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Abstract

We considertheproblemof �nding thesmallestcontext-
free grammarthat generatesexactly onegiven string of
lengthn. The sizeof this grammaris of theoreticalin-
terestasanef�ciently computablevariantof Kolmogorov
complexity. Theproblemis of practicalimportancein ar-
eassuchasdatacompressionandpatternextraction.

Thesmallestgrammaris known to behardto approxi-
mateto within aconstantfactor, andano(log n=loglogn)
approximationwouldrequireprogressona long-standing
algebraicproblem[10]. Previously, the bestproved ap-
proximationratio wasO(n1=2) for theBISECTION algo-
rithm [8]. Ourmainresultis anexponentialimprovement
of this ratio; we give anO(log(n=g� )) approximational-
gorithm,whereg� is thesizeof thesmallestgrammar.

We thenconsiderother computablevariantsof Kolo-
mogorov complexity. In particularwe give anO(log2 n)
approximationfor the smallestnon-deterministic�nite
automatonwith advicethat producesa given string. We
also apply our techniquesto “advice-grammars”and
“edit-grammars”,two othernaturalmodelsof stringcom-
plexity.

� e-mail: f moses,dingliu,mp,sahai g@cs.princeton.edu
y e-mail: f e lehman,arasala,abhi g@mit.edu
z e-mail: rinap@cisco.com

1 Intr oduction

This paper addressesthe smallest grammar problem;
namely, what is the smallestcontext-free grammarthat
generatesexactly onegiven string � ? For example,the
smallestcontext-freegrammargeneratingthestring:

� = a rose is a rose is a rose

is asfollows:

S ! B B A
A ! a rose
B ! A is

The sizeof a grammaris de�ned to be the total number
of symbolson the right sidesof all rules. The small-
estgrammaris known to be hardto approximatewithin
a small constantfactor. Further, even for a very re-
strictedclassof strings,approximatingthesmallestgram-

marwithin afactorof o
�

log n
log log n

�
wouldrequireprogress

on a well-studiedalgebraicproblem[10]. Previously, the
bestprovenapproximationratio wasO(n1=2) for theBI-
SECTION algorithm[8]. Ourmainresultis anexponential
improvementof this ratio.

Severalrich linesof researchconnectthiselegantprob-
lem to �elds suchasKolmogorov complexity, datacom-
pression,patternidenti�cation, andapproximationalgo-
rithmsfor hierarchicalproblems.
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Thesizeof thesmallestcontext-freegrammargenerat-
ing a givenstring is a natural,but moretractablevariant
of Kolmogorov complexity. (TheKolmogorov complex-
ity of astringis thedescriptionlengthof thesmallestTur-
ing machinethatoutputsthatstring.)TheTuringmachine
model for representingstringsis too powerful to be ex-
ploitedeffectively; in general,theKolmogorov complex-
ity of a string is uncomputable.However, weakeningthe
modelfromTuringmachinestocontext-freegrammarsre-
ducesthecomplexity of theproblemfrom therealmof un-
decidabilityto mereintractability. How well thesmallest
grammarcanbeapproximatedremainsanopenquestion.
In this work we make signi�cant progresstowardan an-
swer: our main result is that the “grammarcomplexity”
of a string is O(log(n=g� )) -approximablein polynomial
time,whereg� is thesizeof thesmallestgrammar.

Thisperspectiveonthesmallestgrammarproblemsug-
gestsa generaldirection of inquiry: can the complex-
ity of a string be determinedor approximatedwith re-
spectto othernaturalmodels?Along this line, we con-
sidertheproblemof optimallyrepresentinganinputstring
by a non-deterministic�nite automatonguidedby anad-
vice string. We show that the optimal representationof
a string is O(log2 n)-approximablein this model. Then
weconsidercontext-freegrammarswith multipleproduc-
tions per nonterminal,againguidedby an advicestring.
Thismodi�ed grammarmodelturnsout,unexpectedly, to
beessentiallyequivalentto theoriginal.

Thesmallestgrammarproblemis alsoimportantin the
areaof datacompression.Insteadof storinga longstring,
onecanstorea smallgrammarthatgeneratesit, provided
suchagrammarcanbefound.Thisline of thoughthasled
to a �urry of research[8, 12, 16, 7, 1, 9] in thedatacom-
pressioncommunity. Kieffer andYangshow thata good
solution to the grammarproblem leadsto a good uni-
versalcompressionalgorithm for �nite Markov sources
[7]. Empirical resultsindicatethat grammar-baseddata
compressionis competitivewith othertechniquesin prac-
tice [8, 12]. Surprisingly, however, the mostprominent
algorithmsfor the smallestgrammarproblemhave been
shown to exploit thegrammarmodelpoorly [10]. In par-
ticular, the SEQUITUR [12], BISECTION [8], LZ78 [16],
andSEQUENTIAL [14] algorithmsall haveapproximation
ratiosthatare
( n1=3). In this paper, we achieve a loga-
rithmic ratio.

Thesmallestgrammarproblemis alsorelevantto iden-

tifying importantpatternsin a string,sincesuchpatterns
naturallycorrespondto nonterminalsin a compactgram-
mar. In fact,anoriginalmotivationfor theproblemwasto
identify regularitiesin DNA sequences[11]. Sincethen,
smallestgrammaralgorithmshave beenusedto highlight
patternsin musicalscoresanduncover propertiesof lan-
guagefrom exampletexts[4]. All this is possiblebecause
a string representedby a context-free grammarremains
relatively comprehensible.This comprehensibilityis an
importantattractionof grammar-basedcompressionrela-
tive to otherwisecompetitive compressionschemes.For
example,the bestpatternmatchingalgorithmthat oper-
ateson a string compressedasa grammaris asymptoti-
cally fasterthantheequivalentfor LZ77 [6].

Finally, work onthesmallestgrammarproblemextends
thestudyof approximationalgorithmsto hierarchicalob-
jects,suchasgrammars,asopposedto “�at” objects,such
asgraphs,CNF-formulas,etc. This is a signi�cant shift,
sincemany real-world problemshave a hierarchicalna-
ture, but standardapproximationtechniquessuchaslin-
earandsemi-de�niteprogrammingarenot easilyapplied
to thisnew domain.

The remainderof this paperis organizedas follows.
Section2 de�nes terms and notation. Section3 con-
tainsourmainresult,anO(log(n=g� )) approximational-
gorithm for the smallestgrammarproblem. Section4
follows up the Kolmogorov complexity connectionand
includesthe resultson the complexity measurein other
models.We concludewith someopenproblemsandnew
directions.

