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Flow analyses of untyped higher-order functional programs have in the past decadebeen presented
by Ayers, Bondorf, Consel, Jones, Heintze, Sestoft, Shivers, Steckler, Wand, and others. The
analyses are usually de ned as abstract interpretations and are used for rather dierent tasks
such as type recovery, globalization, and binding-time analysis. The analyses all contain a global
closure analysis that computes information about higher-order control-o w. Sestoft proved in
1989 and 1991 that closure analysis is correct with respect to call-by-name and call-by-value
semartics, but it remained open if correctness holds for arbitrary beta-reduction.

This article answers the question; both closure analysis and others are correct with respect to
arbitrary beta-reduction. We also prove a subject-reduction result: closure information is still
valid after beta-reduction. The core of our proof technique is to de ne closure analysis using a
constraint system. The constraint system is equivalent to the closure analysis of Bondorf, which
in turn is based on Sestoft's.

Categories and Subject Descriptors: D.3.1 [Programming  Languages ]: Formal De nitions and
Theory| semantics; D.3.2 [Programming Languages ]: Language Classi cations| applicative
languages F.3.1 [Logics and Meanings of Programs ]:. Specifying and Verifying and Reasoning
about Programs| logics of programs

General Terms: Languages, Theory

Additional Key Words and Phrases: Constrain ts, correctness proof, o w analysis

1. INTRODUCTION
1.1 Background

The optimization of higher-order functional languagesrequires powerful program
analyses.The traditional framework for such analysesis abstract interpr etation, and
for typed languages,suitable abstract domains can often be de ned by induction
on the structure of types. For example, function spacescan be abstracted into
function spaces. For untyped languagessud as the -calculus, or dynamically
typedlanguagessuch as Scheme,abstract domainscannot be de ned by abstracting
function spacesinto function spaces.Other domains can be used, but it may then
be di cult to relate the abstract interpretation to the denotational semariics. In
this article we considera style of program analysiswherethe result is an abstraction
of the operational semartics.

In the past decade,program analysesof untyped languageshas been presened

Author's address: Computer Science Department, Aarhus Univ ersity, Ny Munk egade, DK{8000
Aarhus C, Denmark; email: palsberg@daimi.aau.dk.

Permission to copy without feeall or part of this material is granted provided that the copies are
not made or distributed for direct commercial advantage, the ACM copyright notice and the title
of the publication and its date appear, and notice is given that copying is by permission of the
Association for Computing Machinery. To copy otherwise, or to republish, requires a fee and/or
speci c permission.

ACM Transactions on Programming Languages and Systems, 17(1):47{62, January 1995. Also in
Proc. CAAP'94, pages276{290. c



2 JensPalsberg

by Ayers [1992], Bondorf [1991], Consel [1990], Jones[1981], Heintze [1992], Ses-
toft [1989; 1991], Shivers [1991a; 1991b], Wand and Stedler [1994], and others.
Although the analysesare used for rather dierent tasks suc as type recovery,
globalization, and binding-time analysis, they are all basedon essetially the same
idea:

Key idea. In the absenceof types,de ne the abstract domainsin terms
of program points.

For example, considerthe following -term:

(xty y(xI)(xK))
wherel = a:a,K = b:cib,and = d:dd.

Giannini and Rocca[1988]provedthat this strongly normalizing term hasno higher-
order polymorphic type. Still, a program analysismight answer basicquestionssuc
as:

(1) For every application point, which abstractions can be applied?
(2) For ewery abstraction, to which argumerts can it be applied?

Each answer to sud questionsshould be a subsetof the program points in this par-
ticular -term. Thus, let us label all abstractions and applications. Also variables
will be labeled: if a variable is bound, then it is labeledwith the label of the that
binds it, and if it is free, then with an arbitrary label. By introducing an explicit
application symbol, we get the following abstract syntax for the above -term.

(x ?2yy?@(x'@!) @ (x! @ K)) @
wherel = 3aa K = “4b: °cf,and = 6d:df @, db.

An analysismight be ableto nd out that no matter how reduction proceeds:

[\ I canonly be applied to I," that is, an abstraction with label 3 can only be
applied to abstractions with label 3;

\A t the application point dd (in ) both | and K canbe applied,” that is, at an
application point labeled 12 there can only be applied abstractions with labels 3
and 4; and

[\the abstraction c:b will never be applied,” that is, at no application point can
an abstraction with label 5 be applied.

The quoted sertences give the intuitiv e understanding of the precise statemerts
that follow. In this particular example, the labels are rather unnecessarybecause
no name clasheshappen during any reduction and becausel, K, and c:b arein
normal form. In the presenceof name clashesor reduction under a , however, it
is crucial to use setsof program points asthe abstract values.

