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Abstract

A binding-time analysis is correct if it always produces consistent binding-time informa-
tion. Consistency prevents partial evaluators from \going wrong". A su cien t and decid-
able condition for consistency called well-annotatedness, was rst preserted by Gomard
and Jones.

In this paper we prove that a weaker condition implies consistency Our condition is
decidable, subsumesthe one of Gomard and Jones,and was rst studied by Schwartzbach
and the presert author. Our result implies the correctness of the binding-time analysis
of Mogensen, and it indicates the correctnessof the core of the binding-time analyses of
Bondorf and Consel. We also prove that all partial evaluators will on termination have
eliminated all \eliminable"-mark ed parts of an input which satis es our condition. This
generalizesa result of Gomard. Our developmert is for the pure -calculus with explicit
binding-time annotations.

1 Intro duction

A partial evaluator is an implemertation of Kleene's S]' theorem. When given a
program and someof its expected input, a partial evaluator producesa so-called
residual program. The residual program will, when giventhe remaining input, pro-
duce the same result as would have the original program when given all of the
input. The challengefor a partial evaluator is to produce residual programs that
are signi cantly faster than the input programs. Partial evaluators can for example
be usedto generatecompilers from interpreters (Bondorf, 1991; Gomard & Jones,
1991).

Most partial ewvaluators use a binding-time analysis in a pre-processingphase.
A binding-time analysis annotates a program by marking as \eliminable" those
parts which may be evaluated during partial evaluation and by marking remaining
parts as\residual". Partial evaluation then proceedsby attempting to evaluate the
eliminable parts.

A binding-time analysisis correct if it always producesconsistent binding-time
information. Consistencypreverts partial evaluators from \going wrong". A partial
evaluator \goeswrong" if it commits a so-called\pro jection error" (Gomard &
Jones,1991), that is, if it trusts a part of the program to be of a particular form,
of which it is not.

A sucient and decidable condition for consistency called well-annotatedness,
was rst preseried by Gomard and Jones (1991). They proved that a particular
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partial evaluator cannot \go wrong" when given a well-annotated program. Go-
mard also preserted a binding-time analysis that always produceswell-annotated
programs (Gomard, 1990; Gomard, 1991).

In this paper we prove that a weaker condition than that of Gomard and Jones
implies consistency Our condition is decidable, subsumesthe one of Gomard and
Jones,and was rst studied by Schwartzbach and the presen author (Palsberg &
Sdcwartzbach, 1992). Our result implies the correctnessof the binding-time analysis
of Mogensen(1992), and it indicates the correctnessof the core of the binding-time
analysesof Bondorf (1991) and Consel(1990). By \the core" of an analysiswe mean
its restriction to the -calculus.

Finally, we prove that all partial evaluators will on termination have eliminated
all \eliminable"-mark ed parts of an input which satis es our condition. This gen-
eralizes a result of Gomard who proved that a particular partial evaluator will
on termination have eliminated all \eliminable"-mark ed parts of a well-annotated
program.

Our consistencycriterion is true of the output of radically di erent binding time
analyses. The binding-time analysis of Gomard and Jonesis based on so-called
partial typeinference.The analysisof Mogensenextendsit with the useof recursive
types. The binding-time analysesof Bondorf and Conselare basedon an abstract
interpretation called closure analysis.

Our results demonstrate that a partial evaluation strategy can be changedwith-
out aecting the correctnessof the chosenbinding-time analysis. We focus on a
novel family of so-calledtop-down partial evaluators and prove that if such oneis
given a consistent input, then it cannot\go wrong".

Our dewelopmen is for the pure -calculus with explicit binding-time annota-
tions. This allows us to concerirate on the higher-order aspects of binding-time
analysis.

In the following sectionwe de ne the pure -calculuswith explicit binding-time
annotations, the so-called2-level -calculus.In section 3 we intro duce the key con-
cept of consistert 2-level -terms, and we presert the family of top-down partial
evaluators for the 2-level -calculus.In section4 we recall the consistencycondition
studied by Schwartzbach and the present author. In section 5 we state our results,
and in section 6 we prove the required lemmas. Finally, in section 7 we conclude.

2 The 2-level -calculus

As a basisfor discussingthe input to binding-time analyseswe start by recalling
the pure -calculus (Barendregt, 1981).

