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Abstract

In a typed languagesuch as Java, inlining of virtual methods doesnot always pre-
serve typabilit y. The best known solution to this problem is to insert type casts,
which may hurt performance.This paper presents a solution that never hurts per-
formance. The solution is basedon a transformation that modi�es static type an-
notations and changessomevirtual calls into static calls, which can then be safely
inlined. The transformation is parameterisedby a 
o w analysis,and for any analysis
that satis�es certain conditions, the transformation is correct and idempotent. The
paper presents the transformation, the conditions on the 
o w analysis, and proves
the correctnessproperties in the context of a variant of Featherweight Java.
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1 In tro duction

1.1 Background

Behavior-preservingprogram transformations can changethe designor even
the languageof the programsthey transform. They are key to several parts of
the software engineeringprocess.Compilers,for example,transform programs
for e�ciency and to translate from high-level languagesto machine code.Soft-
ware engineersalso transform programsto improve the design,maintain the
program, or evolve the program towards new goals.In the context of object-
oriented software engineering,the whole area of refactoring [1] employs pro-
gramtransformationsto achieve its goalsof evolving softwareand in particular
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the designof the software. As such e�orts becomeincreasinglyambitious, so
doesthe amount of detail that must be attended to and the importanceof do-
ing the transformationscorrectly. Hencethere is an increasinginterest in tool
support for program transformation. Such tool support is challengingbecause
of new languagesand new languagefeatures.

Someof today's popular programminglanguages,including Java [2] and C++
[3], have static type systems.Java alsohasa bytecode languagewith a notion
of type soundness,basedon the conceptof bytecode veri�cation [4]. Transfor-
mations of programsin theselanguagesmust produceprogramsin theselan-
guagesthemselves,and in particular produceprogramsthat still typecheck|a
property called typabilit y preservation. In a similar sense,a number of recent
compilersusetyped intermediate languages(e.g., [5{8]) to obtain debugging
and optimisation bene�ts [5,9]. Such compilers also require transformations
that are typabilit y preservingwhentranslating from onetyped representation
to another.

One recent exampleof a typabilit y-preservingprogram transformation in the
context of software engineeringwas given by Tip, Kiezun, and Baumer [10].
They provided tool support for a transformation known as Extract Inter-
face/Superclassfor redirecting the accessto a classvia a newly createdinter-
face.This refactoring involvesthe updating of the typesof variables,method
parameters,method return types, and �eld types to make use of the newly
addedinterface.

1.2 The Problem

This paper is concernedwith a particular transformation, namely that of
inlining of dynamic method calls in a statically-typed object-oriented lan-
guage.Method inlining is standard in industrial-strength Java virtual ma-
chines, seefor example [11]. Method inlining is also useful for software en-
gineering and program maintenance; it is a standard refactoring operation
that is supported by interactive development environments such as IntelliJ
(seehttp://www.intellij.com ). In Java, all method calls are dynamic; they
are alsoknown as virtual calls. For comparison,C++ has both dynamic and
static calls. While there has beensubstantial previouswork on method inlin-
ing (e.g., [12,13]), the known approachesare either for an untyped language,
or have to rely on adding type casts or extra types. For example, consider
the following well-typed Java program. Note here that from the perspective
of preservingtype correctness,there is no major di�erence betweenworking
with Java sourcecode and working with Java bytecode.
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class B { // a code snippet:
B m() { return this; } B x = new C();

} x = x.m();
x = ((B)new C()).m();

class C extends B {
C f;
B m() {

return this.f;
}

}

Both of the method calls x.m() and ((B)new C()).m() have a unique target
method that is a small code fragment, so it makessenseto inline thesecalls.

In both cases,a compiler could inline by taking the body of mand replacing
this with the actual receiver expressionto get:

x = x.f; // does not type check
x = ((B)new C()).f // does not type check

Thesetwo assignments do not type check. The reasonis that while this in
classC has static type C, both x and (B)new C() have static type B. Hence,
both x.f and ((B)new C()).f will yield the compile-time error that there is
no f -�eld in either x or (B)new C() .