The above questions have turned out to be of paramount importance in many
analysesof untyped functional programs. Following Sestoft and Bondorf, we will
call any analysisthat can answer them consenatively a closure analysis On top of
a closure analysis, one can build for exampletype recovery analyses,globalization
analyses,and binding-time analyses.The closure analysis answers questionsabout
higher-order control ow, and the extension answers the questions one is really
interested in, for example,about type recovery. The role of closureanalysisis thus
as follows:
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\ Higher-order analysis = rst-or der analysis + closure analysis."

Closure analysisis useful for higher-order languagesin general,for example, object-
oriented languages(see Palsberg and Schwartzbach [1991; 1994b]). It is also use-
ful for typed functional languagesbecausetype information is usually not speci c
enoughto tell which functions among the type-correct onesare called at eact ap-
plication point.

Closure analysis and its extensionscan be de ned as abstract interpretations.
They dier radically from traditional abstract interpretations, however, in that
the abstract domain is de ned in terms of the program to be analyzed. This
meansthat suc analysesare glotal: before the abstract domain can be de ned,
the complete program is required. Moreover, the program cannot take higher-order
input becausethat would add program points. Also the minimal function graph
approadc to program analysis usesabstract domains de ned in terms of the input
program. In cortrast, traditional abstract interpretations can analyze piecesof a
program in isolation. We will refer to all analysesbasedon closureanalysisas ow
analyses

Examples of large-scaleimplementations of such analysescan be found in the
Similix system of Bondorf [Bondorf 1993; Bondorf and Danvy 1991], the Schism
system of Consel[1990], and the system of Agesenet al. [1993]for analyzing Self
programs[Ungar and Smith 1987]. The last of theseimplementations demonstrates
that closureanalysis can handle dynamic and multiple inheritance.

Closure analysis and its extensionshave been formulated using constraints by
others, for example, Heintze [1992; 1994], and Wand and Stedler [1994]. Their
constraint systemsare in spirit closeto ours, although they are technically some-
what dierent. A key di erence between Heintze's de nition [Heintze 1994] and
ours is that he attempts to avoid analyzing code that will not be executedunder
call-by-value. This goal is shared by an analysis of Palsberg and Schwartzbach
[19924a]. The idea of de ning program analysesusing constraints over set variables
is called set-tased analysis by Heintze.

Sestoft [1989; 1991] proved that closure analysisis correct with respect to call-
by-name and call-by-value semartics, but it remained open if correctnessholds for
arbitrary beta-reduction.

1.2 Our Results

We prove that closure analysisis correct with respect to arbitrary beta-reduction.
We also prove a subject-reduction result: closure information is still valid after
beta-reduction. The correctnessresult implies that closure analysisis correct with
respect to any reduction strategy.

|[W e presernt a novel speci c ation of closure analysis that allows arbitrary beta-
reduction to take place and which subsumesall previous speci cations.

[W e presen a closureanalysisthat usesa constraint system The constraint sys-
tem characterizesthe result of the analysiswithout specifying how it is computed.
An example of such a constraint systemis givenin Section 1.3.

[W e prove that the constraint-based analysisis equivalert to the closureanalysis
of Bondorf [1991], which in turn is basedon Sestoft's [Sestoft 1989]. We also
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prove that these analysesare equivalent to a novel simpli cation of Bondorf's
de nition.

The proofs of correctnessand subject-reduction then proceedby considering only
the constraint-based de nition of closureanalysis.

In contrast to the closure analysesby abstract interpretation, the one using a
constraint systemdoesnot depend on labels being distinct. This makesit possible
to analyzea -term, beta-reduceit, and then analyzethe result without relabeling
rst. The abstract interpretations might be modi ed to havethis property also, but
it would be somewhat messy This indicates that a direct proof of correctnessof
such a modi ed abstract interpretation would be more complicated than the proof
preseried in this article.

Our technique for proving correctnessgeneralizeswithout problemsto analyses
basedon closure analysis. The following two results are not proved in this article:

[The safety analysis of Palsberg and Schwartzbach [1992a;1992b]is correct with
respectto arbitrary beta-reduction. This followsfrom the subject-reduction prop-
erty: terms stay safeafter beta-reduction.

[The binding-time analysis of Palsberg and Schwartzbach [1994a]that wasproved
correct by Palsberg [1993], can be proved correct more elegarly with our new
technique.

The constraint-based de nition of closure analysis is straightforward to extend to
practical languages. For a medium-sized example seePalsberg and Schwartzbach
[1994b]where the analysisis de ned for an object-oriented language.

