
A DenotationalSemantics of Inheritance
andits Correctness

William Cook
Apple Computer

20525Mariani Ave, 37 UP
Cupertino, CA 95014

WILLIAM@AppleLink.Apple.COM

JensPalsberg
Computer ScienceDepartment

Aarhus University
Ny Munkegade

DK-8000 Aarhus C, Denmark
palsberg@daimi.aau.dk

Abstract

This paper presents a denotational model of inheritance. The model
is basedon an intuitiv e motivation of inheritance as a mechanism for
deriving modi�ed versionsof recursive de�nitions. The correctnessof
the model is demonstrated by proving it equivalent to an operational
semantics of inheritance basedupon the method lookup algorithm of
object-oriented languages.

Information and Computation, 114(2):329{350,1994.
Also in Proc. Fourth ACM Conferenceon Object-Oriented Programming:

Systems,Languagesand Applications, New Orleans, October 1989, pages
433{443.

1



1 In tro duction

Inheritance is one of the central conceptsin object-oriented programming.
Despite its importance, there seemsto be a lack of consensuson the proper
way to describe inheritance. This is evident from the following review of
various formalizations of inheritance that have beenproposed.

The concept of pre�xing in Simula (Dahl and Nygaard, 1970), which
evolved into the modern conceptof inheritance, wasde�ned in terms of tex-
tual concatenationof program blocks. However, this de�nition wasinformal,
and only partially accounted for more sophisticatedaspectsof pre�xing like
the pseudo-variable this and virtual operations.

The most preciseand widely usedde�nition of inheritance is given by the
operational semantics of object-oriented languages. The canonical opera-
tional semantics is the \metho d lookup" algorithm of Smalltalk:

When a messageis sent, the methods in the receiver's class
are searched for one with a matching selector. If none is found,
the methods in that class'ssuperclassare searched next. The
search continuesup the superclasschain until a matching method
is found. : : :

When a method contains a messagewhosereceiver is self, the
search for the method for that messagebegins in the instance's
class, regardlessof which classcontains the method containing
self. : : :

When a messageis sent to super, the search for a method
: : : begins in the superclassof the classcontaining the method.
The use of super allows a method to accessmethods de�ned in
a superclasseven if the methods have been overridden in the
subclasses.(Goldberg and Robson,1983,pp. 61{64)

Unfortunately, such operational de�nitions do not necessarilyfoster intuitiv e
understanding. As a result, insight into the proper use and purpose of
inheritance is often gained only through an \Aha!" experience (Borning
and O'Shea,1987).

Cardelli (1984) identi�es inheritance with the subtype relation on record
types: \a record type � is a subtype (written � ) of a record type � 0 if � has
all the �elds of � 0, and possibly more, and the common�elds of � and � 0 are
in the � relation." His work shows that a sound type-checking algorithm
exists for strongly-typed, statically-scoped languageswith inheritance, but
it doesn't give their dynamic semantics.
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More recently, McAllister and Zabih (1987) suggested a system of
\b oolean classes"similar to inheritance as used in knowledge representa-
tion. Stein (1987) focusedon shared attributes and methods. Minsky and
Rozenshtein (1987) characterized inheritance by \la ws" regulating message
sending. Although they expressvarious aspectsof inheritance, noneof these
presentations areconvincing becausethey provide no veri�able evidencethat
the formal model corresponds to the form of inheritance actually used in
object-oriented programming.

This paper presents a denotational model of inheritance. The model is
based upon an intuitiv e explanation of the proper use and purposeof in-
heritance. It is well-known that inheritance is a mechanism for \di�eren tial
programming" by allowing a new classto be de�ned by incremental mod-
i�cation of an existing class. We show that self-referencecomplicates the
mechanism of incremental programming. In order for a derivation to have
the sameconceptual e�ect as direct modi�cation, self-referencein the orig-
inal de�nition must be changed to refer to the modi�ed de�nition. This
conceptual argument is useful for explaining the complex functionalit y of
the pseudovariables self and super in Smalltalk.

Although the model was originally developed to describe inheritance in
object-oriented languages,it shows that inheritance is a generalmechanism
that is applicable to any kind of recursive de�nition.

Essentially the sametechnical interpretation of inheritance wasdiscovered
independently by Reddy (1988). A closely related model was presented by
Kamin (1988). However, Kamin describesinheritance as a global operation
on programs, a formulation that blurs scope issuesand inheritance.

These duplications, by themselves, are evidence for the validit y of the
model. This paper provides, in addition, a formal proof that the inheritance
model is equivalent to the operational de�nition of inheritance quoted above.

Our denotational semantics of inheritance can be used as a basis for
semantics-directed compiler generation for object-oriented langauges, as
shown by Khoo and Sundaresh(1991).

