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Abstract

We show how to translate the region calculus of Tofte and
Talpin, a typed lambda calculus that can statically delimit
the lifetimes of objects, into an extension of the polymorphic
lambda calculus called F#. We give a denotational seman-
tics of F#, and use it to give a simple and abstract proof of
the correctness of memory deallocation.

1 Introduction

Implementations of modern programming languages di-
vide dynamically allocated memory into two parts. The
stack is used for data that has a simple last-in, first-out life-
time determined by block structure; the other part (often
called the heap) is used for data whose lifetime extends be-
yond the scope of program blocks. The heap is periodically
“garbage collected” to reclaim memory that is no longer
needed. Tofte and Talpin’s region calculus [23] attempts to
unify these two styles of memory management. The region
calculus divides memory into regions, and provides a local
scoping mechanism for those regions. Every value created
by the program is placed in one of these regions. When
program execution enters the scope of a region, memory for
that region is allocated, and when program execution leaves
the scope, memory for that region is deallocated. Hence
memory is managed using a simple, block-structure alloca-
tion and deallocation mechanism.

This paper describes an abstract characterization of a
version of the region calculus and gives a simple proof of
its correctness. The proof relies on a translation into a ver-
sion of the polymorphic lambda calculus called F#. Our
proof is more abstract than the version presented by Tofte
and Talpin [23]. Tofte and Talpin give a high-level oper-
ational semantics of a subset of ML [11], a translation of
that language into their region calculus, and an operational
semantics of the region calculus that explicitly manipulates
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memory. Their main theorem is a proof of adequacy: evalu-
ation in either operational semantics yields the same results.
The proof relies on greatest fixed points and coinduction,
partly because of the coupling of the region calculus and the
translation, and partly because deallocation can yield “dan-
gling references”. In contrast, we work at a higher level: we
prove that once the program leaves the scope of a region,
values held in that region do not affect the final results of
the program. This fact implies that once the program leaves
a block associated with a region, the memory for that region
may be safely reclaimed.

The connections between the region calculus and para-
metric polymorphism can be brought out by a few exam-
ples. In the region calculus, each type is annotated with a
region, and the type system tracks all reads and writes to
regions. For example, the typing judgement

x :
�������
	

ρ �
� e :
��������	

ρ � 	���������� ρ � 	������
� ρ ���
means that there is a free variable of type

�����
called x which

lives in region ρ. The body e also produces an
�����

in re-
gion ρ, and during the computation, values may be both
read from and written into ρ. In general, a computation that
accesses a region ρ has an associated “effect”

�����
�
ρ � ; con-

versely, any computation that stores into region ρ has an
associated effect

�����
�
ρ � . In the above judgement, e may

arbitrarily read from and write to ρ. Contrast this with the
typing judgement

x :
��������	

ρ �
� e :
��������	

ρ � 	���������� ρ ���
In this case, e can access the value of x, but it may not store
any values in region ρ. We can view this type as a restriction
on the behavior of the function computed by the expression.
In this case, if there is a value produced by the computa-
tion, it must be the value of x; the computation may diverge
or converge to x depending on the value of x. The typing
judgement

x :
��������	

ρ �
� e :
�������
	

ρ � 	 /0
is even more restrictive: it specifies that there are no ac-
cesses to the region ρ. The only functions of this type are
the identity function and the function that diverges on all
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parameters. This last example resembles the argument that
the only functions one may write of type

���
α � α � α � are

the identity and the everywhere divergent function.
It is perhaps not surprising that there should be some

connection between parametric polymorphism and regions;
Reynolds and others have made the same point about the
connections between block structure in Idealized Algol and
polymorphism [13, 17]. Others, too, have noted con-
nections between garbage collection and polymorphism.
Fradet, for instance, notes that if a subterm of a term can be
typed with an abstract type α—and α does not appear in the
type of the term—the subterm must be garbage [7]. That is,
no matter what subterm is replaced for the original subterm,
it will not affect the final results computed by the program.
Hosoya and Yonezawa note a similar phenomenon [9].

The region calculus does, however, raise new semantic
issues. One might, for instance, suggest that types such as��������	

ρ � be represented by type variables. The type
�������
	

ρ �
is not, however, completely abstract: even if the program
cannot access values of this type, these values must still be
integers. Also, values of different types may be stored in
the same region. For example, types

�������
	
ρ � and

�������
	�	
ρ �

can co-exist in the same program.
To model the behavior of the region calculus, our ver-

sion of the polymorphic lambda calculus contains a new
type operator #. One of the novel features of our calculus is
that it combines a mechanism to hide the structure of a type
(i.e., make the type abstract) with another mechanism to re-
veal the structure of such a hidden type. Intuitively, when
a value is put into a region, its structure is hidden; when it
is removed from the region, this structure is recovered. For
example, consider the region type

��������	
ρ � . This is mod-

elled in F# by the type
�������

# ρ � , where ρ now denotes a
type variable instead of a region variable. The presence of
ρ in the type

�������
# ρ � makes the type of

�����
abstract. The

language F# also includes a special type
� � ���

which is the
unit of the # operation; a type of the form

�������
# ρ � can

then be converted back to
�����

by binding ρ to
��� �
�

.
We formalize the connection via a type-directed transla-

tion from the region calculus to F#. Using the semantics of
F#, we show that the translation is adequate, i.e., the answers
produced by source and target programs are the same. Our
main result is a proof of the safety of region deallocation:
we show that if the effects associated with an expression do
not mention a region ρ, then evaluation of the expression is
independent of the values placed in ρ. Our proof is based
on a relational-style semantics [12, 18]. While the domain
theory underlying our proof is complex, the adaptation of
this standard machinery for proving correctness of region
deallocation is small and simple.

The benefits of our translation approach, as opposed to
the operational techniques of Tofte and Talpin, are twofold.
First, the translation brings out the essential details of the

region calculus. In our version of the calculus, for instance,
we simplify the rule for lambda abstraction, dropping a side
condition from the original rules of Tofte and Talpin [23].
An additional benefit of our approach is that it can be more
easily modified to account for extensions of the underlying
language. Second, the proof of correctness is more modu-
lar. The main part of the proof is the type correctness of the
translation. We believe, for instance, that other region-like
calculi could be proven correct using an appropriate trans-
lation. We might also use the approach to prove computa-
tional properties of terms, similar to parametricity.