1.3 Example

The constraint systemthat expresseslosureanalysisof a -term is a set of Horn
clauses. If the -term contains n abstractions and m applications, then the con-
straint systemcontains n+ (2 m n) constraints. Thus, the size of a constraint
systemis in the worst-casequadratic in the size of the -term. Spaceconstraints
disallow us to show a full-blown example involving name clashesand reduction un-
dera , soconsiderinsteadthe -term ( x:xx )(y :y) which hasthe abstract syntax
( *xx! @ x') @ ( ?y:y?). The constraint systemthat expressesclosure analysis
of this -term looks as follows.

From 1! fig [ 11

From 2 f2g [ 21
1 fig [) ['1 [

From @ and ;;g % i% ; E@i}]l %@é]]ll
2 g

From @ and ]]:29 E i}]] ; % z]]ll %@i]]ll
1 19

From @ and ;;g % i% 3 %@é]]ll %(%]i
2 g

Fom@and = 15 [1) [2] [a]

Symbols of the forms [ '], [ '], and [@] are metavariables. They relate to vari-
ableswith label |, abstractions with label I, and applications with label i, respec-
tively. Notice that we do not assume for example,that there is just oneabstraction
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with label I. The reasonis that we want to do closure analysis of all terms, also
those arising after beta-reduction which may copy terms and hencelabels.

To the left of the constraints, we have indicated from wherethey arise. The rst
two constraints expressthat an abstraction may ewvaluate to an abstraction with
the samelabel. The rest of the constraints comein pairs. For eact application
point @ and ead abstraction with label | there are two constraints of the form:

flg \metavar. for operator of @' ) \metavar. for operandof @' [ ']
flg \metavar. for operator of @' ) \metavar. for body of abst." [@]

Such constraints can be read as:

| The rst constraint. If the operator of @ evaluatesto an abstraction with labell,
then the bound variable of that abstraction may be substituted with ewverything
to which the operand of @ can evaluate.

| The second constraint. If the operator of @ ewaluates to an abstraction with
label I, then everything to which the body of the abstraction evaluatesis also a
possibleresult of evaluating the whole application @.

In a solution of the constraint system, metavariables are assignedclosure in-
formation. The minimal solution of the above constraint systemis a mapping L
where:

L[ 1= flg
LL ?1=L[ ‘1= L[ *1= LI@] = L[@] = f2g

For example, the whole -term will, if normalizing, evaluate to an abstraction
with label 2 (L[@] = f2g); at the application point @ there can only be applied
abstractions with label 2 (L[ 1] = f2g); the application point @ is the only point
whereabstractions with label 2 canbe applied (L[ 1] = f 1g); and sud abstractions
can only be applied to -terms that either do not normalize or evaluate to an
abstraction with label 2 (L[ 2] = f 2g).

One of our theoremssays that the computed closureinformation is correct. One
might alsotry to do closureanalysis of the above -term using Bondorf's abstract
interpretation; another of our theoremssays that we will get the sameresult.

Now contract the only redexin the above -term. The result is a -term with
abstract syntax ( 2y:y?) @ ( 2y:y?). One third of our theorems says that the
mapping L above givescorrect closureinformation also for this -term.

In the following section we de ne three closure analyses: Bondorf's, a simpler
abstract interpretation, and onein constraint form. In Section3 we provethat they
are equivalert, and in Section4 we prove that they are correct.

2. CLOSUREANALYSIS
Recall the -calculus [Barendregt 1981].
De nition 2.1. The language of -terms hasan abstract syntax which is de-
ned by the grammar:
E ::= x! (variable)
i '\E  (abstraction)
i E1 @E, (application)
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The labels on variables, abstraction symbols, and application symbols have no
semartic impact; they mark program points. The label on a bound variable is the
sameasthat onthe that bindsit. Labelsare drawn from the in nite set Label.
The symbols I;1%i range over labels. The labels and the application symbols are
not part of the concretesyntax of . We identify terms that are -congruert. The

-conversion changesonly bound variables, not labels. We assumethe Variable
Convertion of Barendregt [1981]: when a -term occurs in this article, all bound
variables are chosento be di erent from the free variables. This can be achieved by
renaming bound variables. An occurrenceof ( 'x:E) @ E%is called a redex. The
semariics is as usual given by the rewriting-rule scheme:

( 'xxE) @E°! E[E%X] (beta-reduction) :

Here, E[E%xX'] denotesthe term E with E° substituted for the free occurrences
of x'. Notice that by the Variable Convertion, no renaming of bound variables is
necessarywhen doing substitution. In particular, when we write ( 'y:E)[E°=x'°],
we have that y' 6 x| and that y' is not among the free variables of EO. Thus,
( 'y:E)[E=X"] = 'y:(E[E%X’]). Wewrite Es ! Er to denote that Er has
been obtained from Es by 0 or more beta-reductions. A term without redexesis
in normal form.

The abstract domain for closureanalysisof a -term E is called CMap(E) and is
de ned asfollows.