In Section2 wedevelopan intuitiv emotivation of inheritance. In Section3
this intuition is formalized as a denotational model of inheritance. In Sec-
tion 4 we demonstrate the correctnessof the model by proving equivalence
of two semantics of object-oriented systems,one basedon the operational
model and the other basedupon the denotational model.
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2 Motiv ating Inheritance

Inheritance is a mechanism for di�eren tial, or incremental, programming.
Incremental programming is the construction of new program components
by specifying how they di�er from existing components. Incremental pro-
gramming may be achieved by text editing, but this approach hasa number
of obvious disadvantages. A more disciplined approach to incremental pro-
gramming is based upon using a form of \�lter" to modify the external
behavior of the original component. For example, to de�ne a modi�ed ver-
sion of a function one simply de�nes a new function that performs some
special computations and possibly calls the original function. This simple
form of derivation is illustrated in Figure 1, whereP is the original function,
M is the modi�cation, and the arrows represent invocation.

-client M - P

Figure 1: Derivation.

Incremental programming by explicit derivation is obviously more restric-
tiv e than text-editing; changescan be made either to the input passedto
the original module or the output it returns, but the way in which the orig-
inal works cannot be changed. Thus this form of derivation doesnot violate
encapsulation (Snyder, 1986): the original structure can be replaced with
an equivalent implementation and the derivation will have the samee�ect
(text-editing is inherently unencapsulated).

However, there is oneway in which this naive interpretation of derivation
is radically di�eren t from text-editing: in the treatment of self-referenceor
recursion in the original structure. Figure 2 illustrates a naive derivation
from a self-referential component.

-client M - P �

��6

Figure 2: Naive derivation from a recursive structure.
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Notice that the modi�cation only a�ects external clients of the function |
it doesnot modify the function's recursive calls. Thus naive derivation does
not represent a true modi�cation of the original component. To achieve the
e�ect of a true modi�cation of the original component, self-referencein the
original function must be changedto refer to the modi�cation, as illustrated
in Figure 3.

-client M - P �

��6

Figure 3: Inheritance.

This construction represents the essenceof inheritance: it is a mechanism
for deriving modi�ed versionsof recursive de�nitions.

3 A Mo del of Inheritance

This sectiondevelopsthe informal account of inheritance into a formal model
of inheritance in object-oriented languages.

3.1 Self-referen tial Ob jects

Manipulation of self-referenceis an essential feature of inheritance. Hence,
the �xed point semantics of recursive de�nitions, developed by Scott (1976),
provides the mathematical setting for the inheritance model. Intro duc-
tions to �xed point semantics are given by Stoy (1977), Gordon (1979),
and Schmidt (1986). The central theorem may be stated as follows.

Theorem 1 (Fixed Poin t) If D is a cpo and f 2 D ! D is continuous,
then there is a least x 2 D such that x = f (x). This x is called the least
�xed point of f , written f ix (f ). It is given by

F
n f n(? ).

Throughout, functions like f will be called generators.
The following exampleillustrates a �xed point semantics of self-referential

objects|essen tially the standard interpretation of mutually recursive pro-
cedures. The example involves a simple classof points given in Figure 4.
Points have x and y components to specify their location. The distFromOrig
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method computes their distance from the origin. closerToOrg is a method
that takesanother point object and returns true if the point is closerto the
origin than the other point, and false otherwise.

classPoint(a, b)
method x = a

method y = b

method distFromOrig =
sqrt(square(self.x)+ square(self.y))

method closerToOrg(p) =
(self.distFromOrig < p.distFromOrig)

Figure 4: The classPoint.

Objects are modeled as record values whose �elds represent meth-
ods (Reddy, 1988, Cardelli and Wegner, 1985). The notation f l 1 7!
v1; : : : ; ln 7! vn g represents a record associating the value vi with la-
bel l i . Recordsmay in turn be viewed as �nite functions from a domain of
labels to a heterogeneousdomain of values. Selection of the �eld l from a
record m is achieved by applying the record to the label: m:l or m(l).

ClassPoint is modeled as a generator MakeGenPoint(a;b), de�ned in Fig-
ure 5. MakeGenPoint takes the coordinates of the new point and returns a
generator, whose�xed point is a point.

MakeGenPoint(a;b) = � self:
f x 7! a;

y 7! b;
distFromOrig 7!

sqrt(self.x2 + self.y2);
closerToOrg 7!

� p : (self:distFromOrig< p:distFromOrig)
g

Figure 5: The generator associated with Point.
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A point (3; 4) is created as shown in Figure 6. The closerToOrg function
takesa singleargument which is assumedto be a point. Actually , all that is
required is that it be a record with a distFromOrig component, whosevalue
is a number.

p = �x( MakeGenPoint(3; 4))

= f x 7! 3;
y 7! 4;
distFromOrig 7! 5;
closerToOrg 7!

