terminal
for , non-terminaldor thehalvesof , quarterof and
soforth until  is partitionedinto singlecharactersThe
total length of all thesede nitions generatecby is at
mostlogn timesthelengthof . Now ary substringof
is expressibleusinga sequencef at mostlogn of these
non-terminals. In particulay for eachinstanceof , we
can expressthe portion of that instancenot coveredby
previously-selectedsets. Thusfor eachinstancewe add
atmostlogn symbolsto therule of the start-symbol(and
to the size of the grammar). Sincewe incur an approx-
imation factor of logn in approximatingthe cover, the
resultinggrammaris at most O(log? n) larger than the
optimum.

All thatremainds to describenow thegreedysetcover
algorithmis applied.Potentially therecould be exponen-
tially mary coveringsets.To overcomethis, at eachstep
we considerevery distinct substring of . Thereare
at mostn? substrings.For eachi from1toj j5 j, we
usedynamicprogrammingo nd thecollectionof i non-
overlappinginstancesof  that cover the greatestnum-
ber of previously uncoveredcharactersn the groundset.
Thus,for each andi we narrowv the searchto onecan-
didatecovering set. From amongthe candidatecovering

sets,we selectthe one which maximizesthe numberof
new elementsovereddividedby (j j + i). ]

4.2 Advice-Grammar

Insteadof restrictingthe grammatrto produceexactly one
string one could think of a generalCFG and a program
or advice-stringfor expandingthe CFG such that ex-
actly one string is produced. In a generalCFG a sin-
gle non-terminalmay have mary productionrules and
cyclic dependenciesre also allowed. With at mosta
constantfactorincreasein the size of the CFG, we re-
strict the non-terminalsto be of one of the two kinds:
concatenationon-terminalsyith exactly onebinarypro-
duction, or choicenon-terminalswith rules of the form
Al XojX1j:::jXt, , wherethe X; arearny symbols.
We call sucha CFGacanonicalCFG.

Advice-grammarC® consistsof a CFG C and an
advice-string of integers, A. To expand the advice-
grammay one startsoff expandingthe CFG depth- rst,
but on encounteringa choicenon-terminalthe next inte-
ger from the advice-strings readandusedto choosethe
productionto be used. We de ne the compleity of the
advice-grammaasjC*j = jCj + jAj, wherejCj is the
numberof non-terminalsn CandjAj is thelengthof the
advice-stringA.

Remarkably as we shov now, this seeminglymore
powerful modelis not morethana constantfactormore
ef cient thanthegrammamwe have beenconsidering.

De ne the partial expansionof a concatenatiomon-
terminal as an expansiontill terminalsor choice non-
terminals.Note thattherecannotbe any productionloop
without a choicenon-terminalinvolved, and so the par
tial expansiongivesriseto a nite tree,calledthe partial
expansiortree(PET for short),with terminalsandchoice
non-terminal@stheleaves(thelatterwill bereferredto as
thechoiceleavesof the PET).Two non-terminalsaresaid
to be equivalentif they have the samepartial expansion.
A canonicalCFG G’is atransformof a canonicalCFG G
if they have the sameterminalsandchoicenon-terminals
andfor every concatenatiomon-terminain G thereis an
equivalentnon-terminalin G°, andthe choicerulesin G°
arederivedfrom thatin G by replacingary concatenation
non-terminaby its equivalentin G°.
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Lemma 2 SupposeCis a canonical CFG with jCj = g.
Thenwe can constructa transformof C, C° suc that
jCY = O(g) andevery concatenatiomon-terminalA in
C satis esthefollowing:

If more thanonechoicenon-terminalappeasin the
partial expansionof A, thenA ! XY where both
X andY havechoicenon-terminaldn their partial
expansions.

If A hasonly onechoicenon-terminalin its partial
expansion,then the correspondingchoice leaf ap-
pearsin the PET of A at a depthof at most2.

Then,in A's PET, the numberof nodesin the spanning
sub-tieecontainingtherootandall thechoiceleavesn it
is at mosta constantimesthe numberof choiceleaves.

In the appendixwe prove the abore Lemmaanduseit
to prove thefollowing:

Theorem3 SupposeC* is an advice-gammar with
jCj = gandjAj = a. Thenthere existsa grammarG
with jGj = O(g + a), producingthesamestringasC” .