De nition 2.2. A metavariable is of one of the forms [ '], [ '], and [@]. The
set of all metavariablesis denoted Metavar. A -term is assigneda metavariable by
the function var, which mapsx' to [ '], 'xE to [ '], and E1 @E to [@].

Fora -term E, Lab(E) is the set of labels on abstractions (but not applications)
occurring in E. Notice that Lab(E) is nite. The set CSe(E) is the powerset
of Lab(E); CSe(E) with the inclusion ordering is a complete lattice. The set
CMap(E) consistsof the total functions from Metavar to CSe{E). The set CEnyE)
cortains ead function in CMap(E) when restricted to metavariables of the form
[ ']. Both CMap(E) and CEnyE) with pointwiseordering, written v , are complete
lattices where the least upper bound is written t . The function hv 7! Si mapsthe
metavariable V to the set S and maps all other metavariables to the empty set.
Finally, wedene updV SL=hv 7! Sit L.

2.1 The Speci cation of ClosureAnalysis

We can then state precisely what a closure analysis is. An intuitiv e argumert
follows the formal de nition.

De nition 2.1.1. Fora -term E and for every L 2 CMapE), wede ne a binary
relation T, on -terms, asfollows. T_(Ex ;Ey) holds if and only if the following
four conditions hold:

[If Ey equals 'x:E, thenflg L(var(Ex)).

IIf Ey contains 'y:( 'x:E), then Ex contains '"z:E%suchthat flg L (var(E9).

[If Ey contains ( 'xXE) @ E,, then Ex contains E; @ E9 such that flg
L (var(Ey)).
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[If  Ey contains E; @ ( 'x:E), then Ex contains EY @ E; sud that flg
L (var(Ey)).

A closure analysis of E producesL 2 CMap(E) such that if E ! EC then
TL(E;EO.
Intuitiv ely, if Ex ! Evy, then we can get consenative information about the

abstractionsin Ey by doing closureanalysisof Ex . For example,the rst condition
in De nition 2.1.1can be illustrated as follows.

Ex EY

Ix

B
B
B |
B
B E
B
B BB
B B
B B
B

B B

In this case,Ey is an abstraction with label |. Thus, Ex can evaluate to an
abstraction with label I. The rst condition says that in this casethe mapping L
must satisfy flg L(var(Ex)). In other words, the analysis must be aware that
such an abstraction is a possibleresult of evaluating Ex .

The three other conditions in De nition 2.1.1cover the caseswhere abstractions
are proper subtermsof Ey . The secondcondition coversthe casewhere an abstrac-
tion in Ey is the body of yet another abstraction. The third and fourth conditions
cover the caseswhere an abstraction is the operator and the operand of an appli-
cation, respectively. Here, we will illustrate just the rst of thesethree conditions;
the others are similar.

Ex Ey
B B
B B
B B
B B
B B
B B
B B
B B
2 B Yy B
B B
B ‘ B
o B | B
E B X B
B ‘ B
B B
B E B

In this case,Ey cortains an abstraction with Iatgel | ( 'x:E). This abstraction is
in turn the body of an abstraction with label I°( "y: 'x:E). The secondcondition
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in De nition 2.1.1says that in this casethere must be an abstraction in Ex with
label 1° ( '°z:E® the bound variable may be dierent) sud that the mapping L
satises flg L(va(E9). In other words, the analysis must be aware that some
abstraction '°z:E°in Ex can ewlve into an abstraction with a body being an
abstraction with label I.

Notice the possibility that more than one abstraction in Ex haslabel I° Thus, if
we want closureinformation for \the body of the abstraction with label |®" we must
compute the union of information for the bodiesof all abstractionsin Ex with label
1 A similar commert appliesto the third and fourth condition in De nition 2.1.1.
Sud use of closureinformation is not of concernin this article, however.

2.2 Bondaf's De nition

We now recall the closure analysis of Bondorf [1991],with a few minor changesin
the notation comparedto his presenation. The analysisassumeghat all labelsare
distinct. Bondorf's de nition was originally given for a subsetof Scheme;we have
restricted it to the -calculus. Note that Bondorf's de nition is basedon Sestoft's
[Sestoft 1989].

We have simpli ed Bondorf's de nition as follows. Bondorf's original de nition
assignsdistinct metavariables to di erent occurrencesof a variable; in contrast
we assignthe same metavariable to ead occurrenceof a variable. The simpli ed
de nition is equivalent to Bondorf's original de nition; seebelow.

We will usethe notation that if 'x:E is a subterm of the term to be analyzed,
then the partial function body mapsthe label | to E.