De nition 1
The languageof -terms is de ned by the grammar:

E = x (variable)
j xE (abstraction)
j E1 @E, (application)

An occurrence of ( x:E ) @ECis called a redex. The semanticsis as usual given by
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the rewriting rule scheme:
(xE )@E° E[E%X] (beta-reduction)

Here, E[E%X] denotesthe term E with E° substituted for free occurrences of x
(after renaming bound variablesif necessary). We write Es ! Et to denotethat
E+ hasbeen obtained from Es by 0 or more beta-reductions. A term without redexes
is said to be in normal form. We use the convention that application assaiates to
the left. U

To simplify matters, we will assumethat the input to a binding-time analysisis
just one -term that encadesboth the term to be analyzed and the known input.
For example, supposewe want to analyzethe term E which takesits input through
the free variables x and y. Supposealso that the value of x is known to be E° and
that the value of y is unknown. We will then supply the analysis with the term
(x:E ) @E° Notice that y is free alsoin this term. Thus, free variables henceforth
correspond to unknown input.

The output of a binding-time analysis can be preseried as an annotated version
of the analyzed term. In the annotated term, all residual abstractions and appli-
cations are underlined. The languageof annotated terms is usually called a 2-level

-calculus (Nielson & Nielson, 1988) and is de ned as follows.

De nition 2
The languageof 2-level -terms is de ned by the grammar:

E := x (variable)
j xE (static abstraction)
j E1 @E, (static application)
i _XE (dynamic abstraction)

j E1 @E, (dynamic application)

Notice that we require the application symtwls to be indexed. The role of the in-
dexeswill be explaina later. The semanticsof 2-level -terms is given by the four
rewriting rule schemes:

(xE ) @E° E[E%X]
( xE) @E%! E[E%x]
(xE ) @E° E[E%X]
( xE) @E%! E[E%x]

Thus, the semanticsof 2-level -terms is essentialy the sameas that of -terms.
An occurrence of ( x:E ) @ ECis called a static redex. An occurrence of (_x:E) @ E°
is called a dynamic redex. Occurrencesof ( x:E ) @ E%and (_x:E) @E° are called
confusedredexes.A term without static redexesis in static normal form. If there is
a reduction segquene from E to E®and ECis in static normal form, then E is said
to havethe static normal form E°.
We write E ! ¢ E° to denote that E° has been obtained from E by reducing a
static redex. Such a reduction is called a static reduction. We write Es ! ¢ Et to
denotethat E1 has been obtained from Es by 0 or more static reductions. Sucha
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reduction sequene is called a static reduction sequene. If there is a static reduction
seguen@ from E to E%and ECis in static normal form, then E is said to havethe
static reduction normal form E° Notice that if a term hasa static reduction normal
form, then it also has a static normal form. The opposite implication is false: if

= (aa @Qa) @ (b:b @b), then(_xy) @ hasa static normal form but no
static reduction normal form.

The languageof 2-level -terms is partially ordered by v as follows. Given 2-
level -terms E and E®, E v EC?if and only if they are equal exaept for under-
linings and E° has the same and possibly more underlinings than E. For example,
((xx @y)@2)Vv ((Lxx @Yy) @ z). Notice that v admits greatest lower bounds
for two terms that are equal except for underlinings. ]

Intuitiv ely, \static* means\statically known", and \dynamic" means\not stat-
ically known". Thus, the static ertities are the eliminable parts, and the dynamic
ertities are the residual parts.

De nition 3

A partial evaluator for the 2-level -calculus implements a partial function from
2-level -terms to 2-level -terms by doing repeated reductions. If it is de ned on
an argument, then it yields a static normal form of the argument. ]

If a partial evaluator is de ned on an argument E, then we will say that the
partial evaluation of E terminates. Notice that a partial evaluator may perform an
arbitrary reduction sequenceaslong asit getsrid of the static redexes.Most partial
evaluators, however, use binding-time information to perform a sequenceof only
static reductions. The following obsenation expressesa Church-Rosserproperty of
static reductions.

Fact 4
A 2-level -term hasat most one static reduction normal form.

Proof
Consider the following translation F of 2-level -termsinto -terms.

F(x) = x
F(xE) = xF (E)
F(E1 @E2) = F(E1) @F(E2)
F(XE) = yx@F(E)
F(E1@E2) = (z @F(E1) @F(E)

Here yx and z are disjoint families of fresh variables. They may be thought of
as functions that emit code. Clearly, any 2-level -term E has at most one static
reduction normal form if and only if F(E) hasat most one normal form. The result
then follows from the Church-Rossertheorem for -terms. ]

Thus, if two partial evaluations using only static reductions both yield static
normal forms, then these static normal forms are equal. Notice that, in general,
two partial evaluations can yield di erent static normal forms.
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3 Consistency of 2-level -terms

We now de ne the key concept of consistert 2-level -terms. Our de nition of
consistencyis independent of particular partial evaluators.