The problem can be solved by inserting type casts. In their Java compiler,
Wright et al. [7] insert typecasts(in the form of a typecaseexpression)of this
in all translated method bodies. Applying this idea to our exampleprogram
producesthe following declaration for method min classC:

B m() {
return ((C)this).f;

}

After inlining, the two assignments type check:

x = ((C)x).f; // type checks
x = ((C)((B)new C())).f; // type checks

A di�erent approach was taken by Gagnonet al. [14] who �rst compile Java
to a representation of Java bytecode in which variables do not have types,
then do the optimizations on that representation, and �nally infer types to
regainstatic type annotations.Gagnonet al. usea style of type inferencethat
combines a 
o w-basedstyle [15] with the types of methods that camefrom
the Java bytecode. Their results show that this works well for a substantial
suite of benchmark programs. In general,however, their algorithm for type
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inferencemay fail, and in such casesthey revert to inserting type casts.

A related approach, which does not require type casts at all, is to add new
types to the program. Knoblock and Rehof [16] demonstrated how to add
types in a way such that type inferencewill succeedfor all veri�able Java
bytecode programs.

In general,inserting type castsmay hurt performance,and adding new types
may not be acceptable.Sincethesetype castsand extra typesare not added
in the untyped setting, they are there just for the purposesof satisfying the
type system. It is intellectually unsatisfying that we cannot just usethe un-
typed techniques. Until now, it has remained an open problem to devisea
scheme for supporting typabilit y-preserving method inlining in a way that
doesnot require the insertion of type castsor extra types.This paper solves
the problem.

1.3 Our Approach

The coreof the problem is an instanceof what we call type rot. Perfectly �ne
type annotations somehow \rot" during a step of method inlining. Beforethe
transformation, the program type checks, but after the transformation, the
sametype annotationsare suddenlyno good. This observation leadsus to the
following insight:

Insigh t 1: For method inlining, transforming statements and expressions
is insu�cien t; we must alsotransform the type annotations and type casts.

For the code snippet in Section1.2, the type of x is B, even though the more
precisetypeCcouldalsobeused.Similarly, the castto Bcouldaswell bea cast
to C. Thus, we cantransform the typesin a way that preserveswell-typedness:

C x = new C(); // the type of x has been changed to C
x = x.m();
x = ((C)new C()).m(); // the type cast has been changed to C

Inlining then producesthe following well-typed code snippet:

C x = new C();
x = x.f; // type checks
x = ((C)new C()).f; // type checks

Notice that for the example, the type transformation does not change the
behavior of the program, and, hence,performanceis not a�ected.
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To ensurethat our type transformation preserveswell-typedness,it is designed
carefully in the following way. Each typeannotation and typecaseis either left
unchangedor is changedto a subtype. For the example,such type transfor-
mation is su�cien t to enabletype-safemethod inlining. However, this is not
always the case.In Section5, we present an examplewith a method call that
has a unique receiver but whereno type transformation can enabletype-safe
method inlining.

The centerpieceof our approach is showing that type transformation can be
automated and can enablea large number of inlinings.

1.4 Our Result

We present an approach to typabilit y-preservingmethod inlining that never
hurts performanceand does not require the insertion of type casts or new
types.Our approach has three components:

(1) T yp e transformation: We change some type annotations and type
caststo be more precise.

(2) Devirtualisation: If a dynamic call hasa unique target, then it can be
devirtualised, that is, changedto a static call.

(3) Inlining: We inline the static calls.

Notice that we view devirtualisation and inlining as two separatecompo-
nents. As in previous work, a dynamic method call e.m(e1,...,e n ) can
be transformed to a static call e.D::m(e 1,...,e n ) if all the objects that
e could evaluate to are instancesof classesthat inherit mfrom a �xed classD.
(The expressione.D::m(e 1,...,e n ) invokesD's versionof mon e with argu-
ments e1 through en .) The static call e.D::m(e 1, ..., en ) can be inlined to
e0f this ; x1; : : : ; xn := e; e1; : : : ; eng where D has method mwith body e0 and
parametersx1 through xn . Inlining of a static call is nothing other than ap-
plying a nonstandardreduction rule at compiletime, and it is straightforward
to show that the rule is typabilit y preserving.

