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Abstract

We prove that every A-term in normal form has one of Thatte’s partial
types.
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Partial types for the pure A-calculus [1] were introduced by Thatte in 1988
[5] as a way to type certain A-terms that are untypable in the simply-typed -
calculus. Any A-term that has a simple type also has a partial type. Moreover,
any A-term that has a partial type is strongly normalizing [6].

Type inference for partial types can be performed in cubic time, as demon-
strated by Kozen and Schwartzbach together with the present author [3]. Our
algorithm improved the exponential time algorithm of O’Keefe and Wand [4].

In this paper we prove that every A-term in normal form has a partial type.
This property is shared by few other type systems, one example being the simple
intersection types of Coppo and Giannini [2].

The set of partial types is defined by the grammar

t=Q|t—t
Partial types are ordered by < as follows:
1. t < Q for any t;
2. s —>t<s —=tifandonlyif & <sandt <t

Thus, partial types have a largest type 2 and involve the usual contravariant
rule for function types. Typical inclusions are ) — Q < Q and Q@ — Q < (2 —
Q) — Q. Intuitively, s < t allows a coercion from s to ¢ that forgets some type
structure. The type {2 contains only the information “well-typed”. O’Keefe and



Wand [4] have shown that < is a partial order. Note that there is no least partial
type, and that < is not well-founded.

Given a A-term E, the question of whether it has the partial type t can be
phrased using the judgement A - E : t, where A is a type environment, i.e., a
finite association of variables with partial types; if A+ E : t is derivable, then E
has the partial type t. There are four rules:

AFa:t (A(z)=1)

A[l‘<—t1] I_Eitg
AE (Ax.E) : t; — ty

A"Elit1—>t2 A}_Egitl
A"(ElEg)ItQ

AFE:t t<t
AFFE:t

The first three rules are those of type inference for simple types and the last rule
is that of subsumption.

As an example of a A-term that does not have a simple type but does have
a partial type, consider \f.(fK(fI)), where K = Ax.(A\y.x) and I = Az.z. This
A-term has partial type (2 — (2 — Q)) — Q but no simple type.

As an example of a A\-term that does not even have a partial type, consider
(Az.xzz)(Az.xx). Since this term is not strongly normalizing, it cannot have a par-
tial type. A direct proof of the untypability of (Ax.zz)(Az.zx) has been presented
by O’Keefe and Wand [4].

Definition 1 An occurrence of a subterm of a A-term F is said to be mazimal
in F if it is not the function part of an application in E. If F; is a subterm of
a A-term E, then the weight of E; in E is the greatest natural number in the
set {n | E1E,...E, is maximal in E'}. We use the convention that application
associates to the left. O

For example, the weight of f in Af.(fK(fI)) is 3.

Definition 2 If E is a A\-term, then Tr maps subterms and bound variables of
E to partial types as follows. If £’ is a subterm of E, then define Tg(E') = Q",
where n is the weight of E' in F, and where, for n > 0, the symbol Q" is
inductively defined by Q! = Q and Q"*! = Q — Q. If z is a bound variable in
E that does not occur otherwise in F, then define Tg(z) = Q. Finally, Ag is Tg
restricted to variables. O

For example, for E = \f.(fK(fI)), we get that Tg(f) = Q3.



Theorem 3 If E is a A\-term in normal form and E’ is a subterm of E, then
Ap b E' : Tg(FE') is derivable.

Proof. We proceed by induction in the structure of E’. In the base case,
consider x. Clearly, Ag F x : Tg(x) is derivable, since Ag(z) = Tr(z).

In the induction step, consider first Az.E”. By the induction hypothesis Ag F
E" : Tg(E") is derivable. Since Ap = Ag[r <« Tg(x)] we get that also Ag
(Ax.E") : Tg(x) — Tg(E") is derivable. Since F is in normal form, Az.E” is
maximal in £ and the weight of Az.E” in E is 1. Hence, Tg(Az.E") = Q >
Tg(x) — Tg(E"), so, using the subsumption rule, Ag = (Az.E") : Tg(Ax.E") is
derivable.

Consider then F1FE;. Let n be the weight of E; in E. Notice that n > 1 and
that E1 FEs has weight n—1 in E. By the induction hypothesis both Ag F E; : Q"
and Ag F FEy : Tp(Es) are derivable. Hence, using the subsumption rule, also
Ap b Ey : Q is derivable. Since Q" = Q — Q"' we get that Ap - (E1FE) :
Tg(E1Es) is derivable. ]

Corollary 4 FEvery A-term in normal form has a partial type.
Proof. Immediate from theorem 3. O
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