2 De�nitions

A grammarG is a 4-tuple(� ; � ; S; �) , where� is a set
of terminals, � is asetof nonterminals, S 2 � is thestart
symbol, and� is asetof rulesof theform T ! (� [ �) � .
A symbolmay be eithera terminalor nonterminal.The
size of a grammaris de�ned to be the total numberof
symbolson theright sidesof all rules. Notethata gram-
marof sizeg canbereadilyencodedusingO(g logg) bits,
andsoourmeasureis closeto this naturalalternative.1

1More sophisticatedways to encodea grammar[7, 14] relate the
encodingsizein bits to theabove de�nition of thesizeof a grammarin
aclosermanner, andgive theoreticaljusti�cation to thisde�nition.
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SinceG generatesexactly one�nite string,thereis ex-
actly onerule in � de�ning eachnonterminalin � . Fur-
thermore,G is acyclic; that is, thereexists an ordering
of thenonterminalsin � suchthateachnonterminalpre-
cedesall nonterminalsin its de�nition. Theexpansionof
a stringof symbols� is obtainedby replacingeachnon-
terminalin � by its de�nition until only terminalsremain.
Theexpansionof � is denotedh� i , andthe lengthof h� i
is denoted[� ].

Throughout,symbols(terminalsandnonterminals)are
uppercase,andstringsof symbolsare lowercaseGreek.
We use� for the input string, n for its length,g for the
sizeof a grammarthatgenerates� , andg� for thesizeof
thesmallestsuchgrammar.

jGj denotesthesizeof grammarminusnumberof non-
terminals. Without loss of generalilywe do not allow
unaryrulesof the form A ! B ; thenjGj is at leasthalf
thesizeof G.

3 An O(log(n=g� )) Approximation
Algorithm

We now give an O(log(n=g� )) -approximationalgorithm
for thesmallestgrammarproblem.Thedescriptionis di-
videdinto threesections.First, we introducea variantof
thewell-known LZ77 compressionscheme.This serves
two purposes:it givesa lower boundon the sizeof the
smallestgrammarfor a stringandis thestartingpoint for
our constructionof a small grammar. Second,we intro-
ducebalancedbinarygrammars,a classof well-behaved
grammarsthatourprocedureemploys. We alsointroduce
threebasicoperationson balancedbinarygrammars.Fi-
nally, we presentthe main algorithm,which translatesa
string compressedusingour LZ77 variant into a gram-
marat mostO(log(n=g� )) timeslargerthanthesmallest.

3.1 LZ77

Our algorithm for approximatingthe smallestgrammar
employsavariantof theLZ77 compressionscheme[15].
In this variant,a string � is representedby a list of pairs
(p1; l1); : : : ; (ps ; ls). Eachpair (pi ; l i ) representsastring,
andtheconcatenationof thesestringsis � . In particular,
if pi = 0, thenthepair representsthestring l i , which is

a single terminal. If pi 6= 0, then the pair representsa
portion of the pre�x of � that is representedby the pre-
cedingi � 1 pairs;namely, the l i terminalsbeginningat
positionpi in � . Note that,unlike in thestandardLZ77,
werequirethatthesubstringreferredto by (pi ; l i ) befully
containedwithin thepre�x of � generatedby theprevious
pairs.Thesizeof theLZ77 representationof astringis s,
thenumberof pairsemployed.ThesmallestLZ77 repre-
sentationcanbeeasilyfoundusinga greedyalgorithmin
polynomialtime. More ef�cient algorithmsarepossible;
for example,[5] givesan O(n logn) time algorithmfor
our variantof LZ77.

As observed in [12], a grammarG for a string canbe
convertedin a simpleway to an LZ77 representation.It
is not hardto seethat this transformationgivesan LZ77
list of atmostjGj + 1 pairs.Thuswe have:

Lemma 1 Thesizeof thesmallestgrammarfor a string
is lower boundedby thesizeof thesmallestLZ77 repre-
sentationfor that string.

Our O(log(n=g� )) -approximation algorithm essen-
tially invertsthis process,mappingan LZ77 sequenceto
a grammar. This direction is much more involved, be-
causethestringsrepresentedby pairscanarbitrarilyover-
lap eachotherwhereasthe rulesin a grammarhave less
�e xibility . Hence,oneof ourmaintechnicalcontributions
is anef�cient procedureto performthisconversion.

3.2 BalancedBinary Grammars

Our approximationalgorithm works exclusively with a
restrictedclassof well-behaved grammarsreferredto as
balancedbinary grammars. A binary rule is a grammar
rule with exactly two symbolson theright side.A binary
grammaris agrammarin whicheveryrule is binary. Two
stringsof symbols,� and
 , are� -balancedif

�
1 � �

�
[� ]
[
 ]

�
1 � �

�

for someconstant� between0 and 1
2 . Intuitively, � -

balancedmeans“about the samelength”. Note that in-
vertingthefraction [� ]

[
 ] givesanequivalentcondition.The
conditionaboveis alsoequivalentto sayingthatthelength
of theexpansionof eachstring([� ] and[
 ]) is betweenan
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� anda 1 � � fractionof the lengthof thecombinedex-
pansion([� 
 ]). An � -balancedrule is a binary rule in
which the two symbolson the right are� -balanced.An
� -balancedgrammaris a binary grammarin which ev-
ery rule is � -balanced. For brevity, we usually shorten
“ � -balanced”to simply “balanced”.

If G is a binary grammar, jGj = sizeof G
2 = numberof

non-terminalsin G. Soin therestof this sectionwe shall
considerthe numberof non-terminalsof a binary gram-
marinsteadof its size.

Theremainderof thissectionde�nesthreebasicopera-
tionson balancedbinarygrammars.Eachoperationadds
a smallnumberof rulesto anexisting balancedgrammar
to producea new balancedgrammarthathasa nontermi-
nal with speci�ed properties.Theseoperationsaresum-
marizedasfollows.

AddPair : Producesa balancedgrammar containing
a nonterminalwith expansionhX Yi from a bal-
ancedgrammarcontainingsymbolsX andY . The
numberof rules addedto the original grammaris

O
�

1 +
�
�
� log [X ]

[Y ]

�
�
�
�

.

AddSequence : Producesa balancedgrammar con-
taining a nonterminalwith expansionhX 1 : : : X t i
from a balanced grammar containing symbols
X 1 : : : X t . The number of rules added is
O

�
t
�

1 + log [X 1 ::: X t ]
t

��
.

AddSubstring : Producesa balancedgrammarcon-
taining a nonterminalwith expansion� from a bal-
ancedgrammarcontaininga nonterminalwith � as
a substringof its expansion. Adds O(log j� j) new
rules.

For theseoperationsto work correctly, we requirethat �
be selectedfrom the limited range0 < � � 1 � 1

2

p
2,

which is about0:293. Thesethreeoperationsaredetailed
below.