De nition 2.2.1. We de ne

B:(E:) ! CMapl[E) CEnJE)
B(E)= x( (; )bE) )

b:(E:) ! CMapE)! CEn(E)! CMap(E) CEnJE)
bx') = (upd[']T ['1; )
b( 'xE) =let( % 9 bebE)
in(upd [ '1flg % 9
E1 @E2) =let( % 9 be(b(Er) )t (K(E2) )in
let c be Yvar(Eq)) in
let “beupd [@] (t 12c var(body(l)))) °in
let ®be %t (tic (upd[ '] Avar(E2))) 9
in (0 09

We can now do closure analysis of E by computing fst(B (E)).

If we modify the above de nition such that dierent occurrencesof a variable
are assigneddistinct metavariables, then we obtain Bondorf's original de nition.
That de nition will assignthe same setto all metavariables for the occurrencesof
a given variable, and moreover, the computed closureinformation will be the same
asthat computed by the stated analysis (we leave the details to the reader).

2.3 A SimplerAbstract Interpretation

Bondorf's de nition can be simplied considerably To see why, consider the
secondcomponert of CMap(E) CEnJE). This componert is updated only in
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E; @E,) andreadonly in b(x') . The key obsenation is that both these
operations can be done on the rst componert instead. Thus, we can omit the use
of CEnE). By rewriting Bondorf's de nition according to this obsenation, we
arrive at the following de nition. As with Bondorf's de nition, we assumethat all
labels are distinct.

De nition 2.3.1. We de ne

m:(E:) ! CMapE)! CMapE)
m(x') =
m( 'xE) = (m(E) )t H ']7! flgi
m(E1 @Ez) = gm(E1) )t (M(Ez) )t
12 (vareyy (170 (var(Ez))it H@ 7! (var(body(1)))i) -

We can now do closure analysisof E by computing x (m(E)).

A key questionis: is the simpler abstract interpretation equivalent to Bondorf's?
We might attempt to prove this using xed-p oint induction, but we nd it much
easierto do using a particular constraint system as a \stepping stone."

2.4 A Constraint System

Fora -term E, the constraint systemis a nite setof Horn clausesover inclusions of
the form P PC whereP and P are either metavariables or elemens of CSe{E).
A solution of such a systemis an elemen of CMap(E) that satis es all Horn clauses.
The constraint systemis de ned in terms of the -term to be analyzed. We need
not assumethat all labels are distinct.
The setR(E; @E,; 'x:E) consistsof the two elemeris

flg va(Ei)) var(Ez) [']
flg va(Ei)) va(E) [@].

For a -term E, the constraint system C(E) is the union of the following sets of
constraints.

|F orevery 'x:E%in E, the singleton constraint set consistingof flg [ '].
|F orevery E; @E, in E and for every 'x:E%in E, the setR(E1 @E»; 'x:EO).

Each C(E) has a least solution, namely, the intersection of all solutions.

We can now do closure analysis of E by computing a solution of C(E). The
canonical choice of solution is of coursethe least one.

The closure analysis of Bondorf and Jrgensen [1993] can be understood as
adding two constraints to eathh R(E; @ E»; 'xXE9 such that in eect the in-
clusionsvar(E;) [ '] and var(E) [@] are changedto equalities. Thus, their
closure analysis computes more approximate information than ours. In return,
their analysis can be computed in almost-linear time, using an other formulation
of the problem [Bondorf and J rgensen 1993],whereasthe fastest known algorithm
for computing the least solution of C(E) usestransitiv e closure (seePalsberg and
Schwartzbach [1992a;1994b]).

3. EQUMNALENCE

We now prove that the three closure analysesde ned in Section 2 are equivalent
(when applied to -terms where all labels are distinct). We will usethe standard
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terminology that is a pre xed point of m(E) if m(E) v

Lemma 3.1. If is a pre xed point of m(E), then sois it of m(E9 for every
subterm E° of E.

Pr oof. By induction on the structure of E. O
Lemma 3.2. C(E) hasleast solution x (m(E)).

Pr oof. We prove a stronger property: the solutions of C(E) are exactly the
pre xed points of m(E). There are two inclusionsto be considered.

First, we prove that every solution of C(E) is a pre xed point of m(E). We
proceedby induction on the structure of E. In the basecase,considerx'. Clearly,
every is a pre xed point of m(x'). In the induction step, consider rst 'x:E.
Suppose s a solution of C( 'x:E). Then is alsoa solution of C(E), so by the
induction hypothesis, is a pre xed point of m(E). Hence,we get m( 'xE) =
(m(E) )t L ']7! flgiv t H ']7! flgi = , by usingthe de nition of m, that
is a pre xed point of m(E), and that sinceC( 'x:E) hassolution , flg ([ ']).