� p : (5 < p:distFromOrig)
g

Figure 6: A point at location (3,4).

3.2 Class Inheritance

Inheritance allows a new classto be de�ned by adding or replacing methods
in an existing class. In the following example, the Point classis inherited to
de�ne a classof circles. Circles have a radius and thus a di�eren t notion of
distancefrom the origin. The de�nition in Figure 7 givesonly the di�erences
betweencircles and points.

Inheritance is modeled as an operation on generators that yields a new
generator. There are three aspects to this process: (1) the addition or
replacement of methods, (2) the redirection of self-referencein the original
generator to refer to the modi�ed methods, and (3) the binding of super in
the modi�cation to refer to the original methods.

The modi�cations e�ected during classinheritance arenaturally expressed
as a record of methods to be combined with the inherited methods. The
new methods M and the original methods O are combined into a new record
M � O such that any method de�ned in M replaces the corresponding
method in O.

The modi�cations, however, arealsode�ned in terms of the original meth-
ods (via super). In addition, the modi�cations refer to the resulting structure
(via self). Thus a modi�cation is naturally expressedasa function of two ar-
guments, onerepresenting selfand the other representing super, that returns
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a record of locally de�ned methods. Such functions will be called wrappers.
A wrapper contains just the information in the subclass de�nition. The
wrapper for the subclassCircle is given in Figure 8.

classCircle(a,b, r) inherit Point(a, b)
method radius= r

method distFromOrig =
max(super.distFromOrig � self.radius,0)

Figure 7: The classCircle.

CircleWrapper = � a;b;r : � self: � super: f
f radius 7! r;

distFromOrig 7!
max(super.distFromOrig � self.radius,0)

g

Figure 8: The wrapper associated with Circle.

The appropriate operation on generatorsis wrapper application, which is
de�ned as follows.

� : (W rapp er � Generator ) ! Generator

W � G = � self: (W (self)(G(self))) � G(self)

For an illustration of wrapper application, seeFigure 9. A wrapper is applied
to a generator to produce a new generator by �rst distributing self to both
the wrapper and the original generator. Then the modi�cations de�ned
by the wrapper are applied to the original record de�nition to produce a
modi�cation record. This is then combined with the original record using
� .

The generator associated with the class Circle can now be de�ned by
wrapper application of CircleWrapper to MakeGenPoint, as shown in Fig-
ure 10. The �gure also shows an expansion of the expressioninto a form
that represents what one might write if circles had been de�ned without
using inheritance. Note that distFromOrig has changed in such a way that
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Figure 9: Wrapper application.

MakeGenCircle= � a;b;r : CircleWrapper(a;b;r ) � MakeGenPoint(a;b)
= � a;b;r : � self: (CircleWrapper(a;b;r; self)(MakeGenPoint(a;b;self))) �

MakeGenPoint(a;b;self)
= � a;b;r : � self:

f x 7! a;
y 7! b;
radius 7! r;
distFromOrig 7!

max(sqrt(self.x2 + self.y2) � self.radius,0);
closerToOrg 7!

� p : (self:distFromOrig < p:distFromOrig)
g

Figure 10: The generator associated with Circle.

closerToOrgusesthe notion of distancefor circles, instead of the original one
for points. Thus inheritance has achieved a consistent modi�cation of the
point class.

9



4 Correctness of the Mo del

To show the correctnessof the inheritance model, we prove that it is equiv-
alent to the de�nition of inheritance provided by the operational semantics
of an object-oriented language. We introduce method systems as a use-
ful framework in which to prove correctness. Two di�eren t semantics for
method systems are then de�ned, based on the operational and denota-
tional de�nitions of inheritance. Finally, we prove the equivalenceof the
two semantics.

4.1 Metho d Systems

Method systemsare a simple formalization of object-oriented programming
that support semantics based upon both the operational and the denota-
tional modelsof inheritance. Method systemsencompassonly thoseaspects
of object-oriented programming that are directly related to inheritance or
method determination. As such, many important aspects are omitted, in-
cluding instance variables, assignment, and object creation.

Method SystemDomains
Instances � 2 Instance
Classes � 2 Class
Messages m 2 Key
Primitiv es f 2 Primitiv e
Methods e 2 Exp ::= self j super j arg

j e1 m e2 j f (e1; : : : ; eq)

Method SystemOperations
class : Instance ! Class

parent : Class ! (Class + ?)
methods : Class ! Key ! (Exp + ?)

Figure 11: Syntactic domains and interconnections.

A method system may be understood as part of a snapshotof an object-
oriented system. It consistsof all the objects and relationships that exist
at a given point during execution of an object-oriented program. The basic
ontology for method systems includes instances, classes,and method de-
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scriptions, which are mappings from messagekeys to method expressions.
Each object is an instance of a class. Classeshave an associated method
description and may inherit methods from other classes. These (
at) do-
mains and their (monotone) interconnections are introduced in Figure 11.
Figure 12 illustrates a method system.