3.2.1 The AddPair Operation

We aregiven a balancedgrammarwith symbolsX and
Y and want to createa balancedgrammarcontaininga
nonterminalwith expansionhX Yi . Supposethat [X ] �
[Y ]; theothercaseis symmetric.

First,we decomposeY into a stringof symbolsasfol-
lows. Initially, this stringconsistsof thesymbolY itself.
Thereafter, while the �rst symbol in the string is not in
balancewith X , we replaceit by its de�nition. A routine
calculation,whichweomit, shows thatbalanceis eventu-
ally achieved. At this point, we have a stringof symbols
Y1 : : : Yt with expansionhY i suchthat Y1 is in balance
with X . Furthermore,notethatY1 : : : Yi is in balancewith
Yi +1 for all 1 � i < t by construction.

Now we createnew rules. Initially, we createa new
rule Z1 ! X Y1 anddeclarethis to be the active rule.
The remainderof the operationis proceedsin steps. At
thestartof thei -th step,theactiverulehastheform Z i !
A i B i , andthefollowing threeinvariantshold:

1. hZ i i = hX Y1 : : : Yi i

2. hB i i is a substringof hY1 : : : Yi i .

3. All rulesin thegrammararebalanced,includingthe
active rule.

Therelationshipsbetweenstringsimpliedby the�rst two
invariantsareindicatedin thefollowing diagram:

Z iz }| {
X Y1 Y2 : : :| {z }

A i

: : : Yi � 1 Yi| {z }
B i

Yi +1 : : : Yt

After t steps,theactiverulede�nesanonterminalZ t with
expansionhX Y1 : : : Yt i = hX Y i asdesired.

The invariantsstatedabove imply some inequalities
that areneededlater to show that the grammarremains
in balance. SinceY1 : : : Yi is in balancewith Yi +1 , we
have:

�
1 � �

�
[Yi +1 ]

[Y1 : : : Yi ]
�

1 � �
�

SincehB i i is a substringof hY1 : : : Yi i by invariant2, we
canconclude:

�
1 � �

�
[Yi +1 ]
[B i ]

(1)

On the other hand, since hZ i i is a superstring of
hY1 : : : Yi i by invariant1, wecanconclude:
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[Yi +1 ]
[Z i ]

�
1 � �

�
(2)

Below wedescribehow duringa stepanew active rule
is created.For clarity, we supplementthe text with dia-
grams.In thesediagrams,a rule Z i ! A i B i is indicated
with a wedge:

Preexistingrulesareindicatedwith brokenlines,andnew
ruleswith darklines.

At the start of the i -th step, the active rule is Z i !
A i B i . Our goal is to createa new active rule thatde�nes
Z i +1 while maintainingthe threeinvariants. Thereare
threecasesto consider.
Case1: If Z i andYi +1 are in balance,thenwe createa
new rule:

Z i +1 ! Z i Yi +1

This becomestheactive rule. It is easyto checkthat the
threeinvariantsaremaintained.

If case1 is bypassed,thenZ i andYi +1 arenot in bal-
ance;thatis, thefollowing assertiondoesnothold:

�
1 � �

�
[Yi +1 ]
[Z i ]

�
1 � �

�

Sincethe right inequality is (2), the left inequalitymust
beviolated.Thus,hereafterwe canassume:

�
1 � �

>
[Yi +1 ]
[Z i ]

(3)

Case2: Otherwise,if A i is in balancewith B i Yi +1 , then
we createtwo new rules:

Z i +1 ! A i Ti

Ti ! B i Yi +1

The �rst of thesebecomesthe active rule. It is easyto
checkthatthe�rst two invariantsaremaintained.But the
third, which assertsthat all new rules are balanced,re-
quiressomework. The rule Z i +1 ! A i Ti is balanced
by thecaseassumption.Whatremainsis to show thatthe
ruleTi ! B i Yi +1 is balanced;thatis, we mustshow:

�
1 � �

�
[Yi +1 ]
[B i ]

�
1 � �

�

The left inequality is (1). For the right inequality, begin
with (3):

[Yi +1 ] <
�

1 � �
[Z i ]

=
�

1 � �
([A i ] + [B i ])

�
�

1 � �

�
1 � �

�
[B i ] + [B i ]

�

�
1 � �

�
[B i ]

Theequalityfollows from thede�nition of Z i by therule
Z i ! A i B i . Thesubsequentinequalityusesthefactthat
this rule is balanced,accordingto invariant3. The last
inequalityusesonly algebraandholdsfor all � � 0:381.

If case2 is bypassedthen A i and B i Yi +1 are not in
balance;thatis, thefollowing assertionis false:

�
1 � �

�
[A i ]

[B i Yi +1 ]
�

1 � �
�

SinceA i is in balancewith B i aloneby invariant3, the
right inequalityholds.Therefore,theleft inequalitymust
not; hereafter, we canassume:

�
1 � �

>
[A i ]

[B i Yi +1 ]
(4)

Combininginequalities(3) and(4), onecanusealgebraic
manipulationto establishthe following bounds,which
hold hereafter:

[A i ]
[B i ]

�
�

1 � 2�
(5)

[Yi +1 ]
[B i ]

�
�

1 � 2�
(6)
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Then[B i ] > 1, assay[A i ] � 1 > �
1� 2� ; i.e., B i is not a

terminal.Solet B i bede�ned by theruleB i ! UV.
Case3: If webypasscases1 and2,wecreatethreenew

rules:

Z i +1 ! Pi Qi

Pi ! A i U

Qi ! V Yi +1

The�rst of thesebecomestheactiverule. We mustcheck
that all of the new rulesare in balance. We begin with
Pi ! A i U. In onedirection,we have:

[A i ]
[U]

�
[A i ]
[B i ]

�
�

1 � �

The �rst inequalityfollows as[B i ] = [UV] > [U]. The
secondinequalityusesthefactthatA i andB i arein bal-
ance.In theotherdirection,wehave:

[A i ]
[U]

�
[A i ]

� [B i ]

�
1

1 � 2�

�
1 � �

�

The �rst inequalityusesthe fact that B i ! UV is bal-
anced,andthesecondfollows from (5). Thelastinequal-
ity holdsfor all � < 0:293.

Next, we show thatQi ! V Yi +1 is balanced.In one
direction,wehave:

[Yi +1 ]
[V ]

�
[Yi +1 ]
� [B i ]

�
1

1 � 2�

�
1 � �

�

The �rst inequalityusesthe fact that B i ! UV is bal-
anced,the seconduses(6), and the third holds for all
� < 0:293. In theotherdirection,we have:

[Yi +1 ]
[V ]

�
[Yi +1 ]
[B i ]

�
�

1 � �

The�rst inequalityfollowsas[B i ] > [V ], andthesecond
is (1).