4.3 Edit Grammars

Thefactthatboththenaturalvariantsof CFGsareequiva-
lentsuggestsherobustnessf grammabasedstringcom-
plexity. We further explore the robustnesof the model,
by allowing edit-rulesinto the grammar We shav that
thisextendednodelcanaffectthecompleity of thestring
by at mosta logarithmic factor Furtherour algorithm
givesalogarithmicapproximatiorunderthis modeltoo.
An edit-rule is a rule of the form A ! X [editop],
where X is a symbol (which might in turn be a non-
terminalde ned by an edit-rule), and editop is a single
editoperationwe restrictoursehesto thefollowing three
kindsof edit operationsinsert,deleteandreplacea char
acter The edit operationspeci es the positionin hXi
wheretheeditis to beperformedandin caseof insertand
replacethecharacteto beintroduced! Thesemantic®f

41t is sometimegeasonablé¢o de ne otheredit operations.For in-
stanceonecouldallow a pre x/suf x operation.In this casetheresult-
ing edit-grammabecomesspowerful asLZ77 representationwyithin a
constanfactor Or, onecouldallow insert/replacéo introducearbitrary
symbolsinsteadof terminals,which doesnt changethe modelsigni -
cantly

the edit operationis the naturalone: bAi is obtainedby

performingeditop onhX i. An editrule incursunit cost.

An edit-grammais calledbinary or balanceddepending
onthenon-edit(concatenationjulesin it.

We shaw thatedit-grammarsrewell-approximatedby
usualgrammars.For this we introducea representation
of thestringcallededit-LZ77 In theedit-LZ77 represen-
tation of a string, insteadof pairsasin LZ77, we have
triplets (p;;li; [editlist]). editlist consistsof a list of
primitive operationg(insert/delete/replaced be applied
tothesub-stringgeneratetyy the(p; ; I;) partof thetriplet,
one after the other Eachprimitive operationwill point
to alocationin the sub-string(which might have already
beenmodi ed by the precedingoperationsn thelist) and
prescribeaninsert,deleteor replaceoperation.The edit-
costof a triplet is the numberof edit operationsin the
triplet's list.

Along the lines of Lemma 1 we get the following
lemma.

Lemma 3 If Gis a binary edit-grammarwith g concate-
nationrulesandk edit rules, thenthere is an edit-LZ77
representatior. ofthestringgenematedby G, with at most
g+ 1tripletsanda total edit costofk.

We obsenre that edit-LZ77 is approximatedwithin a
constanfactorby theusualLZ77.

Lemmad4 If L is anedit-LZ77list for a string , with t
tripletsandatotal editcostof k, thenthereis anLZ77list
LOfor with atmostt + 2k pairs.

Proof: We canreplaceatriplet (p;i;l;; [editlist]) where
editlist hask; operationspy at mostl + 2k; pairs: at
most1 + k; pairsto refer to the sub-stringsinto which
thek; editoperationsplit thesub-stringgeneratedy the
triplet, and at mostk; pairsto representhe insertsand
replaces. [

From the above two lemmasand the procedurefrom
Section 3.3we concludethefollowing.

Theorem4 Theoptimumedit-grammarfor a string can
beapproximatedef ciently within a factorof O(log n) by
agrammarwheen is thelengthof the string.
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5 Future Work

The smallestgrammamroblemhasa theoreticallyinter
esting connectionto Kolmogorosr compleity, practical
relevancein the areasof datacompressiorand pattern
extraction, and a hierarchicalstructurethat is evidentin
otherreal-world problems.

Oneline of researcHeadingfrom this problemis the
study of string compleity with respectto other natu-
ral models. For example,the grammarmodel could be
extendedto allow a non-terminalto take a parameter
Onecould thenwrite a rule suchasT(P) ! PP, and
write the string xxy zyz as T (x)T(yz). Presumablyas
model power increasesapproximability decaysto un-
computability

TheO(log %)—approximatioralgorithmpresentedhere
runsin neatlinear time and hencecanbe usedin a po-
tentially practicalgrammarbaseccompressiomlgorithm.
Empirical studyis requiredto determineits effectiveness
comparedo othercompressorsOn the theoreticaffront,
it would be interestingto explore new probabilisticmod-
elsof sourcedor whichit performswell.

Also, while an o méﬂ% approximationalgorithm
for thesmallesgrammaiproblemwould requireprogress
on the well-studied addition chain problem, it is only
known thatthe optimalgrammarcannotbe approximated
to within a smallconstantunlessP = NP. Thus,nailing
down the actualhardnes®f the smallestgrammarprob-
lem remainsanintriguing openproblem.