So, the main di�cult y is to do type transformation and devirtualisation in a
typabilit y-preservingmanner.For both of them, a compiler needsinformation
that can drive the transformations. In the caseof devirtualisation, a standard
approach is 
ow-dir ected devirtualisation. The idea is to usea static program
analysis,known as
o w analysis,which approximates the resultsof evaluating
expressions.For each expression,it determinesa set of classessuch that every
possible result of evaluating the expressionis an instance of one of those
classes.Basedon such information, a compiler can easily determine whether
a dynamic call hasa unique target.
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The setof classescomputedby a 
o w analysisis easilytransformedinto a Java
type. In particular, the least upper bound of the set, if it exists, can replace
the old type annotation. If a least upper bound does not exists, such as for
multiple extensionsof interfaces,we can fall back to the old static type. We
call this 
ow-dir ected type transformation.

For our exampleprogram in Section 1.2, the best 
o w set for both receiver
expressionsin the program is f Cg, and the least upper bound for this set is C.
Therefore the program transforms into the one shown in Section1.3; it type
checks.

Given that we cando both type transformation and devirtualisation in a 
o w-
directed manner,we are led to our secondkey insight:

Insigh t 2: Type transformation and devirtualisation should be done to-
gether.

The idea is to do a single
o w analysisand then do both of the type transfor-
mation and the devirtualisation basedon the same
o w information. While,
in theory, one can imagine the useof two 
o w analyses,it makessensefor a
compiler to do just one.

Not all 
o w analysesenabletype-safemethod inlining in the style above. How-
ever, we give su�cien t conditions on a 
o w analysisfor ensuringcorrectness.
We will present the transformation, the conditions on the 
o w analysis,and
provethe correctnessproperties;all in the context of a variant of Featherweight
Java. It is straightforward to extend our approach to full Java. (Students at
Purdue have implemented our ideasfor the full Java Virtual Machine.)

Becausethe 
o w analysis is used for 
o w-directed type transformation, it
is crucial to align the 
o w analysiswith the type system.There are several
aspectsof Java's type systemthat leadto unusualconditionson the 
o w anal-
ysis. One exampleis Java's lack of a bottom type, leading to a nonemptyness
condition on 
o w sets.Another exampleis that the Java type systemallows
the useof subtyping in someplacesbut not in others.Oneof the insights from
previous work on aligning 
o w analysisand type systems[17{20,16] is that
subsetconstraints correspond to subtyping, while equality constraints corre-
spond to \no nontrivial subtyping," that is, typesare related only if they are
equal.The consequenceis that a 
o w analysesmust satisfy subsetconstraints
in someplacesand equality constraints in others (see[21,22]for examplesof
subsetconstraints and [23] for an exampleof equality constraints and another
exampleof the mixed useof subsetand equality constraints).

Note that our transformation is basedon a 
o w analysis which is a whole-
program analysis.Hence,our transformation is a whole-programtransforma-
tion. By making suitable conservative assumptionsit could be usedto trans-
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form separateprogram fragments. How e�ective this might be is beyond the
scope of this paper. More recent work [24] has extendedour ideas to a dy-
namic classloading environment with a just-in-time compiler. Note also that
our 
o w analysesare context insensitive and we leave context-sensitive 
o w
analysesto future work.

The following section presents our variant of Featherweight Java, Section 3
presents the constraints 
o w analysesmust satisfy, Section 4 presents the
program transformation, and Section5 discussessomeexamples.The proofs
of the correctnesstheoremsare presented in three appendices.

2 The Language

Weformaliseour resultsin Featherweight Java [25](FJ) extendedwith a static
call construct, a languagewecall FJS. The languageand its presentation follow
the original FJ paper ascloselyaspossible.