Finally, wemustcheckthatZ i +1 ! Pi Qi is in balance.
In onedirection,wehave:

[Pi ]
[Qi ]

=
[A i U]

[V Yi +1 ]

�
[A i ] + (1 � � )[B i ]

� [B i ] + [Yi +1 ]

=
[A i ]
[B i ] + (1 � � )

� + [Yi +1 ]
[B i ]

�
�

1� 2� + (1 � � )

� + �
1� �

�
1 � �

�

The equality follows from the de�nitions of Pi andQi .
The �rst inequalityusesthe fact that the rule B i ! UV
is balanced.Thesubsequentequalityfollows by dividing
thetopandbottomby [B i ]. In thenext step,weuse(5) on
thetop,and(1) on thebottom.The�nal inequalityholds
for all � � 1

3 . In theotherdirection,we have:

[Pi ]
[Qi ]

=
[A i U]

[V Yi +1 ]

�
[A i ] + � [B i ]

(1 � � )[B i ] + [Yi +1 ]

=
[A i ]
[B i ] + �

(1 � � ) + [Yi +1 ]
[B i ]

�
�

1� � + �

(1 � � ) + �
1� 2�

�
�

1 � �
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As before,the �rst inequalityusesthe de�nitions of Pi

andQi . Thenwe usethefactthatB i ! UV is balanced.
Weobtainthesecondequalityby dividing thetopandbot-
tom by [B i ]. Thesubsequentinequalityusesthefactthat
A i andB i arein balanceonthetopand(6) onthebottom.
The�nal inequalityholdsfor all � � 1

3 .
All thatremainsis to upperboundthenumberof rules

createdduring the ADDPAIR operation. At most three
rulesareaddedin eachof the t steps.Therefore,it suf-
�ces to upperboundt. Recallthat t is determinedwhen
Y is decomposedinto a stringof symbols:eachtime we
expandedthe �rst symbolin thestring, the lengthof the
expansionof the �rst symboldecreasesby a factorof at
least1 � � . When the �rst symbol is in balancewith
X , the processstops. Therefore,the numberof stepsis
O(log([Y ]=[X ])) . Sincethe string initially containsone
symbol,t is O(1 + log([Y ]=[X ])) . Therefore,the num-
ber of new rules is O (1 + log([Y ]=[X ])). The caseof
[X ] > [Y ] is symmetric,andthecommonboundfor the

two casescanbewrittenasO
�

1 +
�
�
� log [X ]

[Y ]

�
�
�
�

.

3.2.2 The AddSequenceOperation

TheADDSEQUENCE operationis ageneralizationof AD-
DPAIR. We aregiven a balancedgrammarwith nonter-
minalsX 1 : : : X t andwantto createa balancedgrammar
containinga nonterminalwith expansionhX 1 : : : X t i .

But we solve this problemin a muchsimplermanner,
usingtheADDPAIR operationrepeatedly. Considerplac-
ing theX i at theleavesof abalancedbinarytree.(To sim-
plify the analysis,assumethat t is a power of two.) We
createa nonterminalfor eachinternalnodeby combining
thenonterminalsat thechild nodesusingADDPAIR. Re-
call that thenumberof rulesthatADDPAIR createswhen
combiningnonterminalsX andY is:

O
�

1 +

�
�
�
� log

[X ]
[Y ]

�
�
�
�

�
= O (1 + log [X ] + log [Y ])

Let c denotethe hiddenconstanton the right, and let s
equal[X 1 : : : X t ]. Creatingall the nonterminalson the
bottomlevel of thetreegeneratesat most

ct=2 + c
tX

i =1

log [X i ] � ct=2 + ct log
s
t

rules.(Theinequalityfollows from theconcavity of log.)
Similarly, thenumberof rulescreatedon thesecondlevel
of thetreeis atmostct=4+ c(t=2) log s

t= 2 , becausewepair
t=2 nonterminals,but thesumof their expansionlengths
is still s. In general,on thei -th level, we createatmost

ct=2i +1 + c(t=2i ) log
s

t=2i = c(t=2i ) log
s
t

+ ct(i +
1
2

)=2i

new rules. Summingi from 0 to log t, we �nd that the
total numberof rulescreatedis atmost

log tX

i =0

c(t=2i ) log
s
t

+ ct(i +
1
2

)=2i = O
�

t
�

1 + log
s
t

��

wheres = [X 1 : : : X t ].

3.2.3 The AddSubstring Operation

We aregivena balancedgrammarcontaininga nontermi-
nal with � asa substringof its expansion. We want to
createabalancedgrammarcontaininganonterminalwith
expansionexactly � .

Let T be the nonterminalwith the shortestexpansion
such that its expansioncontains� as a substring. Let
T ! X Y beits de�nition. Thenwe canwrite � = � p � s,
wherethe pre�x � p lies in hX i andthe suf�x � s lies in
hY i . (Confusingly, � p is actuallya suf�x of hX i , and� s

is a pre�x of hY i .) We generatea nonterminalthat ex-
pandsto thepre�x � p, anotherthatexpandsto thesuf�x
� s , andthenmergethetwo with ADDPAIR. Thelaststep
generatesonly O(log j� j) new rules. Soall that remains
is to generateanonterminalthatexpandsto thepre�x, � p;
the suf�x is handledsymmetrically. This taskis divided
into two phases.

In the �rst phase,we �nd a sequenceof nonterminals
X 1 : : : X t with expansionequalto � p. To do this, we be-
gin with anemptysequenceandemploy a recursive pro-
cedure.At eachstep,wehavearemainingsuf�x (initially
� p) of somecurrent nonterminal(initially X ). During
eachstep,we considerthe de�nition of the currentnon-
terminal,sayX ! AB . Therearetwo cases:

1. If theremainingsuf�x wholly containshB i , thenwe
prependB to thenonterminalsequence.Theremain-
ing suf�x becomestheportionof theold suf�x that
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overlapshAi , andthe currentnonterminalbecomes
A.

2. Otherwise,we keepthe sameremainingsuf�x, but
thecurrentnonterminalbecomesB .

A nonterminalis only addedto the sequencein case1.
But in thatcase,the lengthof thedesiredsuf�x is scaled
down by at leasta factor1 � � . Thereforethe lengthof
theresultingnonterminalsequenceis t = O(log j� j).

This construction implies the following inequality,
whichwewill needlater:

[X 1 : : : X i ]
[X i +1 ]

�
1 � �

�
(7)

This inequalityholds becausehX 1 : : : X i i is a suf�x of
the expansionof a nonterminalin balancewith X i +1 .
Consequently, X 1 : : : X i is not too long to be in balance
with X i +1 .