Finally, mary other important real-world problems
sharethe hierarchicalstructureof the smallestgrammar
problem.For example,supposenemustdesigna digital
circuit that computesthe logical AND of various,spec-
i ed subsetof the input signals. How mary two-input
AND gatessufce? This amountsto a variant of the
smallesgrammaiproblemwherenon-terminalsepresent
setsratherthanstrings. We know of neitheran approxi-
mationalgorithmnorhardnessf approximationesultfor
this naturalquestion.
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A.1 Proofof Theorem3

Firstwe prove Lemmaz2.

PrROOF of LEMMA 2. Non-terminalsvhosepartial ex-
pansiongontainonly terminalsarecopiedassuchinto C°.
We describehow to introduceequivalentnon-terminalsn
C° for eachof the remainingconcatenatiomon-terminal
in C by addingat mosta constantnumberof (concate-
nation) rules. We processthe remainingconcatenation
non-terminalsn C (which containatleastonechoicenon-
terminalin their partial expansion)in increasingorderof
the size of (humberof symbolsin) their partial expan-
sions.For all non-terminalA thatwe processve produce
an equialentnon-terminalA®in C° ensuringthe follow-
ing (in additionto the conditionin the lemma): In the
PET of A° the depthof boththe leftmostchoiceleaf and
therightmostchoiceleafis at most3.

We proceedinductively. ConsiderprocessingA !
XY. If neitherX norY hadto be processedefore,we
justsetA® = A andaddtherule A°! XY (thisis the
basecase).If X (respY) is aconcatenatiomon-terminal
in C° we would have alreadyprocessedt and addedan
equivalentnon-terminalX °(respY 9 to C°. Considersim-
ply makinga concatenatiornrule X %% This may have
the (at most)two choiceleaves of interest-the leftmost

Figurel: Makinga new rule in the proofof Lemma2. The
shadedsub-teesare the choiceleavesof interest.

andthe rightmostones-at a depthof at mostfour in the
resultingPET. Figure 1 shavs a generalscenariowith a
maximumof eight possiblesub-treesfwo of which are
theleavesof interest.We canarrangethe (at most)eight
sub-treesnto atreesuchthattheleasesareat depththree
or higher, andthey fall on either side of the root. This

canbe doneby makingat most7 new rules,the one at
the root being A% If thereis only one leaf of interest,
it can be pushedup to depth2. Whenwe nish pro-

cessingthe concatenatiomon-terminalsin C, we com-
plete the constructionof C° by addingrulesfor eachof

the choicenon-terminaldrom C (replacingary concate-
nation non-terminalappearingn the RHS by equialent
non-terminals). [

PrROOF of THEOREM 3. By Lemma2 we assume
w.l.0.g that C satis es the conditionin the lemma,with
iCj = O(g). A symbolis calledchoice-fredif its partial
expansionhasonly terminals. First we addall rulesfor
choice-freenon-terminaldn Cto G. ThereareO(g) such
rules.FigureA.1 givesarecursve algorithmto addother
rulesto G; we call this algorithmon the startsymbolof C.

It is easyto seethatin the resultinggrammarG, the
non-terminafeturnecdby thetop-level callto DE-ADVICE
expandsto the string producedoy C* . We claim thatthe
numberof rulesaddedto G by this call is O(a). Note
that new rulesare producedat nodesin C which have at
leastonechoiceleafbelow it in the PET of thelastchoice
non-terminaloccurringin therecursionthatis, thenodes
at which new rulesare producedare exactly the onesin
the spanningsub-treeof a PET which spansthe root of
the PET andthe choiceleaves. At eachchoiceleaf in
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Procedure DE-ADVICE(X)
f i is aglobalvariable,initialized to 0g
if thesymbolX is choice-freehen
returnX ; f No new ruleis producegd
elseif X is achoicenon-terminakhen
LetX I XojX1j:i:jXyy
b= A;j
i=i+1
returnDE-ADVICE(X p) f No new ruleis produced
else
LetX ! YZ
M := DE-ADVICE(Y)
P := DE-ADVICE(Z)
Producenewv ruleN ! M P fanew non-terminalis created
heregy
returnN

eachoccurrencef a PETin therecursionanentryof the
advicestringis consumedandhencethe total numberof
choicepointsis a. Soby Lemma2 the numberof rules
addedby DE-ADVICE is O(a). So the total numberof
rulesin GisO(g + a). ]
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