2 Region calculus

The region calculus of Tofte and Talpin is the target
of a type-directed translation from an ML-like core lan-
guage [23]. Instead of presenting the original translation,
we omit the translation and describe the region calculus on
its own. This simplification makes the typing rules easier
to read, and also allows us to modify the type system so
that the rules are suitable for type checking rather than type
reconstruction.

The region calculus associates a region with every type.
Let ρ range over region variables. The types and primitive
effects are defined by the grammar

s
	
t :: � ��������	

ρ ��� � s ϕ� � t
	
ρ �

ε :: � �������
ρ ��� �����
� ρ �

where ϕ ranges over sets of primitive effects ε. Effects are
either reads from a region ρ, denoted

�����
�
ρ � , or writes to a

region ρ, denoted
�����
�

ρ � . The set above the function space
denotes the set of latent effects of the function, and is a fa-
miliar feature of effect systems [10, 21]. Here, the latent
effects of a function are the possible reads to or writes from
regions after an argument has been supplied to the function.

The values and expressions of the region calculus are de-
fined by the grammar

v :: � �
n
	
ρ ��� ��� λx : s � e � 	 ρ �

e :: � v � x � � e e ��� ��� ������� ρ � � e ��� � �
������� ρ ��� e � �����!
"
e
��#����

e
�
	$���

e ��� �%	 �����������&� � ρ
���

e ���� �'!����
f
�
x : s �(� e � 	 ρ �

where x ranges over variables and n ranges over natural
numbers. The annotation ρ on integer and function values
denotes the region into which the value is placed; the anno-
tation ρ � on

� �����
and

�
�����
specifies the region into which

the result will be placed. Most of the expressions are famil-
iar from PCF [15, 19], with the exception of the

	����������
�&���
construct. This annotation demarcates the scope of a re-
gion ρ: within the region, values may be read from or writ-
ten into ρ. Upon exit from the

	����������
�&���
, all values in the

region become garbage and the memory may be reclaimed.
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Table 1. Type system for the region calculus.

�
Var � Γ � x : Γ � x ��� /0 �

Const � Γ ��� n � ρ � : �	��

��� ρ ���	��������� ρ ���
�
Const’ � Γ � e : �	��

��� ρ ��� ϕ c ��������� or ���
� �

Γ �!� c � ρ " � e � : �	��
���� ρ "#��� ϕ $%��&
� ��� ρ ���'���
��� ρ "#���
�
If� Γ � e : �	��

��� ρ ��� ϕ Γ � ei : t � ϕi

Γ ���	��(
) e � *+�,
 e1 ��-
�,� e2 � : t � ϕ $ ϕ1 $ ϕ2 $%��&
�,��� ρ ���
�
Lam� Γ � x : s1 � e : s2 � ϕ

Γ �!�.� λx : s1 / e ��� ρ � : � s1
ϕ021 s2 � ρ ���	��������� ρ ���

�
App � Γ � e1 : � s1

ϕ0�1 s2 � ρ ��� ϕ1 Γ � e2 : s1 � ϕ2

Γ ��� e1 e2 � : s2 � ϕ $ ϕ1 $ ϕ2 $%��&
�,��� ρ ���
�
Region � Γ � e : s � ϕ ρ 34 FRV � Γ ��$ FRV � s �

Γ ���5- � ���
�,&6� 78
 ρ ��
 e � : s � ϕ 9:��&
� �;� ρ ���<� �
��� ρ ���
�
Rec� Γ � f : s � x : s1 � e : s2 � ϕ s �=� s1

ϕ021 s2 � ρ �
Γ �!�.�<( � 
 f � x : s1 ��� e �>� ρ � : s �	��������� ρ ���

The typing rules for the region calculus appear in Ta-
ble 1. Type contexts Γ are finite maps from variables to
types, and judgements have the form Γ � e : s

	
ϕ. We use

FRV
�
Γ � and FRV

�
ϕ � to denote the free regions of a type

context or set of effects.
The type rules differ from the original region calculus of

Tofte and Talpin [23] in three ways. First, the original cal-
culus has no constants or operations on the integers. We in-
clude them here to give some more computational content
to the calculus. Second, we include no polymorphism on
region variables or type variables, and the calculus is tuned
for type checking rather than type inference. In particular,
the rule for recursion is not as complicated, and there are no
effect variables for use in unifying two latent effects. We
will discuss region polymorphism later in Section 6. Third,
the original typing rule for abstraction includes a side con-
dition requiring that the body of the abstraction have no free
region variables not occurring in the type context [23]. The
original proof of correctness of the region calculus seems to
require this side condition, but we do not.

The region calculus is a call-by-value language, whose
operational semantics can be defined in the evaluation-
context style of Felleisen [6]. Evaluation contexts are de-
fined by the grammar

E :: � �#? ��� � E e ��� � v E ��� ��� ������� ρ � � E ��� � �
������� ρ ��� E �������!
"
E
��#����

e
�
	$� �

e ��� � 	 ����������� ��� ρ
���

E �
and the local operational rules are��� �

λx : s � e � 	 ρ � v � � e
�
x : � v ���� �������

ρ � � � n 	 ρ ��� � �
n @ 1

	
ρ � �� �
�������

ρ � � � 0 	 ρ ��� � �
0
	
ρ � �� �
�������

ρ � � � n @ 1
	
ρ ��� � �

n
	
ρ � ���� !
" �

n
	
ρ � ��#���� e

�
	$���
e � � � e

	
n � 0��� !
" �

n
	
ρ � ��#���� e

�
	$���
e � � � e � 	 n A� 0��� !�� �

f
�
x : s1 � � e � 	 ρ � ����

λx : s1 � e � 	 ρ � � f : � ���'!����
f
�
x : s1 � � e � 	 ρ ���

We write e B v when e rewrites to v and v cannot be rewrit-
ten.