De nition 5

For a 2-level -term E, an application is said to be enabledin E if it is a static ap-
plication which is not a subterm of any static abstraction in E, and whosefunction
part is not a static application. A 2-level -term is well-formed if all its enablel ap-
plications are static redexes.A 2-level -term is consistert if every static reduction
saquene yields a well-formed 2-level -term. U

For example,((_x:x @ y) @ z) is not well-formed. As another example,the term
((xx @y) @ z) is well-formed and consistert, since((xx @Y) @2z)! sz@Yy
and z @ y is well-formed and in static normal form. Finally, (( xxx @QvYy) @ z) is
well-formed but not consistent, since(( XX @QYy) @2z)! sz@yandz @Yy is not
well-formed.

Intuitiv ely, an enabled application in a 2-level -term is located near the root
of the syntax-tree for E; the application is \ab ove" every static abstraction. The
intuition behind why the function part of an enabledapplication cannot be a static
application is that we want the function part of an enabledapplication to be \fully"
evaluated. Notice that there may be more than one enabledapplication in a 2-level

-term. Considerfor example(x @Yy) @ ((z:z @ z) @ y), whereboth @ and @
are enabled,but @ and @ are not.

Fact 6
Consistencyof 2-level -terms is presened by static reduction.

Proof

SupposeE is a consistert 2-level -term. Supposealso that a static reduction of

E vyields EC Consider then any static reduction sequencestarting with EC This

sequencecan be pre xed by the static reduction from E to EY yielding a static

reduction sequencestarting with E. Since E is consistert, the reduction sequence
from E vyields a well-formed 2-level -term. U

We will now de ne a novel family of so-calledtop-down partial evaluators for the
2-level -calculus.In practice it istoo ine cien t to seard for a static redex before
every reduction. Instead, most partial evaluators trust that all enabledapplications
are static redexes.This will not \go wrong" if the input is consistert.

De nition 7
A top-down partial evaluator for the 2-level -calculus attempts only the reduction
of enablel applications. ]

The set of consistert 2-level -terms yields an appropriate interface between a
binding-time analysisand a top-down partial evaluator, as follows.

Fact 8
If atop-down partial evaluator is applied to a consistert 2-level -term, then it will
not attempt to apply other than a static abstraction to an argumernt.
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Proof

By induction on the length of the reduction sequence. ]

We can then summarizethe idea of a correct binding-time analysis.

De nition 9

A binding-time analysisof -terms is a function mapping -termsto 2-level -terms
suchthat the output is an annotated version of the input. It is correct if it always
produces consistent 2-level -terms. ]

For example,the trivial binding-time analysismapsany -term to the sameterm
where all abstractions and applications are underlined. It is clearly correct, since
ead output contains no static applications, henceno enabledapplications.

Most published partial evaluators are top-down. For example, the partial eval-
uator studied by Gomard and Jones (1991) can be formulated in the following
fashion:

T(x) = X
T((xE)@Ez) = T(E[E2=X])
T((E1 @E?) @E2) = T(T(E1@E}) @E2)
T(xE) = _xT(E)

T(E1 @E2) = T(E1) @T(E)

The partial function T performs the partial evaluation by attempting to reduce
enabledapplications. If the calculation of T (E) getsinto a situation whereT occurs
but no rule applies then T(E) is unde ned. The caseswhere no rule applies are
T(xE), Tx @E), T(xE) @E), and T((E1 @ E») @ E). Furthermore, if
the calculation of T(E) diverges,then T(E) is unde ned. It is easyto prove by
induction on the length of the calculation of T(E) that if T(E) is de ned, then
T(E) is a static normal form of E.

Gomard (1991) proved (using a denotational description of T) that if a 2-level

-term E is \well-annotated" and if T(E) is de ned, then all abstractions and
applications in T(E) are dynamic.

In this paper we generalizeGomard's result. We prove that if a 2-level -term
satis es a weaker condition than Gomard and Jones' well-annotatedness,then all
abstractions and applications in every static normal form are dynamic. The weaker
condition was rst studied by Scwartzbach and the presen author (Palsberg &
Sdcwartzbach, 1992); we will call it Palsberg/Schwartzbach well-annotatedness.We
thus prove that all partial evaluators will on termination have eliminated all static
parts of a Palsberg/Schwartzbach well-annotated input. This result can be illus-
trated asfollows:
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Gomard
Gomard/Jones % If T(E) is de ned, then
well-annotatedness all ertities in T(E) are dynamic
Fact 20 Immediate
Theorem 28 e
Palsberg/Schwartzbach By Al entities in every
well-annotatedness static normal form are dynamic

We call our consistency condition \w ell-annotatedness”, although this word has
already beenused by Gomard and Jones.We believe that our terminology makes
sensebecauseall 2-level -terms that are well-annotated accordingto Gomard and
Jones'de nition will also be well-annotated accordingto our de nition.

Gomard (1991) also proved that when given a well-annotated input, the above
partial evaluator will not attempt to apply other than a static abstraction to an
argumert.