In thesecondphase,we mergethenonterminalsin the
sequenceX 1 : : : X t to obtainthenonterminalwith expan-
sion� p. Theprocessgoesfrom left to right. Initially, we
setR1 = X 1. Thereafter, at thestartof the i -th step,we
have a nonterminalR i with expansionhX 1 : : : X i i and
seekto mergein nonterminalX i +1 . Therearetwo cases,
distinguishedby whetheror not the following inequality
holds:

�
1 � �

�
[Ri ]

[X i +1 ]

� If so, then Ri and X i +1 are in balance. (In-
equality (7) suppliesthe neededupper bound on
[Ri ]=[X i +1 ].) Therefore,we addthe rule R i +1 !
Ri X i +1 .

� If not, then Ri is too small to be in balancewith
X i +1 . We useADDPAIR to merge the two, which
generatesO(1+ log([X i +1 ]=[Ri ])) new rules.Since
[X i +1 ] � [Ri +1 ], thenumberof new rulesis O(1 +
log([Ri +1 ]=[Ri ])) .

Summingthe numberof rules createdin this process
gives:

tX

i =1

O
�

1 + log
[Ri +1 ]
[Ri ]

�
= O(t + log[Rt ])

= O(log j� j)

Thesecondboundfollows from thefact,observedprevi-
ously, that t = O(log j� j) andfrom the fact thathRt i =
� p. Generatinga nonterminalfor the suf�x � s requires
O(log j� j) rulesaswell. Therefore,the total numberof
new rulesis O(log j� j) asclaimed.

3.3 The Algorithm

We now combineall the toolsof theprecedingtwo Sec-
tionsto obtainanO(log(n=g� )) -approximationalgorithm
for thesmallestgrammarproblem.

First, we apply the LZ77 variant described
in Section 3.1. This gives a sequenceof pairs
(p1; l1) : : : (ps ; ls). By Lemma 1, the length of this
sequenceis a lower bound on the size of the smallest
grammarfor � ; thatis, s � g� . Now we employ thetools
of Section3.2 to translatethis sequenceto a grammar.
Wework throughthesequencefrom left to right, building
up a balancedbinarygrammaraswe go. Throughout,we
maintainanactivelist of grammarsymbols.

Initially, the active list is l1, which must be a single
charactersincep1 = 0 necessarily. In general,at thebe-
ginningof thei -th step,theexpansionof theactive list is
thestringrepresentedby (p1; l1) : : : (pi ; l i ). Our goal for
the stepis to augmentthe grammarandalter the active
list so that theexpansionof thesymbolsin theactive list
is thestringrepresentedby (p1; l1) : : : (pi +1 ; l i +1 ).

If pi +1 = 0, we canaccomplishthis goal by simply
appendingl i +1 to theactivelist. If pi +1 6= 0, thenit spec-
i�es a substring� i of theexpansionof the active list. If
� i is containedin theexpansionof a singlesymbolin the
active list, thenwe useADDSUBSTRING to createa non-
terminalwith expansion� i usingO(log j� i j) rules. This
nonterminalis thenappendedto theactive list.

On theotherhand,if � i is not containedin theexpan-
sion of a single symbol in the active list, then it is the
concatenationof asuf�x of hX i , all of hA1 : : : A t i i , anda
pre�x of hY i , whereX A1 : : : A t i Y areconsecutivesym-
bols in theactive list. We thenperformthefollowing op-
erations:
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1. Construct a nonterminal M with expansion
hA1 : : : A t i i usingADDSEQUENCE. Thenumberof
new rulesproducedis O(t i (1 + log(j� i j=ti ))) .

2. ReplaceA1 : : : A t i in the active list by the single
symbolM .

3. Constructa nonterminalX 0 with expansionequal
to the pre�x of � i in hX i using ADDSUBSTRING.
Similarly, constructa nonterminalY 0 with expan-
sionequalto thesuf�x of � i in hY i usingADDSUB-
STRING. This producesO(log j� i j) new rulesin to-
tal.

4. Createa nonterminalN with expansionhX 0M Y 0i
usingADDSEQUENCE on X 0, M , andY 0. This cre-
atesO(log j� i j) new rules. AppendN to theendof
theactive list.

Thus,in total,weaddO(t i + t i log(j� i j=ti )+ log j� i j) new
rulesduringeachstep.Thetotal numberof rulescreated
is:

O

 
sX

i =1

t i + t i log(j� i j=ti ) + log j� i j

!

= O

 
sX

i =1

t i +
sX

i =1

t i log(j� i j=ti ) +
sX

i =1

log j� i j

!

The �rst sum is upperboundedby the total numberof
symbolsinsertedinto theactive list. This is at mosttwo
perstep(M andN ), which implies

P s
i =1 t i � 2s.

To upperboundthe secondsum, we usethe concavity
inequality:

sX

i =1

ai logbi �

 
sX

i =1

ai

!

log
� P s

i =1 ai biP s
i =1 ai

�

andsetai = t i , bi = j� i j=ti to give:

sX

i =1

t i log
j� i j
t i

�

 
sX

i =1

t i

!

log
� P s

i =1 j� i jP s
i =1 t i

�

= O
�

s log
� n

s

� �

Thelatterinequalityusesthefactthat
P s

i =1 j� i j � n and
that

P s
i =1 t i � 2s. Note that the functionx log(n=x) is

increasingfor x up to n=e, andso this inequalityholds
only if 2s � n=e. This conditionis violatedonly when
input string(lengthn) turnsout to beonly a small factor
(2e) longerthantheLZ77 sequence(lengths). If we de-
tectthis specialcase,thenwe canoutputthetrivial gram-
marS ! � andachieveaconstantapproximationratio.

By concavity again,thethird sumis upperboundedby
s log

�

j � i j
s � s log n

s andthus total grammarsize is at
most:

O
�

s log
n
s

�
= O

�
g� log

n
g�

�

wherewe usethe inequalitys � g� and,again,the ob-
servationthatx log(n=x) is increasingfor x < n=e. The
preceedinganalysisestablishesthefollowing theorem.

Theorem1 The optimumgrammarfor a string can be
approximatedef�ciently within a factorof O(log (n=g� )),
wheren is thelengthof thestringandg� is thesizeof the
smallestgrammar.