As in FJ, an FJS program is a list of classde�nitions and an expressionto
be evaluated. Each classde�nition is in a stylised form. Every classextends
another; top-level classesextendObject . Every classhasexactly oneconstruc-
tor. This constructor hasoneparameterfor each of the �elds of the class,with
the samenamesand in the sameorder. It �rst calls the superclassconstructor
with the parametersthat correspond to the superclass's�elds. Then it usesthe
remainingparametersto initialise the �elds declaredin the class.Constructors
are the only placewheresuper or = appear in an FJSprogram. The receiver
of a �eld accessor method call is always explicit; this is usedto refer to an
object's �elds and methods. FJSis functional, soa method body consistsjust
of a return statement with an expressionand there is no void type. There
are just six forms of expressions:variables, �eld access,object constructors,
dynamic casts,dynamic method call, and static method call. Although FJS
does not have super, static method call can be used to call a superclass's
methods. The remainderof this sectionformalisesthe language.

2.1 Syntax and Semantics

The syntax of FJSis:

P ::= ( CD,e)

CD ::= class C extends C { C f ` ; K M}
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K ::= C(C f) {super( f ); this. f = f;}

M ::= C m(C x` ) {return ` e;}

e ::= x` j e.f ` j neẁ C(e) j (C) ` e j e.m(e) ` j e.C::m( e) `

The metavariables A, B, C, D, and E range over classnames;f and g range
over �eld names; m ranges over method names; x ranges over variables; d
and e rangeover expressions;Mrangesover method de�nitions; K rangesover
constructors; CDrangesover classde�nitions; and P rangesover programs.
Object is a class name, but no program may give it a de�nition; this is
a variable, but no program may use it as a parameter. The over bar no-
tation denotessequences,so f abbreviatesf 1, ..., f n . This notation also
denotespairs of sequencesin an obvious way| C f ` abbreviatesC1 f `1

1 , ...,
Cn f `n

n , C f ` ; abbreviatesC1 f `1
1 ; � � � ; Cn f `n

n ; , and this. f =f abbreviates
this.f 1=f 1; � � � ; this.f n =f n . The empty sequenceis � , and comma con-
catenatessequences.Sequencesof classde�nitions, �eld declarations,method
de�nitions, and parameterdeclarationsmay not contain duplicate names.We
abusenotation andconsidera sequenceof classde�nitions to alsobea mapping
from classnamesto classde�nitions, and write CD(C) to meanthe de�nition
of C under the map corresponding to CD. Any classname C except Object
appearing in a program must be given a de�nition by that program, and the
extends clausesof a program must be acyclic.

Class de�nition class C extends D { E f ` ; K M} declaresclass C to be a
subclassof D. In addition to the �elds of its superclass,Chas�elds f ` of typesE.
K is the constructor for the class,and it hasthe stylised form described above.
Mare the methods declaredby C, they may be new methods or may override
thoseof D. Calso inherits all methods of D that it doesnot override. Method
declaration C m(D x` ) {return ` e;} declaresa method mwith return type C,
with parametersx` of typesD, and that when invoked evaluatesexpressione
and returns it as the result of the call.

As mentioned above, there are six forms of expression:variablesx, �eld selec-
tion e.f ` , object constructorsneẁ C(e) , casts(C) ` e, dynamic method calls
e.m(d) ` , and static method calls e.C::m( d) ` . The latter invokes C's version
of method mon object e, which should be in Cor oneof its subclasses.

Metavariable ` rangesover a set of labels.Such a label is used,for example,in
C f ` to label the �eld f . Notice that there is a label associated with all expres-
sions,�elds, method returns, and formal arguments; theselabelsare assumed
to be unique. For a program P, labels(P) denotesthe set of labels usedin P.
To simplify the technical de�nitions later, all the �eld namesand argument
namesmust be distinct. Furthermore, the label on any variable occurrence
must be the sameas the label on its declaration, and any two occurrencesof
this in a classmust have the samelabel. Any well-typed program can easily

8



Field Lo okup:

�elds (CD; Object ) = �
(1)

CD(C) = class C extends C0 { D2 f ` ; K M} �elds (CD; C0) = D1 g
�elds (CD; C) = D1 g; D2 f

(2)

Metho d T yp e Lo okup:

CD(C) = class C extends C0 { D f `1 ; K M}

B0 m(B x`2 ) {return ` e;} 2 M

mtype(CD; C; m) = B! B0
(3)