We alsogeneralizethat result by proving that Palsberg/Schwartzbach well-anno-
tatednessimplies consistency This result can be illustrated as follows:

Gomard
Gomard/Jones o)

well-annotatedness

T cannot go wrong

r

Fact 20

Palsberg/Schwartzbach
well-annotatedness

Immediate

Theorem 26

Fact 8 bp A top-down partial evaluator

cannot go wrong

Consistency

4 Well-annotatedness of 2-level -terms

We will now de ne the Palsberg/Schwartzbach well-annotatednesscondition on 2-
level -terms. The condition is de ned using constraint systems.For ead 2-level
-term E we will de ne a constraint system WA(E). Then E is well-annotated if
and only if WA(E) is solvable. The symbol WA abbreviates\w ell-annotated".
Palsberg/Schwartzbach well-annotatednessis de ned to capture the outputs of
the binding-time analysesof Bondorf (1991) and Consel (1990), when restricted
to the -calculus. We have not given a proof of this connection, however. These
analysesare basedon an abstract interpretation called closure analysis (Sestoft,
1989; Bondorf, 1991) (also called control ow analysis by Jones(1981) and Shivers
(1991)). The closures of a term are simply the subterms corresponding to lambda
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abstractions. A closure analysis approximates for every subterm the set of possible
closuresto which it may evaluate (Jones,1981;Sestoft, 1989;Bondorf, 1991;Shivers,
1991).

Bondorf used his analysisin the partial evaluator Similix, and Consel used his
in the partial evaluator Schism. Bondorf/Consel's binding-time analysis may be
understood as a closure analysis that in addition to closuresalso incorporates a
special value Dyn. The intuition behind the constart Dyn is that a term with this
binding-time hasunknown value; Dyn abbreviatesDynamic Our constraint systems
combine a closure analysiswith the Dyn binding-time.

Before de ning the WA(E) constraint systems,we rst introduce a set of type
variables, a set of binding-time values,and an auxiliary family of constraint systems.
As explainedlater, type variablesrange over the set of binding-time values.Thus, it
might better to usethe phrase\binding-time variable", rather than \t ype variable".
We prefer \t ype variable" becauseit is shorter and becausea type might in general
be understood as a property of a program part, for example a binding time value.

(The de nition of the consistency criterion that was given by Palsberg and
Schwartzbach (1992) is slightly di erent but equivalent to the one given here; the
di erence helps simplifying our proofs.)

De nition 10
A type variable is of one of the forms [x], [ x ], [@], [_x], and [@]. Each 2-level
-term is assignel a type variable by the function var, de ned as follows:

var(x) = [x]
va(xE )=[x1]
va(E1 @E?) = [@]
va(_x:E) = [x]
va(E, @E>) = [@]

For each 2-level -term E wede ne Varset(E) to be the set of type variablesassignel
to subtermsof E including E itself:

Varsel(E) = fvar(E® j ECis a subterm or a bound variable of E (or both) g
Notice that VarsetE) is nite for all E. O

Notice that a type variable may be assa@iated with more than one 2-level -term.
Notice alsothat the type variable assignedto a 2-level -term is determined from
the root of the syntax-tree for that term. Finally notice that dierent variables
of the same name are assignedthe sametype variable. The key property of the
de nition of var is expressedby the following obsenation.

Fact 11
If E! EO° then Varset(E) VarsefE?.

Before partial evaluation begins, we can obtain by appropriate renamings that
all bound variables and application indexesare distinct. However, abstractions and
applications may be copiedduring reduction. The key role of the application indexes
is to maintain somedistinction betweenthe applications while guaranteeing that
the Varsetis decreasingduring reduction.
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De nition 12

Type variablesrangeover the set D of binding-time values.The setD consists of the
value Dyn and all nite subsetsof lambd a. lambd a is an in nite set of so-alled
\lambda tokens", i.e., symiols of the form x . The setD is partial ly ordered by ,
as follows:

1. Dyn Dyn; and
2. ifdandd®aresetsandd d° thend d°

Notice that D is not a lattice, since Dyn is incomparable to all other values. O

We will now introduce an auxiliary family of constraint systems.They will all
be (equivalert to) nite setsof Horn clausesover inequalities of the form d  d°,
where d and d° are either type variablesor elemerts of D. A solution of a constraint
system assignsan elemen of D to ead type variable such that all constraints are
satis ed.

Convention 13

To expressas a constraint that a type variable v must assumea set (not Dyn)
in any solution, we will write the constraint v ;. This works since all sets are
comparableto the empty set while Dyn is not.

De nition 14

Let Ep bea 2-level -term. We de ne a constraint systemCg,(E) for every subterm
E of Eo as follows. Let Cg,(E) be the collection of constraints for every subterm
of E, geneated from the syntax as follows.