Remark: Universal source codesare of great interest
in informationtheory. Grammar-basedcodeshave been
shown to beuniversalprovidedthereis a goodgrammar
transformandassuminga �nite alphabet[7, 14]. [7] de-
�nes a grammar-transformto be asymptoticallycompact
if for every string � , it producesa grammarG� suchthat
jG� j=j� j = o(1), asj� j goesto in�nity . Thoughnot the
motivation for our work, we note that our algorithm is
asymptoticallycompact. To seethis, note that for a �-
nite alphabet,thenumberof pairsin the LZ77 represen-
tationof � is g = O( n

log n ), wheren = j� j (e.g. Lemma

12.10.1,[3]). So g log(n=g) = O(n log log n
log n ) andhence

jG� j=n = O( log log n
log n ) = o(1). It thenfollowsfrom Theo-

rem7 in [7] thatthereis asourcecodebasedonourgram-
mar transformwhich is universalwith a maximalpoint-
wiseredundancyof O( (log log n ) 2

log n ).2

2In fact by Theorem8 in [7], by modifying the transformto give
an irreduciblegrammara better redundancy of O( log log n

log n ) can be
achieved. Oneway to modify thealgorithmis to post-processthegram-
mar in a straight-forward way by applyingthe ReductionRulesin [7]
(SectionVI). Thiscanbedonein polynomialtime.
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4 Kolmogorov complexity in related
models

The complexity of a string is a naturalquestionof theo-
retical importance.Kolmogorov complexity is anelegant
wayto de�ne thisnotion. It is thedescriptionlengthof the
smallestUniversalTuring machineprogramwhich prints
the string. But it is well-known that this is an uncom-
putablemeasureof complexity. Thuswe are led to the
ideaof de�ning a computablemeasureof thecomplexity
of strings.A naturalapproachto de�ning sucha measure
is to restrictthecomputationmodelunderwhichthestring
is generated.

We take the most natural candidaterestrictions: in-
steadof Turing machineswe restrict ourselves to non-
deterministic�nite automataandcontext-freegrammars.
We make precisethe notion of generatingstringsunder
sucha modellater. Thenwe askthequestionof whether
the string complexity under thesemodelscan be ef�-
ciently estimated.Although the problemsareknown to
beNP-hard,we show thatef�cient algorithmswith good
approximationratiosexist.

The grammarmodel, which forms the focus of this
work, turnsout to be closely relatedto both the models
mentionedabove. The problemcastin the NFA model
reducesto a two-level grammarmodel, for which we
develop an O(log2 n) approximationalgorithm. In the
grammarmodelabovewe useda CFGwhich generatesa
languagecontainingasinglestringto de�ne thecomplex-
ity of the string. Another naturalpossibility, which we
call the advice-grammarmodel,encodesan input string
with a CFG (which can potentially generatean in�nite
numberof strings)andanadvicestring.Theadvicestring
speci�eshow theproductionrulesof theCFG shouldbe
appliedsuchthatonly thespeci�edstringis produced.We
show thatthecomplexitiesin thesetwo modelsareequiv-
alentwithin a constantfactor. Henceour main resulton
grammarapproximationimpliesthatwecanapproximate
the CFG-basedcomplexity of a string (eitherde�nition)
within a logarithmicfactor.

4.1 NFA-complexity of a string

A Non-deterministicFiniteAutomaton(NFA) is speci�ed
by a set of statesand a transitionfunction betweenthe

states.To associateanNFA with astringweconsiderit as
a Mealy machine,which outputsa string on eachtransi-
tion. An NFA is saidto generatethestringthatit outputs
duringanentiresequenceof transitionsfromthestartstate
to a �nal state.ThusanNFA cangeneratemany strings,
andwe have to provide an adviceto specifywhich tran-
sition to take at eachpoint whenmultiple transitionsare
possible.To measurethecomplexity of the input string,
we countboth theNFA cost,which is the total lengthof
thestringsappearingon the transitionedges,andthead-
vicecostwhich is simply thenumberof advicesrequired.
Having �x edthis measureof complexity, it is easyto see
thatwithout lossof generalitywe canhave just onestate
(apartfrom a �nal state)andall the transitionsarefrom
this stateto itself.3 This is identicalto a two-level restric-
tion of our grammarmodel-with one rule (for the start
symbol)correspondingto theadvicestring,andonerule
for eachtransition.

In a two-level grammar, only thede�nition of thestart
symbolmay containnon-terminals;the de�nitions of all
other non-terminalscontainonly terminals. The prob-
lem is to �nd thesmallesttwo-level grammarfor a string.
This problemresemblesthe optimal dictionaryproblem
in which the goal is to �nd the bestpossibledictionary
of codewordsusedto compressthe input string. Storer
[13] shows that this problemis NP-hard. However, sev-
eral practicalalgorithmshave beendevelopedto address
thisproblem.In thissection,weoutlineanalgorithmwith
a O(log2 n) approximationratio.

Theorem2 The 2-level grammarcompressionproblem
is O(log2 n)-approximable.

Proof: The main idea is to recastthe two-level gram-
marcompressionproblemasadisjointsetcoverproblem.
Given a string � , de�ne the groundset to consistof the
n positionsin the input string � suchthat eachposition
of � contributesa distinct element.For every collection
of non-overlappinginstancesof asubstring� of � , de�ne
a coveringsetconsistingof all thepositionscontainedin
thoseinstances.For example, if the string abc appears

3Notethatthis is possibleonly becausewe chargeunit costfor each
advice,which is unjusti�ed if we considerthebit representationof the
advice. But this affects the complexity measureby at mosta factorof
logarithmof thenumberof differenttransitionsof theNFA.
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k times without overlap, then we generate2k � 1 cov-
ering setsfor this substring. The costof a covering set
with string� andsomet non-overlappinginstancesis the
lengthof � plust. In addition,for eachcharacterin � , we
de�ne a coveringsetwith costonethatcontainsonly that
character. It is not hardto seethatthis reducesthesmall-
esttwo-levelgrammarproblemto theproblemof covering
thegroundsetwith a minimumcostcollectionof disjoint
coveringsets.

If we relax theconditionthat thecover consistof dis-
joint sets,thenthecostof theoptimumcovercanonly de-
crease.Furthermore,we canobtainanoverlappingcover
thathascostatmost1+ ln n timestheoptimumusingthe
well-known greedyalgorithmfor set-cover [2].

This overlapping cover is converted to a two-level
grammaras follows. First we modify the cover so that
no instanceof astringin any coveringsetis redundantfor
achieving thecover, bysimplyremoving theredundantin-
stancessystematically. This ensuresthata disjoint cover-
ingof � canbeobtainedfromtheinstancesin thecovering
setsby takingatmostonesubstringof eachinstance.Now
considera coveringset(in themodi�ed cover)consisting
of instancesof a substring� . We de�ne a non-terminal
for � , non-terminalsfor thehalvesof � , quartersof � and
so forth until � is partitionedinto singlecharacters.The
total length of all thesede�nitions generatedby � is at
mostlogn timesthelengthof � . Now any substringof �
is expressibleusinga sequenceof at mostlogn of these
non-terminals. In particular, for eachinstanceof � , we
can expressthe portion of that instancenot coveredby
previously-selectedsets. Thusfor eachinstancewe add
at mostlogn symbolsto theruleof thestart-symbol(and
to the sizeof the grammar). Sincewe incur an approx-
imation factor of logn in approximatingthe cover, the
resultinggrammaris at most O(log2 n) larger than the
optimum.