The original correctness theorem of the region calculus
talks about an abstract implementation with memory, and
shows that deallocation at the end of

	 �����������&���
is “safe”:

no data in the deallocated region can affect the final result.
Our main result states the property more abstractly: if the
effects associated with an expression do not mention the
region ρ, then evaluation of the expression is independent
of the values placed in ρ. This justifies the

	����������
�&���
rule,

and therefore, region reuse. Specifically, we shall prove the
following property:

Suppose x :
�
s
	
ρ � � e :

��������	
ρ0 � 	 ϕ where ρ A� ρ0

and
�������

ρ �CAD ϕ. If /0 � �
vi
	
ρ � :

�
s
	
ρ � 	�� ������� ρ ���

for i � 1
	
2, then

��� �
λx :

�
s
	
ρ � � e � 	 ρ2 � v1 �:B �

n
	
ρ0 � iff��� �

λx :
�
s
	
ρ � � e � 	 ρ2 � v2 �:B �

n
	
ρ0 �

The proof will rely upon the translation of the region calcu-
lus into F#. We postpone the proof until Section 5.

3 Syntax and semantics of F#

3.1 Overview

The target of the translation is F#, an extension of the
polymorphic lambda calculus [8, 16] with base types, prod-
ucts, an associative, commutative, idempotent operation #
for making a type abstract, and a special constant

� � ���
which is the unit of # . For example,

�������
#
����� � #

��� ��� ������
.

Algebraically, # behaves like an intersection or union
type operator. Unlike the case for union and intersection
type operators, however, our calculus has no introduction
or elimination rules for # and also no subtyping rules for
# , and that has a significant impact. For example, with
intersections and unions, we can construct closed terms of
type

�
s � s E t � and

�
s F t � s � . In F#, however, we cannot

construct closed terms for
�
s � s # t � or

�
s # t � s � . In

fact, it is precisely this feature of F# that allows us to model
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Table 2. Typing rules for F#.

�
Var � Γ � x : Γ � x � �

Unit � Γ ����� : ��
6�8� �
Int � Γ � n : ��

�

�
Succ � Γ � e : ��

�

Γ � �	���6��� e � : ��

�
�
Pred � Γ � e : ��
��

Γ �!�'�
�
� � e � : ��

�
�
If� Γ � e : ��

� Γ � ei : t

Γ �!�	�8(
) e � *+�8
 e1 �
-
�,� e2 � : t

�
Pair � Γ � e1 : s1 Γ � e2 : s2

Γ ��� e1 � e2 � : � s1 � s2 �
�
Lam � Γ � x : s1 � e : s2

Γ ��� λx : s1 / e � : � s1
1 s2 �

�
Lift� Γ � e : s

Γ ���5-
�8(�� e � : s �
�
Proj � Γ � e : � s1 � s2 �

Γ �!�'�
�
7�� i e � : si

�
App � Γ � e : � s1

1 s2 � Γ � e " : s1

Γ � � e e " � : s2

�
Seq � Γ � e : s � Γ � x : s � e " : t �

Γ �C�,�
	 x � e ��
 e " : t �
�
ForallI � Γ � e : s α 34 FTV � Γ �

Γ �!� Λα / e � : ��� α / s �
�
Rec � Γ � f : s � e : s

Γ ��� µ f : s / e � : s
�
EqType � Γ � e : s �!� s � t �

Γ � e : t

�
ForallE � Γ � e : ��� α / s �

Γ � � e t � : s
�
α : � t �

regions. A value of type t in a region ρ will have the F#

type
�
t # ρ � under the translation. The action of storing a

value of type t in region ρ (denoted by the effect
� �����

ρ � )
corresponds to a function of type

�
t � t # ρ � . Conversely,

getting a value of type t out of a region ρ (denoted by the
effect

�����
�
ρ � ) corresponds to a function of type

�
t # ρ � t � .

So, in order to put a value of type t into region ρ, one must
possess the “capability” function

�
t � t # ρ � . To get a value

of type t from a region ρ, one must possess the “capability”
function

�
t # ρ � t � .

The interpretation of # in the model of F# also departs
from the standard interpretation of union and intersection.
The operation # is best viewed as a form of abstraction
operation. For example, the type

�������
# ρ � (corresponding

to region type
��������	

ρ � ) is a hidden or opaque version of�����
. It retains the structure of

�����
, but that structure is

not visible. To recover this structure, we instantiate ρ with� � ���
, since

�������
#
��� �
� ��� �����

. The control of how and
where ρ may be instantiated is critical, and is intimately tied
to the translation of the

	 �����������&� �
construct.

3.2 Syntax

The types of the target language are

s :: � α � � � � � � ����� � � s 
 s ��� � s � s ��� � s � ��� ��� α � s � �� � ��� � � s # s �
where α ranges over type variables. To make the connec-
tions with the region calculus more simple, we will also
use ρ to range over type variables. Although F# permits
types s # t where s and t are arbitrary types, our transla-
tion from the region calculus does not employ these types
in their full generality—e.g., we do not use types such as�����

#
������� � ����� � .

The constructs
��� �
�

and # have a nontrivial equality
theory given by the following axiom schemes:

�
s # s � � s

�
s # t � � �

t # s ��
s #

� � ��� � � s
�
s #

�
t # u � � � ���

s # t � # u �
In other words, # and

��� ���
satisfy the ACUI equations.

We write � �
s � t � when the equality can be derived from

the equations above and the usual rules of reflexivity, sym-
metry, transitivity, and congruence.

The terms of F# are those of the polymorphic lambda
calculus over the extended types. More precisely, the terms
are defined by the grammar

e :: � x ������� � µ f : s � e � �
n � � � � ��� e ��� ��������� e ��� ��� !
" e

��#����
e
�
	$� �

e ���
� e 	 e ��� �����$��� 1 e ��� � �
�$��� 2 e � � � λx : s � e ��� � e e ���� 	���! �

e ��� � � ��� x � e
���

e ��� � Λα � e ��� � e s �
The typing rules for F# appear in Table 2. Neither the

�������
type nor types of the form

�
s # t � have any special intro-

duction or elimination operations associated with them. Of
course, type variables also have no introduction or elimina-
tion operations. This fact gives some evidence that values of
type

�
s # t � may not be created except by special operations.

3.3 Untyped denotational semantics

The semantics of F# is given in two steps. First, we spec-
ify a meaning function on terms in an untyped model of the
lambda calculus with constants. Second, we carve up the
untyped model into subsets, and show how to construct re-
lations between the subsets from certain primitive relations.
The relations play a key role in the definition of the poly-
morphic types.
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Table 3. Some clauses in the untyped denotational semantics of F#.

