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Problem Setup

» General Finite-sum Optimization problem:

1 n
min F(x) = — fi(x), f; can be nonconvex.
i P9 = £ 32600, 6

» NP-hard to solve in general. (Hillar & Lim, 2013).

Figure: The landscape view of a nonconvex function.
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Some Finite-sum function Examples

» Very common in machine learning.
» Non-convex regularized logistic regression (Reddi et al., 2016b).

d 2
fi(x) = yilog $(z; x) + (1 — yi) log[1 — é(z; x))] + A Z ‘f -

where ¢(x) is the sigmoid function.
» Two layer neural network,

iw) = |- - Ez; aro(o] %) '

where o(x) = max{x, 0} is ReLU function.
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@ Finding first-order stationary points
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First-order stationary points

» We aim at finding e-first order stationary points x of F(x), where
IVF(x)|2 < e. (2.1)

» We use the number of stochastic gradient computations to measure
the algorithm performance.
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Gradient Descent & Stochastic Gradient Descent

Algorithm 1 GD Algorithm 2 SGD
1: Input: xo, 7, S 1: Input: xq, 1, B, S.
2. fors=1,...,5 do 2. fors=1,...,Sdo
3 Xs ¢ Xs—1 — 1 VF(xs-1). 3:  Uniformly choose index set
4: end for Zg C [n],|Z| = B.
5. Output: Uniformly choose Xout 41 X5 ¢ Xs—1 — 1+ Vizg(Xs—1).
from {xs}. 5: end for
6: Output: Uniformly choose Xqut
from {xs}.
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Gradient Descent & Stochastic Gradient Descent

» To converge to an e-first order stationary point,

» GD: O(ne~2) stochastic gradient computations;
» SGD: O(e*) stochastic gradient computations.

» GD: more computations per iteration, less iterations.
SGD: less computations per iteration, more iterations.

» Can we combine them?
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Idea of Variance Reduction

» For SGD,
» v = Vg (x),
» Ev= VF(x),

> Elv - VF()|3 < 02,
where the variance of v remains constant!
» Using reference point x¢ and reference gradient g to reduce the
variance of gradient estimator.

» v = Vfg,(x) - Vg, (x0) + 8 = Vfz,(x) — Vfz,(%0) + VF(x0),
» Ev = VF(x),
> Ellv— VF(X)[3 < O(llx — xoll3)

where the variance of gradient estimator is decreasing!
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Stochastic Variance-Reduced Gradient (SVRG)!!!

Algorithm 3 SVRG (Outer loop)  Algorithm 4 SVRG-Epoch

1: Input: X9, n, B, b, S, T. 1: Input: xo, n, b, B, S, T.
2. fors=1,...,5do 2: g < VF(xo).
3 Xs 3: fort=1,..., T do
SVRG-Epoch(xs_1,n, B, b, T). 4  Randomly pick Z,, with size b.
4. end for 5: V4
5: OQutput: Uniformly choose xout Vfr,(ze-1) — Viz,(20) + &
from {xs}. 6: X< Xp—1—7-V.
7: end for
8: Output: Uniformly choose Xqut
from {x;}.

[1] Johnson, Rie, and Tong Zhang. "Accelerating stochastic gradient descent using predictive variance reduction.”
Advances in neural information processing systems. 2013.

Quanquan Gu Nonconvex Finite-Sum Optimization 11 / 40



Stochastically Controlled Stochastic Gradient (SCSG)M!!

Algorithm 5 SCSG (Outer loop) Algorithm 6 SCSG-Epoch
1: Input: X9, 1, B, b, S, T. 1: Input: xo, n, b, B, S, T.

2. fors=1,...,5do 2: Randomly pick Zg with size B.
3 Xs 3. g« Vifzz(xo0).
SCSG-Epoch(zs_1,7n,B,b, T). 4 fort=1,...,T do
4: end for 5:  Randomly pick Z, with size b.
5: Qutput: Uniformly choose xou 60 V<
from {xs}. Vi, (xe—1) — Vfz,(x0) + 8
70 Xe 4 X 1—1-V.
8: end for
9: Qutput: Uniformly choose Xout
from {x;}.

[1] Lei, Lihua, et al. "Non-convex finite-sum optimization via scsg methods.” Advances in Neural Information Processing
Systems. 2017.
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Gradient Complexity Comparison

» To converge to an e-first order stationary point,

Algorithm Stochastic gradient computations
GD O(ne~2)
SGD O(e™)
SVRG
(Allen-Zhu et al., 2016) O(n?3¢72)
(Reddi et al., 2016)
SCSG

2/3.-2 A .—10/3
(Lei et al., 2017) O(n*Ze= N )

» Strictly improves upon GD & SGD!