Phrase: Basic constraints:
x:E [x] fxg
E:1 @E> var(E1)
x:E [_x]= [x] = var(E) = Dyn

E1@E, va(Ey) = va(Es) = [@] = Dyn

Phrase: Connecting constraints:

Ei@E> For every x:E in Ep;
if f xg va(E;)thenva(Ez) [x]” [@] va(E)

The set of type variablesused in Cg,(E) is a subsetof Varset(E). (Free variables

need not be mentioned in any constraint). O
Fact 15

If Ce,(E) hassolution L and E°is a subterm of E, then Cg,(E% hassolution L.
Proof

Immediate, since Cg, (E?) is a subsetof Cg, (E). O
Fact 16

If Cg,(E) hassolution L, then no redexin E is confused.

Proof
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A redex is confusedif it is of either of the forms ( x:E ) @E%and (_x:E) @E®° In
the rst case,wegetboth L[x] fxgandL[x ]= Dyn, acortradiction. In the
secondcase,we get both L[ _x] = Dynand L[_x] ;. alsoa cortradiction. O

The constraint systemin e ect combines a closure analysis with a binding-time
analysis. As a conceptualaid, the constraints of Cg,(E) are grouped into basic and
connecting constraints. The connecting constraints re ect the relationship between
formal and actual argumerts and results. The condition f x g  var(E;) states
that the two guarded inequalities are relevant only if a closuredenotedby x is a
possibleresult of E;. Note that Dyn is not a possibleresult of E; becauseof the
basic constraint var(E1) ;.

De nition 17
Let Eg bea 2-level -term. We de ne the constraint systemWA(E) to be the union
of Cg,(Eo) and the following constraints:

For all free variablesx of Eg: the constraint [x] = Dyn; and
The constraint var(Eg) = Dyn.

The set of type variablesuseal in WA(E,) is Varsef(E). O
Fact 18

If WA(Eg) hassolution L, then Cg,(Eo) has solution L.

Proof

Immediate, since Cg,(Eo) is a subsetof WA(Ey). O

The extra constraints in WA(Eg) of the form [x] = Dyn re ect that the free
variables of Eq correspond to unknown input. The extra constraint var(Eg) = Dyn
re ects that a partial ewvaluator is supposedto produce a residual program.

We now de ne the key conceptof well-annotated 2-level -terms.

De nition 19
A 2-level -term E is well-annotated if and only if WA(E) is solvable. O

The following obsenation justi es our use of the word \w ell-annotatedness"for
our consistencycondition.

Fact 20
If a 2-level -term is well-annotated according to Gomard and Jones' de nition,
then sois it accordingto ours.

Proof
See(Palsberg & Schwartzbach, 1992). O

Strong static normalization meansthat ewvery static reduction sequencds nite.
Well-annotatednessdoesnot imply strong static normalization, asexpressedy the
following obsenation.

Fact 21
Well-annotated 2-level -terms may yield in nite static reduction sequences.

Proof
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Let =(aa @a) @(b:b@hb). Then, (xiy ) @ is well-annotated. O

The set of annotated versionsof a -term is partially ordered by v . For every
-term, this set has a least well-annotated elemen, as expressedby the following
obsenation.

Fact 22
For all -terms, there is a v -least well-annotated version.

Proof
See(Palsberg & Schwartzbach, 1992). O

Mogensen'shinding-time analysisproduces2-level -terms that are what we here
will call Mogensenwell-annotated. This notion of well-annotatednessarisesby ex-
tending the Gomard/Jones approac with recursivetypes.It followsfrom (Palsberg
& Sdcwartzbach, 1992)that if a 2-level -term is Mogensenwell-annotated, then it
is also Palsberg/Schwartzbach well-annotated.

To prove the correctnessof the binding-time analysis of Mogensenand the core
of the binding-time analysis of Gomard, we needto show that well-annotatedness
implies consistency This will alsoindicate the correctnessof the core of the binding-
time analysesof Bondorf and Consel, since we believe (but have not proved) that
these analysesproduce the v -least well-annotated versionof a -term.

5 The Correctness Theorems

We will now state the two promised theorems about our consistency condition.
First we needthree lemmas which will be proved in the following section. In the
statemert of the lemmas,we assumethat L assignsan elemen of D to ead variable
in Varsetf(Eg), whereEg is a 2-level -term.

The rst lemma expresseghat in certain 2-level -terms, all abstractions and
applications are dynamic.

Lemma23

SupposeE is in static normal form, that Cg,(E) has solution L, and that all free
variables x in E has L[[x] = Dyn. If L(var(E)) = Dyn, then all abstractions and
applications in E are dynamic.

The secondlemma expresses subject-reduction property of reductions.

Lemma?24
If Cg,(Es) has solution L and Es ! Er, then Cg,(Et) has solution L and
L(var(Es)) L(var(Er)).

The third lemmais a substitution lemma which is usedin the proof of lemma 24.