� �
Γ � � λx : s / e � : � s1

1 s2 �	� � η � inj4 � f ��� where f � d �;� � �
Γ � x : s1 � e : s2 � � η � x �1 d �� �

Γ ��� e e " � : s2 � � η � � �
Γ � e : s1

1 s2 � � η � � � Γ � e " : s1 � � η� �
Γ �!� -
�8(�� e � : s � � � η � inj5 � � � Γ � e : s � � η � 0 �

� �
Γ ���	�,�
	 x � e ��
 e " � : t � � � η �

� � �
Γ � x : s � e " : t �:� � η � x �1 d � if

� �
Γ � e : s �:� � η � inj5 � d � 0 ��

otherwise� �
Γ �!� Λα / e � : ��� α / s � � � η � � �

Γ � e : s � � η� �
Γ � � e t � : s

�
α : � t � � � η � � �

Γ � e : ��� α / s �	� � η

The untyped semantics is straightforward and familiar.
Let O � ��� 	�� � be the Sierpinski space. Let U be the initial
solution, in the category of dcpos and embedding-projection
pairs, of the following domain equation [20]:

U � O @ N � @ �
U 
 U ��@ �

U � U ��@ U �
The U stands for “universe”. Unlike certain partial equiva-
lence relation models, we do not require any special prop-
erties of the solution for U (cf. [2]). Let inj1 : O � U ,
inj2 : N � � U , inj3 :

�
U 
 U � � U , inj4 :

�
U � U � � U ,

and inj5 : U � � U be the injections corresponding to the
domain equation above.

It is probably possible to construct a domain U out of
terms rather than via domain theory, but then reasoning
about recursion would become more difficult.

Typing judgements may be interpreted directly in this
domain. Let η be a map from variables to elements of U .
To simplify the notation, define the application operation on
elements of U by

�
d � d � �(�
	 f

�
d � � if d � inj4

�
f ��

otherwise

Also, elements of U � are either
�
d
	
0 � for d D U or

�
. The

meaning of terms is determined by induction on the typing
derivation. A few of the clauses appear in Table 3.

Theorem 3.1 Suppose Γ � e : s is derivable. Then� �
Γ � e : s � � η D

U.

3.4 Typed denotational semantics

To give the typed semantics, we need only specify the
meanings of types; the meaning of terms is the same as in
the untyped model. The meaning of a type has two compo-
nents: a set of elements and a means of relating two inter-
pretations of a type. Define a U-domain to be a subset of U
that contains

�
and is directed-complete. More specifically,

X is a U-domain if, wheneverY is a directed subset of X , the

least upper bound—as calculated in U—is an element of X .
Given a type environment ι—i.e., a map from type variables
to U-domains—we can then calculate the meaning of a type
as a U-domain.

The relational meaning of a type is more involved. De-
fine a U-relation between U-domains A

	
B to be a subset

R � A 
 B such that the following two properties hold:

� Pointedness:
��� 	�� � D A.

� Directed-completeness: Suppose X � �
xi � i D I �
� A

and Y � �
yi � i D I �
� B are directed, and

�
xi
	
yi � D R

for all i D I. Then
���

X
	��

Y � D R.

We write the relation R : A � B when R is such a rela-
tion. A relation environment χ between type environments
ι1
	
ι2, written χ : ι1 � ι2, is a map from type variables to

U-relations such that for all α, χ
�
α � : ι1

�
α ��� ι2

�
α � .

The domain and relational meanings of types are defined
by simultaneous induction on the structure of types. For
type variables and the base types,

� �
α � � ι � ι

�
α �

R
� �
α � � χ � χ

�
α �� � ��� ��� � � ι � �

inj1
�
x ��� x D O �

R
� � ��� � � � � χ � ���

inj1
�
x � 	 inj1

�
x ��� � x D O �� � ����� � � ι � �

inj2
�
x ��� x D N � �

R
� � ����� � � χ � ���

inj2
�
x � 	 inj2

�
x ��� � x D N � �� � ��� �
� � � ι � U

R
� � ��� ��� � � χ � ����� 	�� ���

For product types,
� �
s1 
 s2 � � ι � �

inj3 � x1
	
x2 ��� xi

D � �
si � � ι �

R
� �
s1 
 s2 � � χ � �

inj3 � x1
	
x2 � 	 inj3 � y1

	
y2 � ����

xi
	
yi � D R

� �
si � � χ �

For function types,
� �
s � t � � ι � �

inj4
�
f � � for all x

D � �
s � � ι, f

�
x � D � � t � � ι �

R
� �
s � t � � χ � ���

inj4
�
f � 	 inj4

�
g ��� �� �

x
	
y � D R

� �
s � � χ,

�
f
�
x � 	 g � y � � D R

� �
t � � χ �
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For lifted types,
� �
s �(� � ι � �

inj5
�
x � � x D � � �

s � � ι � � �
R
� �
s � � � χ � � �

inj5
�
x
	
0 � 	 inj5

�
y
	
0 � ��� � x 	 y � D R

� �
s � � χ ���� ��� 	�� ���

For polymorphic types, define the relation environment ∆ι :
ι � ι by

∆ι
�
α � � � �

x
	
x ��� x D ι

�
α � �

and define
� � �

α � s � � ι � �
x D��

A
� �
s � � ι �α �� A ����

R : A1 � A2,
�
x
	
x � D R

� �
s � � ∆ι

�
α �� R � �

R
� � �

α � s � � χ � � �
x
	
y � D�� R:A1 � A2

R
� �
s � � χ � α �� R � �

Finally, for the # operation, if χ : ι1 � ι2, define
� �
s # t � � ι � � �

s � � ι � � � t � � ι
R
� �
s # t � � χ � ���

x
	
y � D R

� �
s � � χ � R

� �
t � � χ �

x D � � s � � ι1 � � � t � � ι1 and y D � � s � � ι2 � � � t � � ι2 �
Proposition 3.2 Suppose s is a type.� If ι is a type environment, then

� �
s � � ι is a U-domain.� If χ : ι1 � ι2 is a relation environment, then R

� �
s � � χ :� �

s � � ι1 � � �
s � � ι2 is a U-relation.

Proof: The only real difficulty lies in showing that #
works properly on relations, i.e., R

� �
s # t � � χ is pointed and

directed-complete. Note first that
��� 	�� � D R

� �
s # t � � χ.

Next, suppose X is a directed subset of R
� �
s # t � � χ. Let

XA � X � R � �
s � � χ and XB � X � R � �

t � � χ (these sets might over-
lap). There are three cases.