Considerthen E; @ E,. Suppose is a solution of C(E; @E2). Then isalsoa
solution of C(E1) and C(E>), soby the induction hypothesis, isa pre xed point
of m(E;) and m(E;). Hence,we get m(E; @ E,) = , by using the de nition
of m, that is a pre xed point of m(E;) and m(E,), and that C(E1 @ E») has
solution

Second,we prove that every pre xed point of m(E) is a solution of C(E). We
proceedby induction on the structure of E. In the basecase,considerx'. Clearly,
every is a solution of C(x'). In the induction step, consider rst 'x:E® Sup-
pose is a prexed point of m( 'x:E9. Then, by Lemma 3.1, s also a pre-
xed point of m(EY%. By the induction hypothesis, is a solution of C(EO.
Thus, we needto prove that satises flg [ '] and for every E; @ E» in
E° R(E; @ E2; 'x:E9. For the rst of these, usethat is a pre xed point of
m( 'xxE% to get wm('xEY) = (m(EY )t [ ']T7 flgiw H '] 7 flgi,
from which the result follows. For the secondone, considerE; @ E, in E% By
Lemma 3.1, s also a pre xed poiflt of m(E; @ Ez). Using the assumption
that weget w m(E1 @Ez) w |, (var(El))(”[ 770 (va(E,)it H@] 7!

(var(body(1)))i), from which the result follows.

Considerthen E; @E;. Suppose is apre xed point of m(E; @ E2). Then, by
Lemma 3.1, isalsoa pre xed point of both m(E1) and m(E;). By the induction
hypothesis, is a solution of both C(E;) and C(E;). Thus, we needto prove that
for every 'xxE%in E; @ E,, satises R(E:1 @ Eo; 'x:%"). From being a
pre xed point of m(E; @E>), weget wm(E; @E2) w |, (VA(E 1)) (M '717

(var(Ep))it @] 7! (var(body(1)))i), from which the result follows. O

Lemma 3.3. C(E) hasleast solution fst(B (E)).
Pr oof. Similar to the proof of Lemma3.2. O
Theorem 3.4. The three closure analysesde ned in Section 2 are equivalent.

Pr oof. Combine Lemmas3.2and 3.3. O
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4. CORRECTNESS

We now prove that the three closureanalysesde ned in Section 2 are correct. The
key is to de ne an entailment relation A ; A° (De nition 4.1) meaning that all
constraints in the constraint systemA° can be logically derived from thosein A. A
certral result (Theorem 4.10) is that if Ex ! Ey, then C(Ex); C(Ey). This
theorem is proved without at all considering solutions of the involved constraint
systems.

De nition 4.1. If A is a constraint system, and H is a Horn clause, then the
judgment A ° H (\A entails H") holds if it is derivable using the following v e

rules: . <ch
AH ifH2A (Discharge)

AP P (Re exivit y)

AP P° AP0 PO

A~ p  poo (Transitivit y)

A X A X) Y

ATy (Modus Ponens)

AP pOO) QO QOO A° PO pOO A Q QO

AP P9 Q QW (Weakening)

If A; A® are constraint systems,then A ; ACif and only if 8H 2 A°: A" H.

Lemma 4.2. ; is re exive, transitive, and solution-preserving. If A A° then
A: A

Pr oof. The last property is immediate using Discharge. Re exivity of ; is
a consequenceof the last property. For transitivit y of ; , supposeA ; A°and
AC%; A% The statemert \if A°" H then A~ H" can be proved by induction on
the structure of the proof of A~ H. ToproveA ; A% supposethen that H 2 A%
From A%; A®weget A°" H, and from the above statemert we nally getA " H.
To prove that ; is solution-preserving, supposeA ; A%and that A has solution
L. We needto prove that for every H 2 A% H hassolution L. This can be proved
by induction on the structure of the proofof A~ H. O

The following lemmasare structured such that Modus Ponensis only usedin the
proof of Lemma 4.3, and Weakening is only usedin the proof of Lemma 4.6.

To aid intuition we can informally read A ~ var(E) va(E® as\under the
assumption A, the -term E hassmaller ow information than the -term EC"

The next lemma states that two speci c constraints can be derived from the
constraint systemfor aredex. Informally, the rst constraint saysthat the argumernt
has smaller ow information than the bound variable, and the secondconstraint
says that the body of the abstraction has smaller o w information than the whole
redex.
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Lemma 4.3. If A ; C(( 'xE) @ E,), then A > var(E;) ['] and A °
va(E) [@].

Proof. WehaveA " flg [ 'JandA; R(( 'xE) @E,; 'x:E). The result
then follows from var( 'x:E) = [ '] and Modus Ponens. O

The next lemma is a substitution lemma. Informally, it statesthat a -term
getssmaller o w information if a subterm gets substituted by onewith smaller ow
information.