Lemma?25

solution L and L(var(E)) L(var(E[Ui=x])).

The two correctnesstheorems can then be stated and proved as follows.
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Theorem 26
A well-annotated 2-level -term is consister.

Proof

SupposeEy is a well-annotated 2-level -term, and that Eq ! ¢ E. Then WA(E)
is solvable, so supposeit has solution L. By fact 18, also Cg,(E() has solution L.
By lemma 24 and an induction on the length of the reduction sequenceCg,(E)
has solution L and L (var(E)) = Dyn. Sincefree variables cannot be created during
beta-reduction, we also get that all free variablesx in E hasL[x] = Dyn.

We needto shaw that E is well-formed, solet E; @ E, be any enabledapplication
in E. Then E; @ E» is not a subterm of any static abstraction in E, and E; is not
a static application. It is su cien t to show that E; is a static abstraction.

Supposefor a contradiction that E; is either a variable, a dynamic abstraction,
or a dynamic application. In the last two caseswe have L (var(E1)) = Dyn, cortra-
dicting L(var(E1)) ;. Considerthen the casewhere E; is a variable. SinceE; is
not a proper subterm of any static abstraction in E, then E; is either free in E
or it is bound in a dynamic abstraction. Hence, L (var(E1)) = Dyn, contradicting
L(var(Ey)) ;. O

Recall that by \the core" of an analysiswe meanits restriction to the -calculus.

Corollary 27
The core of the binding-time analysisof Gomard (1990) and the binding-time anal-
ysis of Mogensen(1992) are correct.

Proof

Both producewell-annotated 2-level -terms (Palsberg & Schwartzbach, 1992).The
conclusionthen follows from theorem 26 and de nition 9. O
Theorem 28

If a2-level -term is well-annotated, then all abstractions and applications in every
static normal form are dynamic.

Proof

Suppose Ej is a well-annotated 2-level -term. Suppose also that Eg has static
normal form E. Then WA(E,) is solvable, so supposeit hassolution L. By fact 18,
also Cg,(Ep) has solution L. By lemma 24 and an induction on the length of
the reduction sequenceCg,(E) has solution L and L(var(E)) = Dyn. Since free
variables cannot be createdduring beta-reduction, we alsoget that all free variables
x in E hasL[x] = Dyn. By lemma 23, all abstractions and applications in E are
dynamic. O

6 The Pro ofs

Throughout this section,we assumethat L assignsan elemern of D to ead variable
in Varset(Ep). We will drop the subscript in Cg,(E) and simply write C(E). We
will repeat the statemert of the three lemmas (omitting subscripts).

Lemma 23 (restated) SupposeE isin static normal form, that C(E) hassolution
L, and that all free variablesx in E hasL[x] = Dyn. If L(var(E)) = Dyn, then all
abstractions and applications in E are dynamic.
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Proof
The proof hastwo parts: rst we prove that all applications are dynamic and then
we prove that all abstractions are dynamic.

For the rst part of the proof, supposefor a contradiction that static applications
do occur in E. We can then choosea subterm of E of the form E; @ E, so that
it is not a subterm of any static abstraction of E and sothat E; is not a static
application. (The existenceof E; @ E is easily provedby induction on the structure
of E). It is now su cien t to show that there are no possibleforms of E;. There are
four cases.

First, E; cannot be a static abstraction, sinceE is in static normal form.

Second,E; cannot be a dynamic abstraction or a dynamic application, sincethey
would both imply L(var(E1)) = Dyn, contradicting L(var(E1)) ;.

Third, E; cannot be a variable x, sincex would be either freein E or bound by a
dynamic abstraction and thus have L (var(x)) = Dyn, contradicting L(var(E1)) ;.

Fourth, E; cannot be a static application, by assumption.

Thus, there are no possibleforms of E 1, cortradicting the existenceof E; @ E».

For the secondpart of the proof, supposefor a contradiction that static abstrac-
tions do occur in E. We can then choosea subterm of E of the form x:E ©sothat
it is not a proper subterm of any other static abstraction in E. It is sucient to
show that this is impossible. There are four cases.

First, x:E 9cannotequalE, sinceL[x ] f x g, contradicting L (var(E)) = Dyn.

Second, x:E 9 cannot be the function or argumert part of a static application
sincewe know from the rst part of the proof that they don't occurin E.

Third, x:E ° cannot be the function or argumert part of a dynamic applica-
tion, or the body of a dynamic abstraction, sincethat would imply L[ x ] = Dyn,
contradicting L[x] fxag.

Fourth, x:E ©cannot be the body of a static abstraction, by assumption.

Thus, x:E ° cannot appear anywhere, cortradicting its existence. O

Lemma 24 (restated) If C(Es) hassolution L and Es! Ey, then C(Et) has
solution L and L (var(Es)) L(va(Et)).