In the first case, for any tuple
�
x
	
x � � D XA, there is a tuple�

y
	
y � � D XB such that x 	 y and x � 	 y � . We claim that XB is

directed. To see why, suppose
�
y1
	
y �1 � 	 � y2

	
y �2 � D XB. Then

there must be a tuple
�
z
	
z � � D X such that yi 	 z and y �i 	 z � .

Now, if that tuple
�
z
	
z � � is in XB, we are done. If the tuple

is in XA, on the other hand, we know that we can pick some�
y
	
y � � D XB such that z 	 y and z � 	 y � . This tuple

�
y
	
y � � is

also an upper bound for the
�
yi
	
y �i � ’s.

Let Y � �
y � � y 	 y � � D XB � and Y � � �

y � � � y 	 y � � D XB � .
Both of these sets are directed because XB is. Thus,

�
z
	
z � � ��
 XB � � 
 Y

	 
 Y � �
exists. Note that z D � � s � � ι1 � � � t � � ι1 and similarly for z � . Also,
because of the directed completeness of R

� �
t � � χ,

�
z
	
z � � D

R
� �
s � � χ � R

� �
t � � χ. Finally,

�
z
	
z � � is the least upper bound of

XB and, by the hypothesis, is an upper bound for all of the
XA; thus, it is the least upper bound of X , and so we are
done.

In the second case, for any tuple
�
y
	
y � � D XB, there is a

tuple
�
x
	
x � � D XA such that y 	 x and y � 	 x � . This case is

similar to the previous case.

Finally, suppose neither of the two cases above hold.
That is, there is a tuple

�
x1
	
x2 � D XA such that no

�
y
	
y � � D XB

is above it, and there is a tuple
�
y1
	
y2 � D

XB such that no�
x
	
x � � D XA is above it. Since X is directed, there must be a

tuple
�
z1
	
z2 � such that xi

	
yi 	 zi. Now, either

�
z1
	
z2 � is in

XA or XB. But both cases are ruled out by the hypothesis.
Thus, this case holds vacuously. This completes the case
analysis and hence the proof.

One may also prove that the equality theory on types is sat-
isfied by the interpretation:

Proposition 3.3 Suppose s
	
t
	
u are types. Then the equa-

tions above hold, e.g.,
� �
s # s � � ι � � �

s � � ι
R
� �
s # s � � χ � R

� �
s � � χ

Finally, we can show that the meaning of any typing
judgement is in the appropriate type. Suppose η are en-
vironments, Γ is a type environment, and ι is a map from
type variables to U-domains. We say η is compatible with
Γ
	
ι if for all x

D Γ, η
�
x � D � � Γ �

x ��� � ι. Then

Theorem 3.4 Suppose Γ � e : s is derivable and η is com-
patible with Γ

	
ι. Then

� �
Γ � e : s � � η D � � s � � ι.

The proof requires additional induction hypotheses, one of
which amounts to Reynolds’s Abstraction Theorem [18].

4 Translation of region calculus into F#

We are now ready to connect the region calculus with F#.
We use a type-directed translation: types in the region cal-
culus are represented by types in F#, and typing derivations
in the region calculus are translated into typing derivations
in F#. We then show how to use the semantic model to prove
the correctness property stated in Section 2 for the region
calculus.

We begin with the translation of types, which involves
two functions. Define the translation

��? �
� from types with
regions to F#-types, and

��? � †, from types without regions to
F#-types, as follows:

�
s
	
ρ � � � �

s† # ρ ������ † � �����
�
s

ϕ� � t � † � �
s � � ϕ � � �

t � � � �
These types are related to the interpretation of call-by-value
in call-by-name (see [14]). The translation also involves the
translation of sets of effects to F#-types. Define

�������
�
ρ ��� � � ���

β � � β # ρ �(� β �� �����
�
ρ ��� � � ���

β � β � �
β # ρ ���
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Table 4. Translation of the region calculus.

�
Var � Γ � x : Γ � x ��� /0 � Γ

� ��� λp : /0
�
	
�
�����

x � : /0
��� � Γ � x ��� ��

�
Const � Γ ��� n � ρ � : � ����� � ρ ��������� � � ρ ��� � Γ

� ��� λp : ����� � � ρ ��� � 	��
����� � p �����
n ��� : ����� � � ρ ��� � � � ����� � ρ � ��

�
Const’ �

Γ � e : � ����� � ρ ��� ϕ c  "!
�$#�# or ��%�&('
ϕ1  ϕ )*�
+�& � � ρ ���,��� � � ρ -.���
Γ ��� c � ρ - � e � : � ����� � ρ - ��� ϕ1

�
Γ
� � e

�
: ϕ
��� � ����� � ρ � �� x � b � b - fresh

Γ
� ��� λx : ϕ

�
1
	 !/&(0 b  "� e � � π � ϕ1 � ϕ � x ��� ���� & � b -( 1� π �ϕ1 ���
+�& � � ρ ����� x

����� † b � ����
����� � π � ϕ1 ������� � � ρ -2����� x � c b -2����� : ϕ
�
1
� � ����� � ρ -,� ��

�
If �

Γ � e : � ����� � ρ ��� ϕ Γ � ei : t � ϕi

ϕ3  ϕ ) ϕ1 ) ϕ2 )*�
+�& � � ρ ���
Γ �3� ����4 e

�(5 & � e1 & � !/& e2 � : t � ϕ3

�
Γ
� � e

�
: ϕ
��� � ����� � ρ � �� Γ

� � e
�
i : ϕ

�
i
�

t
��

x � b � b - fresh
Γ
� ��� λx : ϕ

�
3
	 !/&(0 b  "� e � � π �ϕ3 � ϕ � x ��� ���� & � b -� "� π � ϕ3 ����+�& � � ρ ����� x