The syntax of method expressionsis de�ned by the Exp domain which
de�nes a restricted language used to implement the behavior of objects.
For simplicit y, methods all have exactly one argument, referencedby the
symbol arg within the body of the method. Self-referenceis denoted by the
symbol self, which may be returned as the value of a method, passedas
an actual argument, or sent additional messages.A subclassmethod may
invoke the previous de�nition of a rede�ned method with the expression
super. Message-passingis represented by the expressione1 m e2, in which
the messageconsisting of the key m and the argument e2 is sent to the
object e1. Finally, primitiv e values and computations are represented by
the expressionf (e1; : : : ; eq). If q = 0 then the primitiv e represents a
constant.

classgives the classof an instance. Every instance has exactly one class,
although a classmay have many instances.

parent de�nes the inheritance hierarchy, which is required to be a tree.
For any class� , the value of parent (� ) is the parent classof � , or else? ?

if � is the root. ? is a one-point domain consisting of only ? ?. The use of
(Class + ?) allows us to test monotonically whether a classis the root. Note
that + denotes \separated" sum, so that the elements of (Class + ?) are
(distinguished copiesof) the elements of Class, the element ? ?, and a new
bottom element. We omit the injections into sum domains; the meaning
of expressions,in particular ? ?, is always unambiguously implied by the
context.

methods speci�es the local method expressionsde�ned by a class. For
any class� and any messagekey m, the value of methods(� )m is either an
expressionor ? ? if � doesn't de�ne an expressionfor m. Let us assumethat
the root of the inheritance hierarchy doesn't de�ne any methods. Note that
inheritance allows instancesof a classto respond to more than the locally
de�ned methods.

In the following two sectionswe give the method system both a conven-
tional method lookup semantics and a denotational semantics. To do so
we need a notion of a program, and we choose the simplest possibleone.
Informally, it is \create an instance and send a messageto it". Both the
semantics give a denotation of such an instance; the denotation de�ne the
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Figure 12: A method system.

result of sendinga messageto the instance.

4.2 Metho d Lo okup Semantics

The method lookup semantics given in Figure 14 closely resembles the im-
plementation of method lookup in object-oriented languageslike Smalltalk
(Goldberg and Robson,1983). It is given in a denotational style due to the
abstract nature of method systems. A more traditional operational seman-
tics is not neededbecauseof the absenceof updatable storage.

The domains usedto represent the behavior an of instance are de�ned in
Figure 13. A behavior is a mapping from messagekeys to functions or ? ?.
This is clearly contrasted with the methods of a class,which are given by
a mapping from messagekeys to expressionsor ? ?. Thus a behavior is a
semantic entit y, while methodsaresyntactic. Another di�erence betweenthe
behavior of an instanceand its class'smethods is that the behavior contains
a function for every messagethe classhandles,while methods associate an
expressiononly with messagesthat are di�eren t from the class'sparent. In
the rest of this paper, ? (without subscript) denotesthe bottom element of
Beha vior .
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Semantic Domains
Num ber

� 2 Value = Beha vior + Num ber
� ; � 2 Beha vior = Key ! (Fun + ?)

� 2 Fun = Value ! Value

root : Class ! Bo olean
root(� ) = [� � 0 2 Class : false;

� v 2 ?: true
](parent (� ))

Figure 13: Semantic domains and root.

The semantics also usesan auxiliary function root, de�ned in Figure 13,
that determines whether a class is the root of the inheritance hierarchy.
Bo olean is the 
at three-point domain of truth values. [f ; g] denotesthe
caseanalysis of two functions f 2 D f ! D and g 2 Dg ! D with result in
the domain D , mapping x 2 D f + Dg to f (x) if x 2 D f or to g(x) if x 2 Dg.

Sending a messagem to an instance � is performed by looking up the
messagein the instance's class. The lookup processyields a function that
takesa messagekey and an actual argument and computesthe value of the
messagesend.