Proof
We proceedby induction on the structure of Es. In the basecase,considerx. The
conclusionis immediate sincex is in normal form.

In the induction step, consider rst x:E % Suppose x:E °! x:E 9 Clearly,
L(var(x:E 9) = L(var(x:E %9) = L[x ]J. By the induction hypothesis, C(E% has
solution L. Since C(x:E 9 hassolution L, L[x] f x g. Thus, C(x:E % has
solution L.

Considerthen E; @ E». There are three cases.

SupposeE; @E,! E? @E;. Clearly, L(va(E1 @E»)) = L(va(E? @E)) =
L[@]. By the induction hypothesis, C(EY) has solution L and also L (var(E;))

L (var(E)). We then needto shaw that L is a solution of the basic and the con-
necting constraint for E{ @ E», that is: L(var(EY)) ; and for every x:E in Eo,
if fxg L(var(E?) then L(var(Ez)) L[x]” L[@] L(va(E)). Both immedi-
ately follow from L(var(E1)) ; and for every x:E in Eq, if f xg L(var(E1))
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then L(var(Ez)) L[x]~ L[@] L(va(E)) and L(var(Ey)) L(var(EY)), and
the transitivit y of . Thus, C(EY @E,) has solution L.

Supposethen that E; @E, ! E; @EY. This casehas a similar proof, we omit
the details.

Supposethen that E; = x:E andthat E; @E2! E[E2=x]. SinceC(E1 @E>)
hassolution L, wehavef x g L[x]= L(va(xE ))= L(var(E1)). Thuswe also
have L(var(Ez)) L[x] ~ L[@] L(var(E)). The conclusionthen follows from
lemma 25 and the transitivit y of

Considerthen _x:E° Suppose_x:E°! _x:E® Clearly, we have L (var(_x:E9) =
L (var(_x:E%) = L[_x]. By the induction hypothesis, C(E® has solution L, and
L(va(E9)) L(var(E®). We needto show L[ x] = L[x] = L(var(E®) = Dyn.
This follows from L[_x] = L[x] = L(va(E9) = Dynand L(var(E%) L(va(E®).
Thus, C(_x:E % hassolution L.

Considerthen E; @E». There are three cases.

SupposeE; @E,! E? @E,. Clearly, L(var(E; @E>)) = L(va(EY @E>)) =
L[@]. By the induction hypothesis, C(E?) has solution L, and also L (var(E1))

L (var(E)). We needto show L (var(EY)) = L(var(Ez)) = L[@] = Dyn. This follows
from L(var(E1)) = L(var(E,)) = L[@] = Dynand L(var(E1)) L(var(E)). Thus,
C(E?Y @E) hassolution L.

Supposethen that E; @E, ! E; @EY. This casehasa similar proof, we omit
the details.

Supposethen that E; = _x:E andthat E; @E,! E[E,=x]. SinceC(E1 @E>)
has solution L, we have Dyn = L[ _x] = L[x] = L(va(E)) = L(var(E1)) =
L (var(E2)) = L[@]. The conclusionthen follows from lemma 25.

Finally note that by fact 16, no redexin Es is confused. O

C(E[Ui=xi]) hassolution L and L(var(E)) L (va(E[Ui=x])).

Proof

We proceedby induction on the structure of E. In the basecase,considerx. Sincex
is being substituted by aterm U where C(U) hassolution L and L (var(U))  L[x],
the conclusionis immediate.

In the induction step, consider rst y :E° Clearly, we havethat L (var(y :E?9) =
L(var((y :E9[Ui=xi])) = L[y ]. Moreover, C((y :E9)[Ui=xi]) = C(y :(ETV;=xi])).
Assume now that y does not occur free in any U; (this can be obtained by the
renaming of variables). By the induction hypothesis, if we havea V sud that C(V)
has solution L and L(var(V))  L[y], then C(EJqU;=x;; V=y]) has solution L and
L(var(E9) L(var(EqU;=x;;V=y])). By taking V = y weget that C(E9U;=x;]) has
solution L and that L(var(E%9) L(var(EJU;=x])). Finally, L[y ] fy g, since
C(y :E9 hassolution L. Thus, C((y :E9[U;=x;]) hassolution L.