����� † b � �������4
b - �(5 & � e

�
1 � π �ϕ3 � ϕ1 � x �6& � !/& e

�
2 � π � ϕ3 � ϕ2 � x ��� : ϕ

�
3
�

t
��

�
Lam � Γ � x : s1 � e : s2 � ϕ s  1� s1

ϕ7 � s2 � ρ �
Γ ����� λx : s1

	
e ��� ρ � : s ������� � � ρ ��� � Γ

� � x : s
�
1 � e

�
: ϕ
��� � s �2 � � p fresh

Γ
� ��� λp : ����� � � ρ ��� � 	
�
����� � p � s1

ϕ7 � s2 � † � λx : s
�
1
	
e
� ����� : ����� � � ρ ��� � � s

��

�
App � Γ � e1 : � s1

ϕ7 � s2 � ρ ��� ϕ1 Γ � e2 : s1 � ϕ2
ϕ3  ϕ ) ϕ1 ) ϕ2 )*�
+�& � � ρ ���

Γ �3� e1 e2 � : s2 � ϕ3

�
Γ
� � e

�
1 : ϕ

�
1
� � s1

ϕ7 � s2 � ρ � �� Γ
� � e

�
2 : ϕ

�
2
� � s �1 � � x � f � g � v fresh

Γ
� �8� λx : ϕ

�
3
	 !/&(0 f  1� e �1 � π �ϕ3 � ϕ1 � x ��� ���� & � g  "� π �ϕ3 ���
+�& � � ρ ����� x � s1

ϕ7 � s2 � † f � ���
!/&(0 v  e

�
2 � π �ϕ3 � ϕ2 � x � ��� � g v � π � ϕ3 � ϕ � x ����� : ϕ

�
3
� � s �2 � �

�
Region �

Γ � e : s � ϕ ρ 9: FRV � Γ ��) FRV � s �
ϕ1  ϕ ;<��+�& � � ρ ���,��� � � ρ ���

Γ �8� � & � %�&(+ ��=�� ρ
���

e � : s � ϕ1

� Γ
� � e

�
: ϕ
���

s
��

x fresh
Γ
� ��� λx : ϕ

�
1
	 ��� Λρ

	
e
� �
� �6��> � add

�
ϕ1 � ϕ � x ����� : ϕ

�
1
�

s
��

�
Rec � Γ � f : s � x : s1 � e : s2 � ϕ s  "� s1

ϕ7 � s2 � ρ �
Γ �8��� � � � f � x : s1 �? e ��� ρ � : s ������� � � ρ ��� � Γ

� � f : s
� � x : s

�
1 � e

�
: ϕ
�@� � s2 � �� p fresh

Γ
� �8� λp : ����� � � ρ ��� ��	/�
����� � µ f : s

�A	
p � s1

ϕ7 � s2 � † � λx : s
�
1
	
e
� �B��� : ����� � � ρ ��� ��� s

��

To be precise about the translation of sets of effects, assume
some canonical ordering of effects. Suppose that the set�

ε1
	 � � � 	 εn � is ordered by this ordering. Define

�
ε1
	 � � � 	 εn � � � 	 ����� �

if n � 0�
ε1 � � 
 � � �

 �

εn � � otherwise

Note that the ordering ensures that two different means of
writing the same effect set yield the same type.

The translation of typing derivations appears in Table 4.
To simplify the translation, we use “let” notation (which
can be desugared into abstraction and application), I for�
Λβ � λx : β � x � , and the notation π

�
ϕ1

	
ϕ2 � : ϕ �1 � ϕ �2, where

ϕ2 � ϕ1, for the canonical projection of the first set onto the
second set. We also use the notation add

�
ϕ2

	
ϕ1 � : ϕ �2 � ϕ �1

for a function that takes a tuple in ϕ �2 and puts in I for the
missing components to produce a tuple in ϕ �1.

Proposition 4.1 Suppose Γ � e : s
	
ϕ is derivable, and the

derivation translates to Γ � � e � : ϕ ��� s �� . Then the trans-
lation of the judgement is a legal typing derivation in F#.

Theorem 4.2 (Adequacy) Suppose /0 � e :
�������
	

ρ � 	 ϕ is
derivable, and the derivation translates to

/0 � e � : ϕ � � �������
# ρ � �

where Cρ are the free region variables. Then e B �
n
	
ρ � iff� � �

Λ Cρ � e � � C� � ��� � I 	 � � � 	 I ��� ��� � ��	���! � �
n � � � .

To see how the translation works, we consider a small
example. Let ϕ1 � �������
�

ρ1 � � , ϕ2 � ��� �����
ρ2 � � , ϕ3 ����������

ρ1 ��� , and ϕ � � �������
ρ1 � 	������
� ρ2 � 	 ������� ρ1 ��� . Also,

let s � ���������
	
ρ2 � /0� � �������
	

ρ2 � 	 ρ1 � . Consider the follow-
ing closed expressions given with their types and effects.

e0 � �%	 �����������&���
ρ1

���
e1 � :

�������
	
ρ2 � 	�� ������� ρ2 � �

e1 � �
e2 e3 � :

�������
	
ρ2 � 	 ϕ

e2 � ���
λx :

�������
	
ρ2 � � x � 	 ρ1 � : s

	�� �����
�
ρ1 ���

e3 � �
2
	
ρ2 � :

�������
	
ρ2 � 	�� ������� ρ2 ���

Then the translation of e3 is
�
λp : ϕ �2 � 	�� !�� �

p
�����

2 ��� which
has type ϕ �2 � t � with t � �������

# ρ2 � . To translate e2, note

s† � � �������
# ρ2 �(� � � � � � �������

# ρ2 � � � �
Then s ��� �

s† # ρ1 � , and the translation for e2 is�
λp : ϕ �1 � 	���! � �

p s† �
λx : t � λp :

����� � � 	�� !�� �
x � ��� �

which has type ϕ �1 � s �� . The term e1 gets translated as�
λz : ϕ � � ����� f � e �2 �

π
�
ϕ
	
ϕ1 � z � ���	 ���

g � �
π
�
ϕ
	
ϕ3 � z s† f � ���� ���

v � e �3 �
π
�
ϕ
	
ϕ2 � z � ����

g v
�
π
�
ϕ
	�� � � z � ���

with type ϕ � � t � . Finally, e0’s judgement is translated into�
λu : ϕ �2 � ��� Λρ1 � e �1 � � � ��� � I 	 u 	 I � ���

7



with type ϕ �2 � t � .
This example also serves to illustrate the adequacy theo-

rem. The judgement for e �0 can be simplified to

/0 � �
λu : ϕ �2 � 	���! � �

u
�����

2 ��� : ϕ �2 � t � �
Note that e0 B �

2
	
ρ2 � iff

� � �
Λρ2 � e �0 � ��� ��� � I � � ��� � ��	���! � �

2 ��� � .
5 Applications

The # operation of F# makes a type abstract (i.e. hides
its content) in a manner that is similar to quantification over
type variables in the polymorphic lambda calculus. In direct
analogy to the property that functions of type

���
α � α � α �

are either the identity function or the everywhere-
�

func-
tion, we have the following property for functions of type�

α � ������� # α � � �������
# α � :

Proposition 5.1 If f D � � � α � ������� # α � � �������
# α � � � ι, then� For any x D � � ����� � � ι, � f � x � � �

; or

� For any x D � � ����� � � ι, � f � x � � x.