Performing messagem in a class � on behalf of an instance � involves
searching the sequenceof classparents until a method is found to handle
the message.This method is then evaluated. In lookup, the instance and
messageremain constant, while the classargument is recursively bound to
each of the parents in sequence.At each stagethere are two possibilities: (1)
the messagekey has an associated method expressionin class � , in which
case it is evaluated, and (2) the method is not de�ned, in which casea
recursive call is made to lookup after computing the parent of the class.
Note that when do is called from lookup, then the value of the argument �
is the classin which the method was found. This classneednot be the class
of the instance � , hence� is a separateargument to lookup so that it later
can be used in the semantics of self. The tail-recursion in lookup would be
replacedby iteration in a real interpreter.
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send: Instance ! Beha vior
send(� ) = lookup(class(� )) �

lookup : Class ! Instance ! Beha vior
lookup(� )� = � m 2 Key :

[� e 2 Exp : do[[ e]]��;
� v 2 ?: if root(� )

then ? ?
else lookup(parent (� )) �m

](methods(� )m)

do : Exp ! Instance ! Class ! Fun
do[[ self ]]�� = � � 2 Value : send(� )
do[[ super ]]�� = � � 2 Value : lookup(parent (� )) �
do[[ arg ]]�� = � � 2 Value : �
do[[ e1 m e2 ]]�� = � � 2 Value : (do[[ e1 ]]��� )m(do[[ e2 ]]��� )
do[[ f (e1; : : : ; eq) ]]�� =

� � 2 Value : (idf )(do[[ e1 ]]���; : : : ; do[[ eq ]]��� )

send - lookup

�

	

�
?

- do

�

	

�
?

� ��66

Figure 14: The method lookup semantics.

Evaluation of methods is complicatedby the needto interpret occurrences
of self and super. The do function has three extra arguments, besidesthe
expressionbeingevaluated: the original instance� that received the message
whosemethod is beingevaluated, the class� in which the method wasfound,
and an actual argument � . The expressionself evaluates to the behavior
of the original instance. The expressionsuper requires a continuation of
the method search starting from the superclassof the class in which the
method occurs. The expressionarg evaluates to � . The expressione1 m e2

evaluates to the result of applying the behavior of the object denoted by
e1 to m and the meaning of the argument e2. Finally, the semantics of
primitiv e values and computations is given using the operation id, which
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maps primitiv es to constants or functions. Since we omitted a detailed
description of Primitiv e, we also omit that of id.

For an illustration of the semantics of super, consider three classesA, B,
and C, where B inherits A, and C inherits B. Assumethat a method m is
de�ned in A, overridden in B, and simply inherited in C. Supposethat the
messagem is sent to an instance of A. Method lookup for m will yield the
method in B. Should this method send the messagem to super, however,
the method yielded will the one in A, not that in the superclassof C.

One important aspect of the method lookup semantics is that the func-
tions are mutually recursive, becausedo contains calls to sendand lookup.

4.3 Denotational Semantics

The denotational semantics basedon generator modi�cation given in Fig-
ure 16 usestwo additional domains representing behavior generators and
wrappers, de�ned in Figure 15. A formal de�nition of � is also given in
Figure 15.

The behavior of an instance is de�ned as the �xed point of the generator
associated with its class. The generator speci�es a self-referential behavior,
and its �xed point is that behavior. The generatorof the root classproduces
a behavior in which all messagesare unde�ned.

Generator Semantics Domains
Generator = Beha vior ! Beha vior

W rapp er = Beha vior ! Beha vior ! Beha vior

� : (Beha vior � Beha vior ) ! Beha vior
r1 � r2 = � m 2 Key : [� � 2 Fun : �;

� v 2 ?: r 2(m)
]r1(m)

Figure 15: Semantic domains and � .

The generator of a class that isn't the root is created by modifying the
generator of the class'sparent. The modi�cations to be made are found in
the wrapper of the class,which is a semantic entit y derived from the block of
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behave : Instance ! Beha vior
behave(� ) = �x( gen(class(� )))

gen: Class ! Generator
gen(� ) = if root(� )

then � � 2 Beha vior : � m 2 Key : ? ?

else wrap(� ) � gen(parent (� ))

wrap : Class ! W rapp er
wrap(� ) = � � 2 Beha vior : � � 2 Beha vior : � m 2 Key :

[� e 2 Exp : eval[[ e]]� �
� v 2 ?: ? ?

]methods(� )m

eval : Exp ! Beha vior ! Beha vior ! Fun
eval[[ self ]]� � = � � 2 Value : �
eval[[ super ]]� � = � � 2 Value : �
eval[[ arg ]]� � = � � 2 Value : �
eval[[ e1 m e2 ]]� � =

� � 2 Value : (eval[[ e1 ]]� � � )m(eval[[ e2 ]]� � � )
eval[[ f (e1; : : : ; eq) ]]� � =

� � 2 Value : (idf )(eval[[ e1 ]]� � �; : : : ; eval[[ eq ]]� � � )

behave - gen

�

	

�
?

- wrap - eval

�

	

�
?

Figure 16: The denotational semantics.

syntactic method expressionsde�ned by the class. Thesemodi�cations are
e�ected by the inheritance operator � . Recall that � : (1) distributes
a fresh self to both the wrapper and the parent generator, (2) applies the
wrapper to the parent generator to produce a modi�cation behavior, and
(3) combines the modi�cation and the parent behavior, using � .