Quanquan Gu Nonconvex Finite-Sum Optimization 13 / 40



How to Improve it?

» For SVRG ,
v = Vfz, () — Vi, (x0) + VF(x0) = g +g©),
g!) = Vg, (x) — Vg, (x0), 8 = VF(x0).
» Only use two reference points (x, xg) and two reference gradients
(g™, g®) ...
» Using more than two reference points and reference gradients!
»v=gK ... 4 g) 4 g0
gl) = va(x(/)) — va(x(/—l)), 1< /<K,
g = VF(x(®).

> Xt = X¢—1 — V.
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Stochastic Nested Variance Reduced Gradient

Descent(SNVRG)!!!

Algorithm 7 SNVRG (Outer loop) Algorithm 8 SNVRG-Epoch

1: Input: 29,71, B,S,K,{B/},{T;}. 1 Input: xo,n, B,K,{Bi},{T}.
2 fors=1.....S do 2: Randomly pick Zg W|th size B.
P 3 (0)<—Vf (x)x +— X
3: [YSaZs] <~ : (I) I(B) 0 0
SNVRG-Epoch 4: gy O,Kx0 <l— xo, 1 € [K]
(zo-1.7, B, K AB} ATi}). 5 vo e Yot x = x0 1w
4: end for 6: fortzl,...,HfilT,—ldo
5. Qutput: Uniformly choose yo,t+ 7:  Update {xﬁ’)} and {gg')}
from {y:}. o v Sl gl
9 Xtyl < Xg — 1) - V¢
10: end for
11: Output: [x°“t’xl_lfil 7l

Xout from {xoc, 7.}
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Update rules

Update parameters: batch size parameters {B,}, loop length
parameters { T;}.

v

v

Let r be the smallest number where t can be divided by H;(:r—l—l T;.

v

. /
Update rules for reference points {xg )}:

1 1 . 1 1
> xg ),...7x£' ) remain the same as xg_)l, o gr_l )

» Set x{7, . x) x,.

v

Update rules for reference gradients {ggl)}:

» We do not need to upgrade reference gradients unless they have
changed!

> g(tl), . ,gﬁf‘l) remain the same as ggl_)l, e ,ggr__ll)

» Forr < I <K,

randomly pick up Z with size By, set ggl) — sz(x(tI)) — VfI(xgl_l)).
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K=2,T1 =2,T, =3 as an

example.
Reference points:
0 . Reference point
X(() ) < Xp, X( ) < Xp, Xg ) < Xp, — Reference gradient
@ curent terate

Reference gradients:
gl? « v, (x),
(” = V5 (<) = Vi (<),
( ) = V(<) = Vi (<),

X0 X1 X2 X3 X4 X5

Figure: Iterate t = 0.
Updating rule:

X1 ¢ Xg — n(g(()o) (1) + g(Z))-
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Reference points:

MO O RN IO I C D

‘ Reference point

—— Reference gradient

@ curentiterate

Reference gradients:
0
( ) gé )7

m%%%

g « V(") - Vi (q). e

X3 X4 X5

Updating rule: Figure: Iterate t = 1.

xo ¢ x1 =g} +gi +g).
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Reference points:

(0) — ng), (1) — Xg ),ng) < Xo,

‘ Reference point

— Reference gradient

@ curent iterate

Reference gradients:

¥ « O

gV gV,

g < Vi(6)) - Vi, (47). e

Updating rule: Figure: Iterate t = 2.

x3  x2 — n(gy) + g8 +g2)).
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Reference points:

(0) (0) (1) (2)
— x2 7 — x x3 — x37 g:(;)) ‘ Reference point
—— Reference gradient
H 0) urrent iterate
Reference gradients: x L
(0) (0) {
— g2 9

( ) A vfIl( ( )) - VfIl(XgO))?
ggZ) i, () - vi,Y), e o o

Updating rule: Figure: Iterate t = 3.

X4 < X3 — (gg ) -I—g(l) +g(2)).
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Reference points:

(0) (0) (1) (2)
— x2 7 — x x3 — x37 gflo) ‘ Reference point
—— Reference gradient
Reference gradients: x ) @ curent terate
(0) (0)
< g2 9

( ) A vfIl( ( )) - VfIl(XgO))?
gf) Vi) -VEEY), e e e

X0 X1 X2 X3 X4 X5

Updating rule: Figure: lterate t = 4.