Proof: Consider any x
	
y D � � ����� � � ι. Define the U-domains

A1 � ��� 	
x � and A2 � ��� 	

y � , and set R : A1 � A2 by R �� ��� 	�� � 	 � x 	 y � � . Then we know that
�
f � x

	
f � y � D R

� � �����
# α � � ∆ι

�
α �� R �

by the definition of
�

. This means that for all x
	
y D � � ����� � � ι,

either
�
f � x �(� �

or
�
f � y �(� y. In other words,� For any x D � � ����� � � ι, � f � x � � �

, or� For any y
D � � ����� � � ι, � f � y �(� y.

For another example of how the model can be used to
establish properties, recall the judgement

x :
�������
	

ρ � � e :
��������	

ρ � 	���������� ρ � �
from Section 1, which is translated into F# as:

x :
�������

# ρ �
� e � :
���

β � � β # ρ � � β �(� �������
# ρ � �

The following proposition shows that any function of this
type must either return its argument or diverge.

Proposition 5.2 Suppose

f D � � � α � ������� # α � � � �
β � � β # α � � β �(� �������

# α � � � � ι �
For any U-domain A, any x

D � � ����� # α � � ι �α �� A � , and any
g D � � � β � � β # α � � β � � ι �α �� A � , then either

�
f � x � g � � x

or
�
f � x � g � � �

.

The next proposition and theorem use the model to es-
tablish the correctness of region deallocation.

Proposition 5.3 If f D � � �
α � � s # α � � ����� � � � ι, A is a U-

domain, and x
	
y
D � �

s # α � � ι �α �� A � , then
�
f � x ��� �

f � y � .
Proof: Consider the relation R : A � A where R � A 
 A.
We know that

�
f
	
f � D R

� � �
s # α � � ����� � � � ∆ι

�
α �� R �

Pick any elements x
	
y D � �

s # α � � ι �α �� A � . Then
�
x
	
y � D

R
� �
s # α � � ∆ι

�
α �� R � , so
�
f � x

	
f � y � D R

� � ����� � � � ∆ι
�
α �� R �%�

But then
�
f � x � � �

f � y � as desired.

Theorem 5.4 Suppose x :
�
s
	
ρ ��� e :

��������	
ρ0 � 	 ϕ where ρ A�

ρ0 and
�������

ρ �%AD ϕ. If /0 � �
vi
	
ρ � :

�
s
	
ρ � 	�� �����
� ρ ��� for i �

1
	
2, then ��� �

λx :
�
s
	
ρ � � e � 	 ρ2 � v1 � B �

n
	
ρ0 � iff��� �

λx :
�
s
	
ρ � � e � 	 ρ2 � v2 � B �

n
	
ρ0 �

Proof: We use the model of F# in a crucial way to carry out
the proof. Let Cρ be the region variables other than ρ.

t � � �
s
	
ρ � ϕ� � �������
	

ρ0 � �
ϕ1 � ϕ � ��� ���
�

ρ � 	 �����
� ρ2 � 	 ������� ρ2 � �
e � � ���

λx :
�
s
	
ρ � � e � 	 ρ2 � �

ei � �
Λ Cρ � Λρ � λz : ϕ �1 ���� �

f � e � � π � ϕ1
	�� �����
�

ρ2 ��� � z � ���	 ���
g � �

π
�
ϕ1

	��������
�
ρ2 � � � z t† f � ������ �

v � v �i �
π
�
ϕ1

	�� �������
ρ � � � z � ���

g v
�
π
�
ϕ1

	
ϕ � z ��� C������� ��� ��� � I 	 � � � 	 I �

u � �
s
	
ρ � � � Cρ : � C��� ��� �

F � Λρ � λv : u � ����� f � e � � Cρ : � C��� �
� � I ���
f v � I 	 � � � 	 I �

Note first that u � �
u � # ρ � for some u � . Also, a simple in-

spection of the translation of values shows that

v �i � Cρ : � C��� �
� �
� λp :
���

β � β � β # ρ � � 	�� ! � �
v �i �

for some terms v �i. Let

v � �i � λp :
���

β � β � β # ρ � � v �i
Note that F has type

���
ρ � � u � # ρ � � ����� � � . Now��� �

λx :
�
s
	
ρ � � e � 	 ρ2 � v1 �:B �

n
	
ρ0 �

iff
� �
e1 � � ι � � � 	�� ! � �

n ��� � ι
iff

� �
F
��� ��� �

v � �1 � ρ : � ��� �
� � I ��� � ι � � � 	�� ! � �
n ��� � ι

iff
� �
F
��� ��� �

v � �2
�
ρ : � ��� �
� � I ��� � ι � � � 	�� ! � �

n ��� � ι
iff

� �
e2 � � ι � � � 	�� ! � �

n ��� � ι
iff

��� �
λx :

�
s
	
ρ � � e � 	 ρ2 � v2 �:B �

n
	
ρ0 �

8



Table 5. Polymorphism and its translation.