The function wrap computes the wrapper of a classas a mapping from
messagesto the evaluation of the corresponding method, or to ? ?. A wrap-
per has two behavioral arguments, oneusedfor self-reference,and the other

16



for referenceto the parent behavior (i.e. the behavior being `wrapped').
These arguments may be understood as representing the behavior of self
and the behavior of super. In the de�nitions, the behavior for self is named
� and the one for super is named � .

A method is always evaluated in the context of a behavior for self (rep-
resented by � ) and super (represented by � ). The evaluation of the cor-
responding expressions,self and super, is therefore simple. The evaluation
of the other expressionsis essentially the same as in the method lookup
semantics.

Note that each of the functions in the denotational semantics is recursive
only within itself: there is no mutual recursion among the functions, except
that which is achieved by the explicit �xed point.

For illustration of the denotational semantics, let us brie
y reexaminethe
examplesin section 3. The meaning of classPoint(a,b) in �gure 4 is essen-
tially gen(Point(a,b)), called MakeGenPoint(a,b) in �gure 5. The meaning
of an instance of Point(a,b) is shown in �gure 6. The wrapper for the class
Circle(a,b,r)in �gure 7 is essentially wrap(Circle(a,b,r)), called CircleWrapper
in �gure 8. Finally, the generator associated with Circle(a,b,r) is essentially
gen(Circle(a,b,r)), called MakeGenCirclein �gure 10.

4.4 Equiv alence

The method lookup semantics and the denotational semantics are equivalent
becausethey assignthe samebehavior to an instance. This proposition is
captured by theorem 2.

Theorem 2 send= behave

In the proof of the theorem we use an \in termediate semantics" de�ned
in Figure 17 and inspired by the one usedby Mossesand Plotkin (1987) in
their proof of limiting completeness.The semantics usesn 2 Nat , the 
at
domain of natural numbers.

The intermediate semantics resembles the method lookup semantics but
di�ers in that each of the syntactic domainsof instances,classes,and expres-
sionshasa whole family of semantic equations,indexedby natural numbers.
The intuition behind the de�nition is that send0

n � allows (n� 1) evaluations
of self before it stops and gives ? . send0

n � is de�ned in terms of send0
n� 1�

via lookup0
n and do0

n becausethe self expressionevaluates to the result of
send0

n� 1� , which allows one lessevaluation of self. (The valuesof lookup0
0��

and do0
0[[ e]]�� are irrelevant; let them be ? and � � : ? .)
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send0 : Nat ! Instance ! Beha vior
send0

0(� ) = ?
if n > 0 then

send0
n (� ) = lookup0

n(class(� )) �

lookup0 : Nat ! Class ! Instance ! Beha vior
lookup0

0�� = ?
if n > 0 then

lookup0
n �� = � m 2 Key :

[� e 2 Exp : do0
n [[ e]]��;

� v 2 ?: if root(� )
then ? ?
else lookup0

n (parent (� )) � m
](methods(� )m)

do0 : Nat ! Exp ! Instance ! Class ! Fun
do0

0[[ e]]�� = � � 2 Value : ?
if n > 0 then

do0
n [[ self ]]�� = � � 2 Value : send0

n� 1�
do0

n [[ super ]]�� = � � 2 Value : lookup0
n (parent (� )) �

do0
n [[ arg ]]�� = � � 2 Value : �

do0
n [[ e1 m e2 ]]�� =

� � 2 Value : (do0
n [[ e1 ]]��� )m(do0

n [[ e2 ]]��� )
do0

n [[ f (e1; : : : ; eq) ]]�� =
� � 2 Value : (idf )(do0

n [[ e1 ]]���; : : : ; do0
n [[ eq ]]��� )

Figure 17: The intermediate semantics.

The following four lemmasstate useful properties of the intermediate se-
mantics. Here we only outline their proofs, leaving the full proofs to ap-
pendix A.

Lemma 1 If n > 0 then

do0
n [[ e]]�� = eval[[ e]](send0

n� 1� )( lookup0
n (parent (� )) � )

pr oof : By induction on the structure of e, using the de�nitions of do0 and
eval.
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Lemma 2 If n > 0 then

lookup0
n �� = gen(� )(send0

n� 1� )

pr oof : By induction on the number of ancestorsof � , using the de�nitions
of gen, � , � , and wrap, Lemma 1, and the de�nition of lookup0.

Lemma 3 send0
n � = (gen(class(� ))) n (? )

pr oof : By induction on n, using Lemma 2 and the de�nition of send0.

Lemma 4 send0, lookup0, and do0 are monotone functions of the natural
numbers with the usual ordering.

pr oof : Immediate from Lemma 1{3.

Lemma 4 expressesthat the family of send0
n 's is an increasing sequenceof

functions.