CD(C) = class C extends C0 { D f ` ; K M} mnot de�ned in M
mtype(CD; C; m) = mtype(CD; C0; m)

(4)

Metho d Bo dy Lo okup:

CD(C) = class C extends C0 { D f `1 ; K M}

B0 m(B x`2 ) {return ` e;} 2 M

mbody(CD; C; m) = (`; x; e)
(5)

CD(C) = class C extends C0 { D f `1 ; K M} mnot de�ned in M
mbody(CD; C; m) = mbody(CD; C0; m)

(6)

Class of Metho d Lo okup:

CD(C) = class C extends C0 { D f `1 ; K M}

B0 m(B x`2 ) {return ` e;} 2 M

impl (CD; C; m) = C::m
(7)

CD(C) = class C extends C0 { D f `1 ; K M} mnot de�ned in M
impl (CD; C; m) = impl (CD; C0; m)

(8)

Valid Metho d Overriding:

mtype(CD; D; m) = E! E0 implies C= E and C0 = E0

can-declare(CD; D; m; C! C0)
(9)

Fig. 1. Auxiliary De�nitions

be transformed to satisfy theseconditions. Function lab maps an expression,
a �eld name,or an argument nameto its label.

Someauxiliary de�nitions that are used in the rest of the paper appear in
Figure 1. Unlike FJ, we do not make the list of classdeclarationsglobal, but
have them appear explicitly asparametersto functions, predicates,and rules.
Function �elds (CD; C) returns a list of C's �elds and their types;mtype(CD; C; m)
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�elds (CD; C) = D f
( CD,Xhneẁ1 C(e).f i

`2 i ) 7! ( CD,Xhei i )
(10)

CD̀ C<: D
( CD,Xh(D) `1 neẁ2 C(e) i ) 7! ( CD,Xhneẁ2 C(e) i )

(11)

mbody(CD; C; m) = (`; x; e0)
( CD,Xhneẁ1 C(e).m( d) `2 i ) 7! ( CD,Xhe0f this ; x := neẁ1 C(e) ; dgi )

(12)

mbody(CD; D; m) = (`; x; e0)
( CD,Xhneẁ1 C(e).D::m( d) `2 i ) 7! ( CD,Xhe0f this ; x := neẁ1 C(e) ; dgi )

(13)

Fig. 2. Operational Semantics

returns the type of method m in class C, this type has the form D ! D0

where D0 is the return type and D are the argument types; mbody(CD; C; m)
returns the body of method min classC, this has the form (`; x; e) where `
is the label of the return statement, e is the expressionto evaluate, and x
are the parameter names;impl (CD; C; m) returns the classfrom which classC
inherits method m(this might be C itself if C declaresm), this has the form
D::m whereDis the class.Predicatecan-declare(CD; D; m; C! C0) is true when
method mof type C ! C0 may be declaredin a subclassof D. It checks that
if D declaresor inherits mthen it has the sametype, as required by Java's
type system. The more general rule with contravariant argument types and
covariant result typescould be used,and the results of this paper would still
hold (the de�nition of acceptable
o w would changeslightly). Notice that the
de�nition of can-declare(CD; D; m; C! C0) usesan implication rather than, say,
a conjunction. This is becausethe de�nition capturesboth the casewhereno
method mwasdeclaredin Dor a superclassof Dand the casewherea method
mwas indeeddeclaredin Dor a superclassof D.

The operational semantics of the languageappear in Figure 2. Metavariable X
rangesover evaluation contexts, which are expressionswith exactly onehole;
Xhei denotesthe expressionformedby replacingthe holein Xby the expression
e. Unlike FJ, in addition to making the list of classdeclarationsexplicit in the
rules we make the evaluation context explicit aswell.