X4 < X3 — (gg ) -I—g(l) +g(2)).
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Reference points:

‘ Reference point

— Reference gradient

‘ Current iterate

NOPENCINO DN ORI

Reference gradients:

(0) (0)

— g4 9
(1) (1)
T8 ° ° °
X0 X1 X2

‘2) — Vi, (<& = Vi, (),

X6

Updating rule:

Fi . Iterate t = 5.
Xg < X5 — (gg ) 4+ g(1) + g(2))‘ igure: Iterate
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Theoretical Results

» Assumptions:
» (Optimal Gap) F(xo) — infycre F(x) < Af
» (Smoothness) For each i, f; is L-smooth, where
IVEi(x) = VEi(y)ll2 < Llx = yll2:
» (Variance Bounded) For any x, E;||Vfi(x) — VF(x)|j3 < 02

Theorem (Complexity analysis for SNVRG)

With specific parameter choices, SNVRG will find an e-first order
stationary point within

~ [ [o? LAF [o2 1/2
O(L—z/\n+—62 L—ZM] D

stochastic gradient computations.
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Gradient Complexity Comparison

Algorithm Stochastic gradient computations
GD O(ne~2)
SGD O(e™%)
SVRG
(Allen-Zhu et al., 2016) O(n?3¢72)
(Reddi et al., 2016)
SCSG 2/3,.-2 , .—10/3
(Lei et al., 2017) O(n*Ze= e )
SNVRG

A(p1/2,-2 A -3
(this paper) O(n/Ze =N e)

» SNVRG strictly better than SCSG by a factor Q(n%/® A e1/3).
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Gradient Complexity Comparison

Gradient P
Complexity Pt
—10/3}
€ n2/3
62
4l TL2/3
€ 2
€
1
nt/2 SVRG
= —— SCSG
. —— SNVRC
6 1
1 €2 n
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Experimental Results

» Baseline Algorithms
SGD (SGD)
SGD with momentum (SGD-momentum)
ADAM (ADAM) (Kingma et al., 2014)
SCSG (SCSG) (Lei et al., 2017)
SNVRG with K = 2 (SNVRG)
» Benchmark Optimization Problems
LeNet-5 on

» MNIST (LeCun et al., 1998a)

» CIFAR10 (Krizhevsky, 2009)

» SVHN (Netzer et al., 2011)

vy vy vy VvYyYy

INPUT C1: feature maps C3: feature maps
%32 6@28x28 52: feature maps  16@10x10
" GAUSSIAN

6@14x14
‘ FUUL CONNECTIONS

CONVOLUTIONS SUBSAMPLING CONVOLUTIONS SUBSAMPLING CONNECTION

S4:f. maps C5:layer F6: Jayer QUTPUT
16@5xs 120 84 10
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Experimental Results

Training Loss

— sSGD
SGD-momentum
-+ ADAM

—— SNVRG

Training Loss

— sGD
SGD-momentum
++ ADAM

Training Loss

— SGD
SGD-momentum
—- ADAM

epochs

(a) MNIST

epochs

(b) CIFAR10

epochs

(c) SVHN

Test Error

— sGD — sGD - — sGD
SGD-momentum " SGD-momentum SGD-momentum
=+ ADAM ++ ADAM
..... SCSG e o
— SNVRG g <
& .. &,
ﬁ i
g £

Quanquan Gu

epochs

(e) CIFAR10

epochs

(f) SVHN
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e Finding second-order stationary points
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Second-order stationary points

» We can find first-order stationary point via SNVRG, however......

» |s first-order stationary point enough?

psfeskiestinn
t‘:“:‘\“‘:““““‘
27
20
2585
LR

N
i
R

0\
AR
N

TR

“—"<—— local minimum saddle point

(g) Local minimum (h) Saddle point

» Goal: To find an (e, €44)-second-order staionary point x such that
IVFX)II < €g0 Amin(V2F(x)) = —ep
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Cubic Regularization of Newton Method!!

» Cubic Regularization
Starting from xq, iteratively execute
- M s
me(h) = (VF(xt), h) + S (VZF(xe)h, h) + = [h]3

Xt+1 = Xt + argmin m;(h)
heRd

» Minimize cubic regularized subproblem m;(h) in each iteration.