De�nition 1

interpret : Instance ! Beha vior
interpret =

F
n (send0

n)

The following three propositions expressthe relations among the method
lookup semantics, the intermediate semantics, and the denotational seman-
tics.

Prop osition 1 interpret = behave

pr oof : The following proof usesthe de�nition of interpret , Lemma 3, the
�xed point theorem, and the de�nition of behave. The �xed point theorem
is applicable sincegen(class(� )) is continuous (we omit the proof).

interpret (� ) =
F

n (send0
n (� ))

=
F

n (gen(class(� ))) n (? )
= �x (gen(class(� )))
= behave(� )

QED

Prop osition 2 sendw behave
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pr oof : The following facts have proofs analogousto those of Lemma 1{2
(we omit the proofs).

1. do[[ e]]�� = eval[[ e]](send(� ))( lookup(parent (� )) � )

2. lookup(� )� = gen(� )(send(� ))

From the de�nition of sendand the secondfact we get
send(� ) = lookup(class(� )) � = gen(class(� ))( send(� )). Hence send(� ) is
a �xed point of gen(class(� )). The de�nition of behave expressesthat
behave(� ) is the least �xed point of gen(class(� )); thus send(� ) w behave(� ).
QED

Prop osition 3 sendv interpret

pr oof : The functions de�ned in the method lookup semantics are mutually
recursive. Their meaning is the least �xed point of the generator g de�ned
in the obvious way, as outlined below.

D = (Instance ! Beha vior )

� (Class ! Instance ! Beha vior )

� (Exp ! Instance ! Class ! Fun )

Let g : D ! D be de�ned by

g(s; l ; d) = (� i 2 Instance : l(class(� )) �; : : : ; : : :)

The three components of g correspond to send, lookup, and do, and they
are de�ned similarly, except that they refer to each other instead of send,
lookup, and do. Now we can prove by induction on n that

gn (? D ) v (send0
n ; lookup0

n ; do0
n )

In the basecase,where n = 0, the inequality holds trivially . Then assume
that the inequality holds for (n� 1), wheren > 0. The following proof of the
induction step usesthe monotonicity of g (we omit the proof), the induction
hypothesis,and Lemma 4.

gn (? D ) = g(gn� 1(? D ))

v g(send0
n� 1; lookup0

n� 1; do0
n� 1)

v (send0
n ; lookup0

n ; do0
n )
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The following calculation usesthe �xed point theorem, which is applicable
sinceg is continuous (we omit the proof).

(send; lookup; do) = �x (g)
=

F
n gn (? D )

v
F

n (send0
n ; lookup0

n ; do0
n )

In particular, we have sendv
F

n (send0
n) = interpret .

QED

pr oof of Theorem 2: Combine Propositions 1{3. QED

5 Conclusion

A denotational semantics of inheritance waspresented, using a generalnota-
tion that is applicable to the analysis of di�eren t object-oriented languages
(Cook, 1989). The semantics was supported by an intuitiv e explanation of
inheritance asa mechanism for incremental programming that derivesmod-
i�ed versionsof recursive structures. An explanation of the binding of self-
and super-referencewas given at this conceptual level. To provide evidence
for the correctnessof the model, it wasproven equivalent to the most widely
acceptedde�nition of inheritance, the operational method lookup semantics
used in object-oriented languages.

In comparing the denotational semantics with the operational semantics,
the denotational one does not seemto be much simpler. It may even be
argued that it is a great deal more complex, becauseit requires an under-
standing of �xed points. The primary advantage of the denotational se-
mantics is the intuitiv e explanation it provides. It suggeststhat inheritance
may be useful for other kinds of recursive structures, like types and func-
tions, in addition to classes.It also revealsthat inheritance, while a natural
extension of existing mechanisms, doesprovide expressive power not found
in conventional languagesby allowing more 
exible use of the �xed point
function.
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App endix A: Pro ofs of Lemmas

In this appendix we give the full proofs of Lemmas 1{4. A summary of
de�nitions, except the three semantics, is given in appendix B.

pr oof of Lemma 1: Recall that we want to prove, for n > 0, that

do0
n [[ e]]�� = eval[[ e]](send0

n� 1� )( lookup0
n (parent (� )) � )

by induction on the structure of e. The basecaseis proved as follows.

do0
n [[ self ]]��� = send0

n� 1�

= eval[[ self ]](send0
n� 1� )( lookup0

n (parent (� )) � )�

do0
n [[ super ]]��� = lookup0

n(parent (� )) �

= eval[[ super ]](send0
n� 1� )( lookup0

n (parent (� )) � )�

do0
n [[ arg ]]��� = �

= eval[[ arg ]](send0
n� 1� )( lookup0

n (parent (� )) � )�

The induction step is proven below using the abbreviation � =
lookup0

n (parent (� )) � .