�
Copy � Γ � e : � t � ρ ��� ϕ ϕ0  ϕ )*�
+�& � � ρ ���,��� � � ρ -.���

Γ ����# = ��� � ρ - � e � : � t � ρ - ��� ϕ0
�

Γ
� � e

�
: ϕ
� � � t † # ρ � � x fresh

Γ
� �8� λx : ϕ

�
0
	 !/&(0 f  1� e � � π � ϕ0 � ϕ � x ��� ����
����� � π �ϕ0 ������� � � ρ - ����� x t † � π � ϕ0 ����+�& � � ρ ����� x t † f ����� : ϕ

�
0
� � t � ρ - � ��

�
PolyFun � Γ � f : s � x : s1 � e : s2 � ϕ s  1�����ρ 	 s1

ϕ7 � s2 � ρ -2�
Γ ����� � � � f � x : s1 �6 e ��� ρ -2� : s ������� � � ρ -.��� � Γ

� � f : s
� � x : s

�
1 � e

�
: ϕ
�@� � s2 � �� t  "�����ρ 	 s1

ϕ7 � s2 � † p fresh
Γ
� ��� λp : ����� � � ρ -2��� ��	
�
����� � µ f : s

��	
p t � Λ �ρ 	 λx : s

�
1
	
e
� ����� : ����� � � ρ ��� ��� s

��

�
PolyApp � Γ � e1 : �����ρ 	 � s1

ϕ7 � s2 ��� ρ -,��� ϕ1
Γ � e2 : s1 � ϕ2 ϕ3  ϕ ) ϕ1 ) ϕ2 ) ��+�& � � ρ -2���

Γ ��� e1
� �ρ � e2 � : s2 � ϕ3

�
Γ
� � e

�
1 : ϕ

�
1
� �����ρ 	 � s1

ϕ7 � s2 ��� ρ -2� �� Γ
� � e

�
2 : ϕ

�
2
� � s1 � �� x fresh

Γ
� �8� λx : ϕ

�
3
	 !/&(0 f  e

�
1 � π � ϕ3 � ϕ1 � x � ���

!/&(0 v  e
�
2 � π �ϕ3 � ϕ2 � x � ���� & � w  "��� π � ϕ3 ����+�& � � ρ -2����� x � f �ρ � ���

w v � π � ϕ3 � ϕ � x ��� : ϕ
�
3
� � s2 � ��

where the first and last lines follow from the Adequacy
Theorem, the second and fourth by an argument about the
meanings of terms, and the third by Proposition 5.3.

Intuitively, this result says that if a computation has ef-
fect ϕ and produces a value in region ρ0 according to the
region calculus, then that computation cannot be influenced
by values in region ρ unless ϕ contains

�����
�
ρ � . In contrast,

Tofte and Talpin [23] give a low-level operational semantics
of the region calculus with explicit memory allocation and
deallocation, and present region type system as a transla-
tion from a fragment of ML into the region calculus. Their
main result [23, Theorem 6.1] is that if e is translated into
e � , and e evaluates to v (in ML), then e � (in the region calcu-
lus) evaluates to a value v � such that v � is “equivalent” to v.
This shows that memory deallocation (in the region calcu-
lus) does not go wrong.

Clearly, these two theorems are at opposite ends of the
spectrum with respect to their level of abstraction. The
Tofte-Talpin theorem is based on an operational semantics
that is close to an implementation model. However, the ac-
tual statement of their theorem is complex, particularly the
definitions of consistency. In contrast, our theorem relies on
a denotational model that is further removed from an imple-
mentation model, but it is more abstract and much simpler
to state. The questions of how these results relate, or which
is more useful in practice, are open.

6 Region Polymorphism

In the full region calculus [23], it is possible to write
region-polymorphic functions in recursive function defini-
tions, where the polymorphism is over region and effect
variables only. For instance, one may write� 	���������� �

f
�
ρ1

	
ρ2 � 	 ρ � � x :

�������
	
ρ1 � � � e1

���
e2 �

where ρ1 is the region where x is located, ρ2 is the re-
gion of the return result, and ρ is the region of the recur-
sive function. Region polymorphism is useful especially

because of recursive calls: the actual parameters to a recur-
sive call can be placed in regions different from the regions
of the original parameters. For example, a recursive call���

f
�
ρ3

	
ρ4 � ρ5 � � 1 	 ρ3 ��� gets the parameter from ρ3 and allo-

cates space for the result in ρ4.
We can extend our grammar for types, values, and ex-

pressions of the region calculus from Section 2 to allow re-
gion polymorphism over region variables. We redefine

s
	
t :: � �������
	

ρ ��� � � Cρ � s ϕ� � t
	
ρ �

v :: � �
n
	
ρ ��� ��� !���� f

�
x : s � � e � 	 ρ �

add the form
��� ���	���

ρ � e � to expressions, and replace the
expression form

�
e e � � with

�
e
� Cρ � e � � . Thus, all functions

are now potentially recursive and polymorphic over regions,
and all applications must involve applications of region
variables. The copy operation copies a value from one re-
gion to another, and is useful in allocating recursive calls in
different regions. Both the new typing rules and the transla-
tions appear in Table 5. The translation of function types is
modified so that

��� Cρ � s ϕ� � t � † � ��� Cρ � s ��� ϕ ��� t �� � .
7 Discussion

We have shown how to prove the correctness of the re-
gion calculus via a translation into F#. The main novelties
of the paper are twofold: first, we point out the close cor-
respondence between the region calculus and the polymor-
phic lambda calculus; and second, we show that there are
certain differences that motivate the extensions present in
F#. Along the way, we show that the region calculus can be
simplified by eliminating a side condition on the typing rule
for functional abstraction.

Our work on modelling type systems that track depen-
dency [1] originally led us to consider the region calculus.
In the work on dependency, the target of the translation is
a language called the “dependency core calculus”, or DCC
for short. The semantics of DCC uses logical relations, as
we do here. However, our attempts to use DCC to model

9



the region calculus failed. It would be interesting to see if
there is some unification of the ideas into one calculus; pos-
sibly F# already has enough structure to model notions of
dependency.

We believe that F# is a good candidate for modelling
other region-based calculi. For instance, Aiken, Fähndrich,
and Levien [3] describe a type system where the allocation
and deallocation of regions is split from the scoping decla-
ration of

	 �����������&���
. Other papers develop the more prac-

tical aspects of region-based memory management [4, 22].
A recent paper of Crary, Walker, and Morrisett describes
a different type system [5] for regions based on capabili-
ties. We plan to construct translations for these calculi into
F#. For example, the capabilities in the calculus of Crary,
Walker, and Morrisett may be closely connected with our
use of functions to model the

�����
and

�����
effects; if the

type does not mention
�����

or
� ���

, there is no capability
for accessing the region. Such translations might uncover
simplifications in these other region calculi, as well as give
greater confidence in their correctness.

We conjecture that a translation from the original ef-
fect systems for state [21] may be possible for a version
of F# with recursive types. In these effect systems, only
assignable reference cells are associated with regions, and
terms may be polymorphic over regions.
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