
Two Easy Theories Whose Combination is HardV.R. PrattM.I.T.Sept. 1, 1977Abstra
tWe restri
t attention to the validity problem for unquanti�ed dis-jun
tions of literals (possibly negated atomi
 formulae) over the do-main of integers, or what is just as good, the satis�ability problem forunquanti�ed 
onjun
tions. When = is the only predi
ate symbol andall fun
tion symbols are left uninterpreted, or when � is the only pred-i
ate symbol (taking its standard interpretation on the integers) andthe only terms are variables and integers, then satis�ability is de
id-able in polynomial time. However when � and uninterpreted fun
tionsymbols are allowed to appear together, satis�ability be
omes an NP-
omplete problem. This 
ombination of the two theories 
an arisefor example when reasoning about arrays (the uninterpreted fun
tionsymbols) and subs
ript manipulation (where � arises in 
onsideringsubs
ript bounds). These results are una�e
ted by the presen
e ofsu

essor, whi
h also arises 
ommonly in reasoning about subs
riptmanipulation.1 Introdu
tionNelson and Oppen [NO77℄ have shown that 
onjun
tions of equalities andnegated equalities between terms involving only uninterpreted fun
tion sym-bols 
an be tested for satis�ability in time proportional to the square of thelength of the 
onjun
tion. For example, x = y ^ y = z ^ f(x) = w ^ w 6=f(z) is not satis�able although it would be in the absen
e of any one of thefour literals making up the formula.Another language whose satis�ability problem is about as easy to de
ideis that of 
onjun
tions of integer inequalities between variables or integers.To de
ide satis�ability, 
onstru
t a graph whose verti
es 
orrespond to thevariables of the formula, with an extra vertex 
orresponding to 0. Constru
tedges, one per inequality, with edge (x; y) labelled i 
orresponding to an1



inequality whi
h in essen
e expresses x + i � y. For example, :(u � v)would give rise to an edge (v; u) labelled 1, while u � 3 would generate anedge (u; 0) labelled �3. Then the 
onjun
tion is satis�able if and only if thegraph 
ontains a 
y
le of positive weight, i.e., one whose labels add up to apositive integer. This 
an be de
ided, e.g., by forming the max/+ transitive
losure of the graph and sear
hing for a self-edge with a positive label. Thispro
edure is evidently adaptable to the 
ase when su

essor may be used.2 ResultWe now show that 
onjun
tions of literals involving both � (with its stan-dard interpretation on the integers) and uninterpreted fun
tion symbols havean NP-
omplete satis�ability problem. To do this we give an easily 
om-puted fun
tion H from \monotoni
 normal form" formulae of propositional
al
ulus (negations appear only on atomi
 formulae) to 
onjun
tions of thislanguage su
h that P is satis�able i� H(P ) is. We write x � y � z forx � y ^ y � z.The intuition behind the following de�nition is that P is to be translatedto a dire
ted a
y
li
 graph some of whose edges are �xed and some of whoseedges are under the 
ontrol of assignments of truth values to the letters of P .The graph will have an input and an output vertex. The obje
tive is thata path will exist from input to output just when the given assignment oftruth values to the letters of P falsi�es P . Before explaining this further,let us give the full de�nition of H.H(P ): h(P ) ^ :(in(P ) � out(P )) ^ 0 �xa � 1 ^ 0 � xb � 1 ^ : : : (a,b,. . . letters of P )in(P ): g1(P )h(P ): g2(P )out(P ): g3(P )g(a): [fi(0); true; fi(xa)℄ (a is any propositional letter)g(:a): [fi(1); true; fi(xa)℄g(P j Q): [in(P ); h(P ) ^ out(P ) � in(Q) ^h(Q); out(Q)℄g(P ^ Q): [in(P ); in(P ) � in(Q) ^ h(P ) ^h(Q) ^ out(P ) � out(Q); out(Q)℄The intent of \fi" is that a di�erent i be 
hosen for ea
h invo
ation of g,i.e., for ea
h o

urren
e of a propositional letter; thus H(P ) will always haveexa
tly two o

urren
es of ea
h fi appearing in it.The fun
tion g(x) produ
es the triple [g1(x); g2(x); g3(x)℄ whi
h for 
lar-ity we have renamed [in(x); h(x); out(x)℄. Although H produ
es a 
onjun
-2