do0
n [[ e1 m e2 ]]��� = do0

n [[ e1 ]]��� m(do0
n [[ e2 ]]��� )

= eval[[ e1 ]](send0
n� 1� )� � m(eval[[ e2 ]](send0

n� 1� )� � )

= eval[[ e1 m e2 ]](send0
n� 1� )� �

do0
n [[ f (e1; : : : ; eq) ]]��� = (idf )(do0

n [[ e1 ]]���; : : : ; do0
n [[ eq ]]��� )

= (idf )(eval[[ e1 ]](send0
n� 1� )� �; : : : ;

eval[[ eq ]](send0
n� 1� )� � )

= eval[[ f (e1; : : : ; eq) ]](send0
n� 1� )� �

QED

pr oof of Lemma 2: Recall that we want to prove lookup0
n �� =

gen(� )(send0
n� 1� ), where n > 0, by induction on the number of ances-

tors of � . In the base case, where � is the root, both sides evaluate to
(� m 2 Key : ? ?) because� doesn't de�ne any methods. Then assumethat
the lemma holds for parent (� ). The proof of the induction step given be-
low usesthe de�nition of gen (root(� ) is false), the de�nition of � , the
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induction hypothesis, the de�nitions of � and wrap, the properties of case
analysis, Lemma 1, and the de�nition of lookup0 (root(� ) is false). Note
that we usethe abbreviation � = lookup0

n (parent (� )) � .

gen(� )(send0
n� 1� ) = (wrap(� ) � gen(parent (� )))( send0

n� 1� )

= (wrap(� )(send0
n� 1� )(gen(parent (� ))( send0

n� 1� )))

� (gen(parent (� ))( send0
n� 1� ))

= (wrap(� )(send0
n� 1� )� ) � �

= � m 2 Key : [� � 2 Fun : �;
� v 2 ?: � m

](wrap(� )(send0
n� 1� )� m)

= � m 2 Key : [� � 2 Fun : �;
� v 2 ?: � m

]([� e 2 Exp : eval[[ e]](send0
n� 1� )� ;

� v 2 ?: ? ?
](methods(� )m))

= � m 2 Key : [� e 2 Exp : eval[[ e]](send0
n� 1� )� ;

� v 2 ?: � m
](methods(� )m)

= � m 2 Key : [� e 2 Exp : do0
n [[ e]]��;

� v 2 ?: � m
](methods(� )m)

= lookup0
n(� )�

QED

pr oof of Lemma 3: Recall that we want to prove send0
n � =

(gen(class(� ))) n (? ) by induction on n. In the base case, where n = 0,
both sides evaluate to ? . Then assumethat the lemma holds for (n� 1),
where n > 0. The following proof of the induction step usesthe associa-
tivit y of function composition, the induction hypothesis,Lemma 2, and the
de�nition of send0.

(gen(class(� ))) n (? ) = gen(class(� ))(( gen(class(� ))) n� 1(? ))

= gen(class(� ))( send0
n� 1� )

= lookup0
n (class(� )) �

= send0
n �
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QED

pr oof of Lemma 4: We must prove that send0, lookup0, and do0 are
monotone functions of the natural numbers with the usual ordering. From
Lemma 3 it follows that send0 is monotone. Then, if n � m we have
lookup0

n �� = gen(� )(send0
n� 1� ) v gen(� )(send0

m� 1� ) = lookup0
m �� using

Lemma 2, that send0 is monotone, and Lemma 2 again. Finally, we can in
the sameway prove that do0 is monotone using Lemma 1, that send0 and
lookup0 are monotone, and Lemma 1 again. Note that we also use that
gen(� ) and eval[[ e]] are monotone (we omit the proof).
QED
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App endix B: Summary of De�nitions

� : (W rapp er � Generator ) ! Generator

W � G = � self: (W (self)(G(self))) � G(self)

Method SystemDomains
Instances � 2 Instance
Classes � 2 Class
Messages m 2 Key
Primitiv es f 2 Primitiv e
Methods e 2 Exp ::= self j super j arg

j e1 m e2 j f (e1; : : : ; eq)

Method SystemOperations
class : Instance ! Class

parent : Class ! (Class + ?)
methods : Class ! Key ! (Exp + ?)

Semantic Domains
Num ber

� 2 Value = Beha vior + Num ber
� ; � 2 Beha vior = Key ! (Fun + ?)

� 2 Fun = Value ! Value

root : Class ! Bo olean
root(� ) = [� � 0 2 Class : false;

� v 2 ?: true
](parent (� ))

Generator Semantics Domains
Generator = Beha vior ! Beha vior

W rapp er = Beha vior ! Beha vior ! Beha vior

� : (Beha vior � Beha vior ) ! Beha vior
r1 � r2 = � m 2 Key : [� � 2 Fun : �;

� v 2 ?: r 2(m)
]r1(m)
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