Becausethe languageis functional and each classhasexactly oneconstructor
of a particular form, the valuesof the language,which are all objects, can be
represented using object constructorsneẁ C(e) . Field accessreducesto the
appropriateelement of e. The cast(C) `1 neẁ2 D(e) reducesto the object neẁ2

D(e) if Dis a subclassof C. If Dis not a subclassof Cthen the cast is irreducible
representing that the cast fails as a checked run-time error. The method call
neẁ1 C(e).m( d) `2 reducesto the method body e0 with the actual parameters
d substituted for the formal parametersx and the object neẁ1 C(e) substi-
tuted for this . The method body and formal parametersare obtained by
looking up the method min classC, mbody(CD; C; m) = (`; x; e0). Static method
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call neẁ1 C(e).D::m( d) ` reducessimilarly except that the method is looked
up in D not C. Note that this method lookup can be done at compile time
and a static method call can be implemented as a direct call rather than an
indirect call through a method table.

An irreducible expressionis stuck if it is of the form Xhe:f ` i , Xhe:m(d)` i , or
Xhe.D::m( d) ` i . The type system prevents stuck expressionsfrom occurring
during executionof a program (seeTheorem 1). Irreducible expressionsthat
are not stuck are of the form v::=new ` C(v) or Xh(C) `1 neẁ2 D(e) i whereD
is not a subclassof C; the former represents normal termination with a fully
evaluated object, the latter represents a failed cast.

2.2 Type System

The type systemconsistsof the following judgements:

Judgement Meaning

CD̀ C<: D Cis a subtype of D

CD; � ` e 2 C e is well formed and of type C

CD̀ MOK in C Mis well formed in classC

CD̀ CDOK CDis well formed

` P2 C P is well formed and of type C

A typing context � has the form x: C where there are no duplicate variable
names.The only types are the namesof classes,and such a type includes
all instancesof that classand its subclasses.The rules appear in Figure 3.
The bar notation denotessequencesof typing judgements, so CD; � ` e 2 C
abbreviatesCD; � ` e1 2 C1, . . . , CD; � ` en 2 Cn .

The rules for constructorsand method call check that each actual parameter
has a subtype of the corresponding formal parameter. The typing rule for
dynamic method call looks up the type of the method in the class of the
receiver. The typing rule for static method call e.D::m( d) ` requires that e
has some subtype of D and looks up the type of the method in D. As in
FJ, the typing rules allow stupid casts, such as (C) `1 neẁ2 D(e) where D is
not a subclass of C and the cast will always fail. Allowing stupid casts is
neededto prove type preservation. Unlike FJ, FJShasonly onerule for casts,
which just requiresthe expressionbeing cast to have sometype. This rule is
equivalent to FJ's threerulesexceptthat it doesnot issuestupid-castwarnings.
The type systemis sound, that is, well-typed programsnever get stuck. This
fact is stated in the following theorem, which can be proved by standard
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Subt yping:

CD̀ C<: C
(14)

CD̀ C<: D CD̀ D<: E
CD̀ C<: E

(15)

CD(C) = class C extends D {...}
CD̀ C<: D

(16)

Expression T yping:

CD; � ` x` 2 �( x)
(17)

CD; � ` e0 2 C0 �elds (CD; C0) = C f
CD; � ` e0:f `

i 2 Ci
(18)

�elds (CD; C) = D f CD; � ` e 2 E CD̀ E<: D
CD; � ` neẁ C(e) 2 C

(19)

CD; � ` e0 2 D
CD; � ` (C)`e0 2 C

(20)

CD; � ` e0 2 C0 mtype(CD; C0; m) = B! C CD; � ` e 2 E CD̀ E<: B
CD; � ` e0:m(e)` 2 C

(21)

CD; � ` e0 2 C0 CD̀ C0 <: D

mtype(CD; D; m) = B! C

CD; � ` e 2 E CD̀ E<: B

CD; � ` e0.D::m( e) ` 2 C
(22)

Metho d T yping:

CD; this : D; x : C` e0 2 E0 CD̀ E0 <: C0

CD(C) = class D extends D0 {...} can-declare(CD; D0; m; C! C0)

CD̀ C0 m(C x` ) {return ` e0;} OK in D
(23)

Class T yping:

CD̀ MOK in C

�elds (CD; C0) = D1 g

K= C(D1 g, D2 f) {super( g); this. f =f ;}

CD̀ class C extends C0 { D2 f ` ; K M} OK
(24)

Program T yping:
CD̀ CDOK CD; � ` e 2 C

` ( CD,e) 2 C
(25)

Fig. 3. Typing Rules
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methods [26,27,25].