tion of inequalities, g is 
onsidered to produ
e the 
orresponding graph,[input vertex, set of edges, output vertex℄. Let us look at a parti
ular ex-ample to see what is happening. The formula 
onsisting of just the propo-sitional letter a is mapped by H to :(f0(0) � f0(xa)) ^ 0 � xa � 1.Clearly the latter is satis�ed by taking xa to be 1 and f0 to be negation.Looking at the role of g(a) in this, we see that g(a) built a graph with in-put vertex f0(0), output vertex f0(xa), and no edges (true 
orresponds tothe empty 
onjun
tion). There is a path from input to output just whena is false, in the sense that f0(0) � f0(xa) just when xa = 0. Now letus 
onsider the more 
ompli
ated example a ^ :a, whi
h is mapped tof0(0) � f1(1) ^ f0(xa) � f1(xa) ^ :(f0(0) � f1(xa)) ^ 0 � xa � 1. Tosee that this is unsatis�able, �rst observe that only xa = 0 or xa = 1 
ouldsatisfy it. In either 
ase we may infer f0(0) � f1(xa), whi
h 
ontradi
tsthe expli
itly given :(f0(0) � f1(xa)). Viewing g(a ^ :a) as a graph, ifwe 
onsider \in(P ) � in(Q)" and \out(P ) � out(Q)" to have the e�e
t of
onne
ting respe
tively the inputs and outputs of the graphs of P and Qtogether (parallel 
onne
tion), then all we have done is provide for the exis-ten
e of a path no matter whether a is true or false, i.e., no matter whetherthe 
ir
uit is \
losed" via f0(0) � f0(xa) or f1(1) � f1(xa). In the 
ase ofthe disjun
tion P j Q, parallel 
onne
tion is repla
ed by series 
onne
tion.We hope that this informal dis
ussion will make a more formal argumentunne
essary. The key observation in the formal argument is that P is falsefor a given assignment of truth values to the propositional letters of P ifand only if H(P ) is unsatis�able when ea
h xa is assigned 1 if propositionalletter a is assigned true and 0 otherwise.3 InterpretationThe interest in this result lies not so mu
h in the proof, whi
h is routine, asin its relevan
e to the me
hanization of logi
s in
orporating many theories.This is the situation that obtains for example with systems for verifying
omputer programs, whi
h may need to deal with programs that operateon a variety of distin
t data types ea
h having its own theory. It is naturalto ask, what does the 
omplexity of the 
onstituent theories tell us aboutthe 
omplexity of their 
ombination? This result shows that the overheadasso
iated with simply 
ombining quanti�er-free disjun
tive theories may beas great as the gap between P and NP.We were led to the question answered above in the following way. Inthe 
ourse of implementing a proof 
he
ker [LP77℄ for dynami
 logi
 (a new3



approa
h to program veri�
ation), we found that the quanti�er-free disjun
-tive theory of � and su

essor over the integers ful�lled all our arithmeti
needs for the kinds of programs we were en
ountering, whi
h in view of theexisten
e of the polynomial de
ision pro
edure des
ribed above turned outto be most 
onvenient. When we attempted to in
orporate \read-only" ar-rays into the theory (essentially the theory of equality with uninterpretedfun
tion symbols, but without array updating operations, whi
h themselveslead to NP-
ompleteness [DS76℄) we en
ountered the diÆ
ulty summarizedby the above result.The interest in quanti�er-free 
onjun
tive theories stems from the ap-proa
h to handling the 
ombination of many theories in whi
h the theoremto be proved is �rst negated, 
onverted to disjun
tive normal form, Skolem-ized, universal variables instantiated somehow when appropriate (e.g., bythe user), and tested for satis�ability disjun
t by disjun
t. Provided ea
hdisjun
t is easy to so test, the bulk of the running time 
an be a

ounted forby the large number of disjun
ts that may arise. While this in theory remainsan apparently insuperable obsta
le, in pra
ti
e one 
an make very e�e
tiveuse of bit ve
tor representations of disjun
ts to make the generation of thedisjun
ts relatively painless for quite substantial problems. This leaves the
ost of testing ea
h of the disjun
ts. This too 
an be made similarly painlessby keeping tra
k of whi
h literals of ea
h disjun
t were responsible for itsunsatis�ability. (It is not ne
essary to sear
h for the smallest set of su
hliterals in ea
h disjun
t, the method is extremely e�e
tive even with to-ken attention to �nding a small subset.) Thus the �rst step in testing adisjun
t is to see whether it 
ontains as a subset one of the unsatis�ablesets already re
orded, a pro
ess requiring just one bit ve
tor operation perre
orded set. In pra
ti
e we have found this te
hnique to be of value, oftenredu
ing running times from the order of minutes to fra
tions of a se
ond.Our experien
e with the number of sets of unsatis�able literals that arere
orded, for the parti
ular problems with whi
h we have to deal, is thatthe sets are in almost one-to-one 
orresponden
e with the \elementary" fa
tsapparently needed to prove the theorem in question. Thus even though thepropositional form of the theorem may have given rise to several thousanddisjun
ts, only ten or twenty sets may be re
orded, so that almost all ofthe disjun
ts 
an ea
h be disposed of with just a small number of bit ve
toroperations (in our 
ase involving a few dozen bits per ve
tor). The e�e
t isto redu
e the 
onstant fa
tor in front of the inevitable exponential to su
han extent that the \visibly useful" work of dis
overing and 
he
king theelementary fa
ts supporting the theorem is 
omparable with the work donemanipulating the many disjun
ts. Of 
ourse this approa
h is enormously4



sensitive to problem size, putting a very sharp limit on the size of problemtreatable in this way. In applying this te
hnique to proof 
he
kers, as in our
ase, this simply means that the user must stru
ture his proof so that thesteps of the proof are not \unreasonably" large from the system's point ofview.In view of these remarks it should be 
lear how polynomial-time algo-rithms for satis�ability of quanti�er-free 
onjun
tive theories are of 
onsid-erable value despite the NP-
ompleteness of the unrestri
ted-format (butstill quanti�er-free) formulae in whi
h they arise. How were we [LP77℄ af-fe
ted by the NP-
ompleteness of the 
ombined theories des
ribed above?Our approa
h has been to permit the user to 
laim that a proof step willin fa
t hold for the rationals, for whi
h domain the NP-
ompleteness resultabove is repla
ed by a polynomial-time algorithm. In fa
t our experien
e hasbeen that most arguments that arise in pra
ti
e about the integers happento hold for the rationals. In this way, the user 
an hold 
omplexity at bayeither by using small proof steps on those rare o

asions when the 
ompleteinteger theory is needed, or by making more general 
laims that, despitetheir greater generality, are easier to 
he
k. This illustrates the prin
iplethat there are other ways of making a proof easier to follow than just takingshorter steps.Referen
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