Lemma 4.4. If A> var(U) [ '], thenA" var(E[U=x']) var(E).
Pr oof. By induction on the structure of E, using Re exivit y repeatedly. O

Informally, the next lemmastatesthat beta-reduction creates -terms with small-
er ow information.

Lemma 45. If A; C(Ex)andEx ! Ev,thenA” va(Ey) va(Ex).

Pr oof. We proceed by induction on the structure of Ex . In the base case,
considerx'. The conclusionis immediate sincex' is in normal form.

In the induction step, consider rst 'x;E. SupposeE ! E° Notice that
va( 'xE) = var( 'xE9 = [ ']. UsingReexivity wegetA [ 'T [']

Consider nally E; @E;. There are three cases.SupposeE; ! Ef. Notice that
va(E1 @E;) = va(E) @E>) = [@]. Using Re exivity weget A~ [@] [@].

Supposethen that E; ! EJ. Notice that var(E; @E;) = va(E) @E,) = [@].
Using Re exivity weget A ™ [@] [@].

Supposethen that E; = 'x:E andthat E; @E»>! E[E»=x']. From Lemma 4.3
wegetA " va(E;) [ 'TandA’ va(E) [@]. From the former of these and
Lemma 4.4 we get A~ var(E[E»=x']) var(E). Using Transitivit y we can nally
concludethat A * var(E[E,=x']) [@]. O

Informally, the next lemma statesthat entailment is robust under beta-reduction
and substitution.

Lemma 4.6. SupmseA ; R(E1 @E,; 'xE3)[ C(E1)[ C(E,) [ C(Ea). If
Ej = EPorEj | EPor E?= Ej[Uj=x']wher A" var(Uj) var(x}') for j 2 1:3,
thenA; R(E?@ES; 'xEY).

Proof. Forj 2 1:3, we get A ° var(E]-O) var(E;) from either Re exivit y,
Lemma 4.5, or Lemma 4.4. The result then follows using Weakening. [

The following de nition is neededfor stating and proving Lemma 4.9.
De nition 4.7. The setW (E; E9) is the union of the following setsof constraints.

| C(E)[ C(E?.

|F orevery E; @E, in E and for every 'x:E3 in EC the setR(E; @E,; 'x:E3).

|[F orevery E; @E, in ECand for every 'x:Ez in E, the setR(E; @E,; 'x:E3).
Lemma 4.8. W(E1;E;) C(E1 @ E2). Moreover, if Ef is a subterm of Eq,

then W(EO;Ez) W (Eq; E2).

Pr oof. Immediate. O
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The next lemma is a substitution lemma. Like Lemma 4.6, it statesthat entail-
ment is robust under substitution.

Lemma 4.9. If A; W(E;U)and A va(U) [ '], thenA; C(E[U=X]).

Proof. Let denotethe substitution [U=x']. We proceedb{y induction on the
structure of E. In the basecase,considerE = y If x' oy, then E =Uso
the result follows from A ; W(E;U) and Lemma4.2. If x' 6 y thenE = E so
again the result follows from A ; W(E; U) and Lemma 4.2.

In the induction step, consider rst E = y EC If X' ,thenE = E so
alsoin th|s casethe result follows from A ; W(E;U) and Lemma4 2.1fx' 6 y ,
E = yyEO). By the induction hypothesis, A ; C(E®). Thus, We need to

shov A" f1% [ '] and for every E; @E; in E°,A; R(E;1 @E2; "y:(E?)).
The rst follows from A ; C( 1° y:E9. For the second ,considerany E; @ E, in
E° . Notice that either E; @E; is a subterm of E® or E; @E, = (E? @E9) =
(E? ) @(E? ) whereEY @EY is a subterm of E®, or E; @ E; is a subterm of U.
In eat casethe result follows from A ; W(E;U) and Lemma 4.6.

Consider nally E = E; @ E,. Notice that (E1 @E;) = (E1 ) @(E2 ). By
the induction hypothesis, A ; C(El )[ C(E2 ). Thus, We needto show that

for every "'y:E%in (E; @ Ez) ; R((E1 @ E,); "y:E9. Consider any
y ECin (E1 @ E>) . Not|ce that either ""y:EC%is a subterm of E; @ E,, or
°y:EO= 1°y:(E? ) where '‘y:ECis asubterm of E; @E», or '‘y:ECis a subterm

of U. In eadw casethe result follows from A ; W (E;U) and Lemma 4.6. O

We can now prove that if we beta-reduceEx to Ev, then the constraint system
for Ex entails the constraint systemfor Ey .

Theorem 4.10. If Ex ! Ey,thenC(Ex); C(Ey).

Pr oof. We proceedby induction on the structure of Ex . In the base caseof
x!, the conclusionis immediate sincex' is in normal form.