Theorem 1 (T yp e Soundness) If ` P 2 C then P does not reduce to a
program with a stuck expression.

The rules are syntax directed, with the exceptionof the rules for subtyping.
So, disregardingthe details of how subtyping judgments are derived, for any
program there is exactly one derivation possible.Thus for a program P and
any `, which can be the label of a �eld, method parameter,method return, or
expressionappearing in P, there is a uniquely determinedstatic type for the
program point labeled`, written static-type(`; P).

3 Flo w Analysis

A 
o w analysis approximates the results of evaluating expressions.In our
setting, 
o w information for an expressionis a set of classessuch that the
expressionwill evaluate to an instanceof oneof thoseclasses.

For a program P, classes(P) denotes the set of class namesdeclared in P,

ow (P) is the powersetof classes(P); elements of 
ow (P) are called 
o ws. The
setsubclasses(P; C) is the setof subclassesof C(including C). Flow information
for P is a member of 
ow-information (P) = labels(P) ! 
ow (P)|it associates
a 
o w with each expression,�eld, method parameter, and method return.
MetavariablesS and T rangeover 
ow (P), ' rangesover 
ow-information (P).
We order 
ow-information (P) such that ' 1 � ' 2 if and only if ' 1(`) � ' 2(`)
for every ` 2 labels(P). In 
ow-information (P), the least element is �`: ; and
the greatestelement is �`: classes(P).

Somemembers of 
ow-information (P) are not valid approximations of the
results of evaluating expressionsin P and do not support our program trans-
formation. The 
o w analyseswith the desiredpropertiesare the onesthat are
both acceptableand type respecting. (The term \t ype respecting" was coined
by Jagannathanet al. [28].) Intuitiv ely, an acceptableanalysiscontains sets
that arebig enough,in that it correctly approximatesthe resultsof evaluating
expressions.A type-respecting analysiscontains sets that are small enough,
in that it is at least as preciseas the static type system, that is, each 
o w
only contains classesthat are subclassesof the corresponding static type. For
a program P, we de�ne:

acceptable(P) = f ' 2 
ow-information (P) j
' satis�es the conditions listed in Figure 4 g
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type-respecting(P) = f ' 2 
ow-information (P) j
8` 2 labels(P) :
' (`) � subclasses(P; static-type(`; P)) g


ow-analysis(P) = acceptable(P) \ type-respecting(P):

The conditions in Figure 4 for a 
o w analysisto be acceptableare somewhat
unusual. The designof thoseconditions is in
uenced by the way the program
transformation will use 
o w information to change type annotations: for a
program point with label `, the transformation usesthe least upper bound of
' (`), written t ' (`), as the new type annotation. With that in mind, here is
a closerlook at the rules in Figure 4.

Rules (26){(37) are related to one way of specifying 0-CFA [15,22,19].The
unusual aspect of them is that they are a mixture of subsetconstraints [22]
and equality constraints [19]. If the sole purpose were to approximate the
results of evaluating expressions,then all of the equality constraints can be
relaxed to be subsetconstraints; the result would be 0-CFA. The reasonfor
using equality constraints in somecasesis to align the 
o w analysiswith the
type system.The type systemdoesnot have a generalsubsumptionrule that
allows subtyping to be usedeverywhere.Rather, in the type rules in Figure 3,
subtyping is usedin four places:Rule (19) for new-expressions,Rule (21) for
calls, Rule (22) for static calls, and Rule (23) for method typing. In each
case,there is a subsetconstraint in the corresponding rule for acceptable
o w
analysesin Figure 4: Rule (27) for new-expressions,Rule (30) for dynamic
method calls, Rule (33) for static method calls, and Rule (37) for method
typing. In contrast, Rule (18) for �eld selectionrequiresthe type of the �eld to
equal the type of the �eld-selection expression;this is matchedby the equality
constraint in Rule (26). A similar comment applies to Rules (31) and (34).
If there werea generalsubsumptionrule, then that would allow subtyping to
be used in the three mentioned caseswhere it is not allowed in the current
de�nition of Java.