All thatremainsis to describehow thegreedysetcover
algorithmis applied.Potentially, therecouldbeexponen-
tially many coveringsets.To overcomethis, at eachstep
we considerevery distinct substring� of � . Thereare
at mostn2 substrings.For eachi from 1 to j� j=j� j, we
usedynamicprogrammingto �nd thecollectionof i non-
overlappinginstancesof � that cover the greatestnum-
berof previously uncoveredcharactersin thegroundset.
Thus,for each� andi we narrow thesearchto onecan-
didatecoveringset. Fromamongthecandidatecovering

sets,we selectthe onewhich maximizesthe numberof
new elementscovereddividedby (j� j + i ).

4.2 Advice-Grammar

Insteadof restrictingthegrammarto produceexactlyone
string onecould think of a generalCFG anda program
or advice-stringfor expanding the CFG such that ex-
actly one string is produced. In a generalCFG a sin-
gle non-terminalmay have many productionrules and
cyclic dependenciesare also allowed. With at most a
constantfactor increasein the size of the CFG, we re-
strict the non-terminalsto be of one of the two kinds:
concatenationnon-terminals,with exactlyonebinarypro-
duction, or choicenon-terminalswith rules of the form
A ! X 0jX 1j : : : jX t A , wherethe X i are any symbols.
We call sucha CFGa canonicalCFG.

Advice-grammarCA consistsof a CFG C and an
advice-stringof integers, A . To expand the advice-
grammar, one startsoff expandingthe CFG depth-�rst,
but on encounteringa choicenon-terminalthenext inte-
ger from theadvice-stringis readandusedto choosethe
productionto be used. We de�ne the complexity of the
advice-grammaras jCA j = jCj + jAj , wherejCj is the
numberof non-terminalsin CandjAj is thelengthof the
advice-stringA.

Remarkably, as we show now, this seeminglymore
powerful model is not morethana constantfactormore
ef�cient thanthegrammarwehavebeenconsidering.

De�ne the partial expansionof a concatenationnon-
terminal as an expansiontill terminalsor choice non-
terminals.Notethat therecannotbeany productionloop
without a choicenon-terminalinvolved, andso the par-
tial expansiongivesriseto a �nite tree,calledthepartial
expansiontree(PETfor short),with terminalsandchoice
non-terminalsastheleaves(thelatterwill bereferredto as
thechoiceleavesof thePET).Two non-terminalsaresaid
to be equivalentif they have the samepartial expansion.
A canonicalCFGG0 is a transformof a canonicalCFGG
if they have thesameterminalsandchoicenon-terminals
andfor everyconcatenationnon-terminalin G thereis an
equivalentnon-terminalin G0, andthechoicerulesin G0

arederivedfrom thatin Gby replacingany concatenation
non-terminalby its equivalentin G0.
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Lemma 2 SupposeC is a canonicalCFG with jCj = g.
Then we can constructa transformof C, C0 such that
jC0j = O(g) andeveryconcatenationnon-terminalA in
C0 satis�esthefollowing:

� If more thanonechoicenon-terminalappears in the
partial expansionof A, thenA ! X Y where both
X andY havechoicenon-terminalsin their partial
expansions.

� If A hasonly onechoicenon-terminalin its partial
expansion,then the correspondingchoice leaf ap-
pears in thePETof A at a depthof at most2.

Then,in A's PET, the numberof nodesin the spanning
sub-treecontainingtherootandall thechoiceleavesin it
is at mosta constanttimesthenumberof choiceleaves.

In theappendixwe prove theabove Lemmaanduseit
to provethefollowing:

Theorem3 SupposeCA is an advice-grammar, with
jCj = g and jAj = a. Thenthere exists a grammarG
with jGj = O(g + a), producingthesamestring asCA .

4.3 Edit Grammars

Thefactthatboththenaturalvariantsof CFGsareequiva-
lentsuggeststherobustnessof grammarbasedstringcom-
plexity. We further explore the robustnessof the model,
by allowing edit-rulesinto the grammar. We show that
thisextendedmodelcanaffectthecomplexity of thestring
by at most a logarithmic factor. Furtherour algorithm
givesa logarithmicapproximationunderthis modeltoo.

An edit-rule is a rule of the form A ! X [editop],
where X is a symbol (which might in turn be a non-
terminalde�ned by an edit-rule),andeditop is a single
editoperation;werestrictourselvesto thefollowing three
kindsof edit operations:insert,deleteandreplaceachar-
acter. The edit operationspeci�es the position in hX i
wheretheedit is to beperformed,andin caseof insertand
replace,thecharacterto beintroduced.4 Thesemanticsof

4It is sometimesreasonableto de�ne otheredit operations.For in-
stanceonecouldallow a pre�x/suf�x operation.In this casetheresult-
ing edit-grammarbecomesaspowerful asLZ77 representation,within a
constantfactor. Or, onecouldallow insert/replaceto introducearbitrary
symbolsinsteadof terminals,which doesn't changethe modelsigni�-
cantly.

the edit operationis the naturalone: hAi is obtainedby
performingeditop on hX i . An edit rule incursunit cost.
An edit-grammaris calledbinaryor balanceddepending
on thenon-edit(concatenation)rulesin it.

We show thatedit-grammarsarewell-approximatedby
usualgrammars.For this we introducea representation
of thestringcallededit-LZ77. In theedit-LZ77represen-
tation of a string, insteadof pairs as in LZ77, we have
triplets (pi ; l i ; [editl ist ]). editl ist consistsof a list of
primitive operations(insert/delete/replace)to be applied
to thesub-stringgeneratedby the(pi ; l i ) partof thetriplet,
oneafter the other. Eachprimitive operationwill point
to a locationin thesub-string(which might have already
beenmodi�ed by theprecedingoperationsin thelist) and
prescribeaninsert,deleteor replaceoperation.Theedit-
cost of a triplet is the numberof edit operationsin the
triplet's list.

Along the lines of Lemma 1 we get the following
lemma.

Lemma 3 If G is a binary edit-grammarwith g concate-
nation rules and k edit rules, thenthere is an edit-LZ77
representationL of thestringgeneratedbyG, withat most
g + 1 tripletsanda total edit costof k.