In the induction step, consider rst 'x:E. SupposeE ! E° By the induc-
tion hypothesis, C(E) ; C(E9, soalso C( 'xXE) ; C(E9. Thus, we need
to shov C( 'xxE) ~ flg [ '] and for every E; @ E» in 'xEC® C( 'xE) ;
R(E1 @E,; 'xXE9®. The rst follows using Discharge. For the second,there are
four cases.Notice that by Discharge we have C( 'x:E) ; R(EY @EY; 'x:E) for
every E{ @ EJ in 'x:E. In the rst case,supposeE; @ E is also a subterm
of 'x:E. The result then follows from Lemma 4.6. In the secondcase,consider
a subterm E @ E, of 'x:E suc that E{! E;. Again, the result follows from
Lemma 4.6. In the third case,considera subterm E; @ EJ of Ix:E such that
Eg I E,. Yet again, the result follows from Lemma 4.6. In the fourth case,con-
sider a subterm E{ @ E9 of 'x:E sudh that E; @E, = (E? @EJ)[Es =y’]. The
substltutlon ansesbecauseof the cortraction of a redex. From Lemma 4.3 we get
C( 'xE) " va(Es) [' ]] The result then follows from Lemma 4.6.

Consider nally E; @E,. For every 'x:E in E; @E», wehave C(E; @E>) ;
R(E1 @E>; 'x:E). There are three cases.

Supposethat E; ! E?. By the induction hypothesis,C(E;) ; C(EY), soalso
C(E1 @E,) ; C(EY). Thuswe needto shaw that for every 'x:E%in E? @ E»,
C(E1 @E2) ; R(EY @Ez 'xEY. There are three cases. In the rst case,
suppose 'x:ECis a subterm of E; @E,. The result then follows from Lemma 4.6.
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In the secondcase,considera subterm 'x:E of E; @E, suchthat E! EC Again,
the result follows from Lemma 4.6. In the third case,considera subterm 'x:E of
E1 @E, sudh that 'xE°= 'x:(E[Es=y"]). The substitution arisesbecauseof
the contraction of aredex. From Lemma4.3weseeC(E; @E;) ~ va(Es) [ IO]].
The result then follows from Lemma 4.6.

Supposethen that E, ! EJ. The proof in this caseis similar to the caseof
E1! EJ soweomit the details.

Supposethen that E; = 'x:E andthat E; @E»>! E[E,=x']. From Lemma 4.3
we seeC(E; @E,) * va(E,) [ ']. From Lemma 4.8 we seethat W (E; E»)
C(E1 @E3). The result then follows from Lemma 4.9. O

Theorem 4.11. The three closure analysesde ned in Section 2 are correct.

Pr oof. From Theorem 3.4 we seethat the three analysesare equivalent when
applied to -terms where all labels are distinct. Thus, it is su cien t to prove that
the onede ned using a constraint systemis correct. The proof hastwo steps.

In Step 1, useLemmas4.3, 4.4, and 4.5to provethat if A; C(Ex) and Ex !
Evy, then both of the following properties hold:

[If Ey contains 'y:E, then Ex contains 'z:E®such that A~ var(E) var(E9.

lIf Ey contains E; @ E, then Ex corntains EY @ ES sudh that A * var(E;)
va(E?) and A~ var(E)  var(EY).

In Step 2, supposeC(Eyx ) hassolution L, and supposeEx ! Ey. We will prove
TL(Ex ; Ey) by induction on the length of Ex | Eyv.

In the basecase, T, (Ex ;Ex ) is immediate. In the induction step, suppose
Ex ! Ez! "Ey. By Theorem4.10,C(Ex); C(Ez). By Lemma4.2, C(Ez)
has solution L. By the induction hypothesis, T_ (Ez;Ey). To prove T_ (Ex ;Evy),
there are four casesto be considered.

First supposeEy = 'x:E. From T (Ez;Ey) wegetflg L(var(Ez)). From
Lemma4.5wegetC(Ex) ~ va(Ez) va(Ex). Finally, the result follows by using
that C(Ex ) hassolution L.

Then supposeEy contains IOy:( 'x:E). From T_(Ez;Ey) we getthat Ez con-
tains '"z:E%such that flg L(va(E9). From Step 1 of this proof, we get that Ex
contains ""w:E®such that C(Ex )~ var(E) va(E%. Finally, the result follows
by using that C(Ex ) hassolution L.

In the last two casessupposeEy cortains either ( 'x:E) @E, or E; @ ( 'x:E),
respectively. Both casesare similar to the secondone, sowe omit the details. O

Finally, we prove our subject-reduction result.
Theorem 4.12. If C(E) hassolutionL andE ! E° then C(E® hassolution L.

Pr oof. Immediate from Theorem 4.10and Lemma4.2. O
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