Theorem (Informal)

Under certain conditions, x; converges to an (e, \/€)-second-order
staionary point within O(1/€3/2) number of iterations.

» Expensive to compute V£(x) and V2f(x) when n is large .

[1] Nesterov, Yurii, and Boris T. Polyak. "Cubic regularization of Newton method and its global performance.”
Mathematical Programming 108.1 (2006): 177-205.
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Stochastic Variance-Reduced Cubic Regularization

(SVRQO)!!

» The Proposed SVRC

» Operates with epochs.
» At t-th iteration of (s 4 1)-th epoch, we have

s 1 M +1,
mE* ) = (vi )+ 2 (U5 )+ Mot g
x 11 = x{t! + argmin m{ ™ (h)
heRd

> Penalty parameters MST1

> semi-stochastic gradient vi't ~ VF(x$T1)

> semi-stochastic Hessian U$™ ~ V2F(x{T).

[1] Dongruo Zhou, Pan Xu, Quanquan Gu ; Proceedings of the 35th International Conference on Machine Learning,
PMLR 80:5990-5999, 2018
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Semi-stochastic gradient and Hessian

> Reference point X°* = x5, reference gradient g° = V£(X°) and
reference Hessian H® = V2£(x®).

Vit =4 Z V() - VE(E) + g
Itelg
< Z v2 I ’\S) Hs>( s+1 ’\S)’
Itel

U = o (3 V) - V) ) + e
Je€lp
> Iz and I, are index sets, |Ig| = bg, || = bp, bg, by < n.

» Unlike subsampled gradient and Hessian which have unchanged
variances, the variances of vi™! and U$T™ are reduced.
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Oracle Definition

» Second Order Oracle (SO)
Given an index i and a point x, one second-order oracle (SO) call
returns such a triple:

[£:(x), V£i(x), V2fi(x)]

» Cubic Subproblem Oracle(CSO)
Given a vector g, a Hessian matrix H and a positive constant 6, one
Cubic Subproblem Oracle (CSO) call returns hg,, where hg, can be
solved exactly as follows

_ 1 9
heoi = argmin(g, h) + > (h, Hh) + < [h3.
heRd
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Convergence Analysis

» Assumptions:

» (Optimal Gap) F(xo) — infycre F(x) < Af
> (Hessian Lipschitz) For each i, f; is p-Hessian Lipschitz, where
IV2fi(x) = V2i(y)ll2 < pllx = ylla-

Theorem (Complexity analysis for SVRC)

With specific parameter choices, SVRC will find an (e, /pe)-second-order
staionary point within SO complexity
AF\/ﬁn“/ :
(0] (n -+ —an )
and CSO complexity
AF\/p
o(—€3 Y )
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Complexity Comparision

Algorithm SO calls CSO calls  Smoothness
Cubic regularization ~3/2 ~3/2
(Nesterov & Polyak, 2006) O(ne ) O ) No
Subsampled cubic = _7/2 52 —3/2
(Kohler & Lucchi, 2017)  O(€ 2+ O(e77) Yes
Subsampled cubic S 32, 5/ ~3/2
(Xu et al., 2017) One™/% +7>%) - O(7F) Yes
SVRC 6(/’14/56_3/2) 0(6_3/2) No

(this paper)

» SVRC does not need gradient Lipschitz assumption (smoothness).

» SVRC is strictly better than cubic regularization by a factor Q(n'/%),
and better than subsampled cubic when ¢ < n=2/5.
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» Baseline Algorithms

» Adaptive cubic regularization (Adaptive Cubic) (Cartis et al., 2011)

> subsampled cubic regularization (Subsampled Cubic) (Kohler &
Lucchi, 2017)

» Stochastic cubic regularization (Stochastic Cubic) (Tripuraneni et al.,
2017)

» Gradient cubic regularization (Gradient Cubic) (Carmon & Duchi,
2016)

» Trust region Newton method (TR) (Conn et al., 2000)

» Benchmark Optimization Problems

» Nonconvex Regularized logistic regression (Reddi et al., 2016b)
> Nonlinear least square (Xu et al., 2017a)
» Robust linear regression (Barron, 2017)

Quanquan Gu Nonconvex Finite-Sum Optimization 36 / 40



Experimental Results

. 100
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» To find first-order stationary points, SNVRG is near optimal.

» To find second-order stationary points, optimality is still an open
problem!
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Questions

Any Questions?
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