We observe that edit-LZ77 is approximatedwithin a
constantfactorby theusualLZ77.

Lemma 4 If L is an edit-LZ77list for a string � , with t
tripletsanda total editcostof k, thenthereis anLZ77list
L 0 for � with at mostt + 2k pairs.

Proof: We canreplacea triplet (pi ; l i ; [editl ist ]) where
editl ist haski operations,by at most1 + 2ki pairs: at
most 1 + ki pairs to refer to the sub-stringsinto which
theki editoperationssplit thesub-stringgeneratedby the
triplet, andat most ki pairs to representthe insertsand
replaces.

From the above two lemmasand the procedurefrom
Section 3.3we concludethefollowing.

Theorem4 Theoptimumedit-grammarfor a string can
beapproximatedef�ciently within a factorof O(log n) by
a grammar, wheren is thelengthof thestring.
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5 Futur e Work

The smallestgrammarproblemhasa theoreticallyinter-
esting connectionto Kolmogorov complexity, practical
relevancein the areasof datacompressionand pattern
extraction,anda hierarchicalstructurethat is evident in
otherreal-world problems.

One line of researchleadingfrom this problemis the
study of string complexity with respectto other natu-
ral models. For example,the grammarmodel could be
extendedto allow a non-terminalto take a parameter.
Onecould thenwrite a rule suchasT(P) ! PP, and
write the string xxy zyz as T(x)T(yz). Presumablyas
model power increases,approximability decaysto un-
computability.

TheO(log n
g )-approximationalgorithmpresentedhere

runs in near-linear time andhencecanbe usedin a po-
tentiallypracticalgrammar-basedcompressionalgorithm.
Empiricalstudyis requiredto determineits effectiveness
comparedto othercompressors.On thetheoreticalfront,
it would be interestingto explorenew probabilisticmod-
elsof sourcesfor which it performswell.

Also, while an o
�

log n
log log n

�
approximationalgorithm

for thesmallestgrammarproblemwouldrequireprogress
on the well-studiedaddition chain problem, it is only
known thattheoptimalgrammarcannotbeapproximated
to within a smallconstantunlessP = NP. Thus,nailing
down theactualhardnessof the smallestgrammarprob-
lemremainsanintriguingopenproblem.

Finally, many other important real-world problems
sharethe hierarchicalstructureof the smallestgrammar
problem.For example,supposeonemustdesigna digital
circuit that computesthe logical AND of various,spec-
i�ed subsetsof the input signals. How many two-input
AND gatessuf�ce? This amountsto a variant of the
smallestgrammarproblemwherenon-terminalsrepresent
setsratherthanstrings. We know of neitheran approxi-
mationalgorithmnorhardnessof approximationresultfor
this naturalquestion.
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A.1 Proof of Theorem 3

Firstwe proveLemma2.
PROOF of LEMMA 2. Non-terminalswhosepartialex-

pansionscontainonly terminalsarecopiedassuchinto C0.
Wedescribehow to introduceequivalentnon-terminalsin
C0 for eachof the remainingconcatenationnon-terminal
in C by addingat most a constantnumberof (concate-
nation) rules. We processthe remainingconcatenation
non-terminalsin C(whichcontainat leastonechoicenon-
terminalin their partialexpansion)in increasingorderof
the size of (numberof symbolsin) their partial expan-
sions.For all non-terminalsA thatweprocessweproduce
an equivalentnon-terminalA0 in C0 ensuringthe follow-
ing (in addition to the condition in the lemma): In the
PETof A0, thedepthof boththe leftmostchoiceleaf and
therightmostchoiceleaf is at most3.

We proceedinductively. ConsiderprocessingA !
X Y. If neitherX nor Y hadto beprocessedbefore,we
just setA0 = A andaddthe rule A0 ! X Y (this is the
basecase).If X (respY ) is aconcatenationnon-terminal
in C0 we would have alreadyprocessedit andaddedan
equivalentnon-terminalX 0(respY 0) to C0. Considersim-
ply makinga concatenationrule X 0Y 0. This may have
the (at most) two choiceleavesof interest-the leftmost
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Figure1: Makinga new rule in theproofof Lemma2. The
shadedsub-treesare thechoiceleavesof interest.

andthe rightmostones-at a depthof at mostfour in the
resultingPET. Figure1 shows a generalscenario,with a
maximumof eight possiblesub-trees,two of which are
the leavesof interest.We canarrangethe(at most)eight
sub-treesinto a treesuchthattheleavesareatdepththree
or higher, and they fall on eitherside of the root. This
canbe doneby makingat most7 new rules, the oneat
the root being A0. If thereis only one leaf of interest,
it can be pushedup to depth2. When we �nish pro-
cessingthe concatenationnon-terminalsin C, we com-
plete the constructionof C0 by addingrules for eachof
thechoicenon-terminalsfrom C (replacingany concate-
nationnon-terminalappearingin the RHS by equivalent
non-terminals).

PROOF of THEOREM 3. By Lemma 2 we assume
w.l.o.g that C satis�es the condition in the lemma,with
jCj = O(g). A symbolis calledchoice-freeif its partial
expansionhasonly terminals. First we addall rulesfor
choice-freenon-terminalsin Cto G. ThereareO(g) such
rules.FigureA.1 givesa recursivealgorithmto addother
rulesto G; wecall thisalgorithmonthestartsymbolof C.

It is easyto seethat in the resultinggrammarG, the
non-terminalreturnedby thetop-level call to DE-ADVICE

expandsto thestringproducedby CA . We claim thatthe
numberof rules addedto G by this call is O(a). Note
that new rulesareproducedat nodesin C which have at
leastonechoiceleafbelow it in thePETof thelastchoice
non-terminaloccurringin therecursion;thatis, thenodes
at which new rulesareproducedareexactly the onesin
the spanningsub-treeof a PET which spansthe root of
the PET and the choiceleaves. At eachchoiceleaf in
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Procedure DE-ADVICE(X )
f i is aglobalvariable,initialized to 0g
if thesymbolX is choice-freethen

returnX ; f No new rule is producedg
elseif X is a choicenon-terminalthen

Let X ! X 0 jX 1 j : : : jX t X

b = A i

i = i + 1
returnDE-ADVICE(X b) f No new rule is producedg

else
Let X ! Y Z
M := DE-ADVICE(Y)
P := DE-ADVICE(Z )
Producenew rule N ! M P f a new non-terminalis created
hereg
returnN

eachoccurrenceof aPETin therecursion,anentryof the
advicestringis consumed,andhencethetotal numberof
choicepoints is a. So by Lemma2 the numberof rules
addedby DE-ADVICE is O(a). So the total numberof
rulesin G is O(g + a).
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