Considerthen E; @ E». Clearly, L(var(E1 @E?)) = L(var((E1 @E2)[Ui=x])) =
L[@]. Moreover, C((E1 @ E2)[Ui=xi]) = C((E1[Ui=xi]) @ (E2[Ui=xi])). By the
induction hypothesis, C(E1[Ui=x;]) and C(E;[U;=x;]) have solution L, and fur-
thermore L (var(Ej)) L(var(E1[Ui=x])) and L(var(E>)) L (var(E2[Ui=x])).
We then needto show that L is a solution of the basic and the connecting con-
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straint for (E;1 @ E2)[Ui=x], that is: L(var(E1[Ui=x;])) ; and for every x:E
in Eo, if fxg L(var(E1[Ui=xi])) then L(var(E2[Ui=x])) LIx] ~ L@l
L(var(E)). Both immediately follow from: L(var(E1)) ; and for every xE
in Eo, if f xg L(var(E1)) then L(var(Ez)) L[x] " L[@] L(ver(E)) and
L(va(E1)) L(var(E1[Ui=x])) and L(var(E2)) L(var(E2[Ui=xi])), and the tran-
sitivity of . Thus, C((E1 @ E2)[Ui=x;]) has solution L.

Consider then _y:E° Clearly, L (var(_y:E9) = L(var((_y:E9[Ui=xi])) = L[_vyI.
Moreover, C((_y:E9[Ui=x;]) = C(_y:(EJU;=x])). Assumenow that y doesnot oc-
cur freein any U; (this canbe obtained by the renaming of variables). By the induc-
tion hypothesis,if wehaveaV suchthat C(V) hassolution L and L (var(V)) L[y],
then C(EYU;=x;;V=y]) has solution L and L(var(E%)  L(var(EJU;=x;;V=y])).
By taking V = y we get that C(EJU;=x;]) has solution L and that L (var(E%)

L (var(EYU;=x1)). Wethen needto provethat L[_y] = L[y] = L(va(EqU;=x;])) =
Dyn. This follows from L[_y] = L[y] = L(var(E®) = Dyn and from L (var(E9)
L (var(E9QU;i=x1)). Thus, C((_y:E9[U;=x;]) has solution L.

Finally, considerE; @ E». Here,L(var(E1 @E>)) = L(var((E1 @E>2)[Ui=x])) =
L[@]. Moreover, C((E1 @ E2)[Ui=xi]) = C((E1[Ui=xi]) @ (E2[Ui=xi])). By the
induction hypothesis, C(E1[Ui=x;]) and C(E;[U;=x;]) have solution L, and fur-
thermore L (var(E1)) L(var(Ei[Ui=xi])) and L(var(E2)) L(va(E.[Ui=x])). We
then needto prove that L(var(E1[Ui=x])) = L(va(E2[Ui=x]) = L[@] = Dyn.
This follows from L(var(E1)) = L(var(Ez)) = L[@] = Dyn and L(var(E1))
L(var(E1[Ui=xi])) and L (var(Ez)) L(var(Ez[Ui=xi])). Thus, C((E1 @E2)[Ui=xi])
has solution L. O

7 Conclusion

We have studied a notion of well-annotatednesswhich subsumesthat of Gomard
and Jones. We have obtained generalizations of two theorems of Gomard and we
have obtained a proof of correctnessof the core of the binding-time analysis of
Gomard and the binding-time analysis of Mogensen.Our results also indicate the
correctnessof the binding-time analysesof Bondorf and Consel. We hope that
our results can be used as lemmaswhen proving the correctnessof other binding-
time analyses.In particular we would like to relate our results to the binding-time
analysisfor typed -calculusof Nielsonand Nielson(1988), and to the related results
of Schmidt (1987). Notice herethat Nielson and Nielsonto our knowledge haven't
consideredsubject reduction properties for their 2-level -calculus. We would also
like to prove that well-annotatednessis presened by static reduction. This seems
dicult becauseif E! EO then the constraint systemsWA(E) and WA(EY) are
rather di erent. Finally, we would like to prove the correctnessof the binding-time
analysesof Bondorf (1991), Consel (1990), and Bondorf and J rgensen (1993).
Mitc hell Wand (1993) studied Mogensen'sbinding-time analysisand partial eval-
uator for the -calculus (Mogensen,1992). Wand proved that the partial evaluator
is correct, in the sensethat if it is given an output from the binding-time analysis,
then indeed it produces a specialized program. This result relates to our theo-
rem 26 as follows. Wand considersarbitrary static reduction sequencesunder a
certain consistency condition. We consider only those static reduction sequences
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that involve enabled applications, but under a weaker consistency condition. In
contrast to Wand, we study the idea of trusting enabled applications to be static
redexes.

It remains open if Wand's result can be proved under the weaker consistency
condition studied in this paper. In other words, it should be investigated if Mo-
gensen'spartial ewvaluator can be showvn to produce a specialized program when
given a Palsberg/Schwartzbach well-annotated 2-level -term. The open problem
and its relation to the solved problemsiis illustrated below.

Wand e )
Mogensen B Mogensen'spartial evaluator
well-annotatedness producesspecialized programs
Palsberg/ Open
Sdchwartzbach
Palsberg he .
Palsberg/Schwartzbach b A top-down partial evaluator
well-annotatedness cannot go wrong
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