Rules (29), (32), and (35) have no direct counterparts in the type system
and are neededto ensurethat the 
o w analysisapproximates the results of
evaluating expressions.Speci�cally, Rule (29) modelsthat a typecastto Conly
can be an object of Cor a subclassof C, while Rule (32) and Rule (35) model
that a receiver expressionwill becomethe this -object in the body of the called
method. In Rule (32), the intersection with subclasses(P; D) ensuresthat the

o w set for the this variable will only contain elements of subclasses(P; D).
This intersectionis correct,becauseobjectsof other classeswill havea di�erent
implementation of mthan D::m, so will not 
o w to `00; it is neededbecause
Rule (23) requiresthis to have type D. In contrast, such an intersectionis not
neededin Rule (35) becauseRule (22) guaranteesthat the receiver expression
hasa type that is a subtype of the classthat de�nes the called method.
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Rule (36) is rather conservative: it says that the this object always can be
an object of the class in which this occurs. The rule is neededbecauseof
Rule (23) for method typing, which assertsthat this has type C. Finally,
Rules (38) and (39) ensurethat the signature of a method and the signature
of an overriding method are the same.First, notice that Rule (40) ensures
that leastupper boundsareof a nonempty set.This rule is not neededonly to
ensurethat least upper boundsexist, and is not a rule in most 
o w analyses.

A variant of ClassHierarchy Analysis [12] (CHA) can be de�ned as follows:

CHA(P) = �`: subclasses(P; static-type(`; P)):

It is straightforward to show that CHA(P) is the coarsest
o w analysisof P,
as stated in the following theorem.

Theorem 2 (CHA) CHA(P) is the greatest elementof 
ow-analysis(P).

Note that 
ow-analysis(P) does not have a least element. This is due to
Rule (40) that requiresall 
o ws to be nonempty. Without it, 
ow-analysis(P)
always has a least element. This is becauseconstraints of the forms used in
Rules (26){(39) always have a least solution [15]. The least solution can be
found in O(n3) time wheren is the sizeof the program from which the con-
straints were generated.

If Java had a bottom type, then this type could be usedas the least upper
bound of the empty set and Rule (40) would not be needed.Furthermore,

ow-analysis(P) would be a meet semilattice with both a greatest and least
element. However, Java does not have a bottom type, so we have kept this
constraint.

The property of being a 
o w analysis is preserved during computation, as
stated in the following theorem,which is proved in Appendix A. (Palsberg [22]
proved a similar result for the � -calculus.)

Theorem 3 (Flo w Preserv ation) If ' 2 
ow-analysis(P1) and P1 7! P2,
then ' 2 
ow-analysis(P2) (technically ' restricted to the labels of P2).

It is straightforward to computeCHA(P). However, sinceCHA(P) is the great-
est element of 
ow-analysis(P), it is the most conservative choiceof 
o w anal-
ysis and will lead to the least number of inlinings. This raisesthe question
of whether other polynomial-time algorithms could do better. The main di�-
culty is that 
ow-analysis(P) doesnot have a least element, so there is not a
unique best choiceof 
o w analysisthat improveson CHA(P).

To illustrate that indeedthere is a better polynomial time algorithm, we now
de�ne a 
o w analysiswith mixed constraints and nonempty sets;the analysis
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� for each e.f ` in P: ' (lab(f )) = ' (`) (26)

� for each neẁ C(e) in P, where�elds (CD; C) = D f :

' (lab(e)) � ' (lab(f )) (27)
C2 ' (`) (28)

� for each (C) ` e in P:

' (lab(e)) \ subclasses(P; C) � ' (`) (29)

� for each e.m(d) ` in Pandeach classCin P, wherembody(CD; C; m) = (`0; x; e0),
impl (CD; C; m) = D::m, and `00is the label for D's this occurrences:

C2 ' (lab(e)) ) ' (lab(d)) � ' (lab(x)) (30)
C2 ' (lab(e)) ) ' (`0) = ' (`) (31)
C2 ' (lab(e)) ) ' (lab(e)) \ subclasses(P; D) � ' (`00) (32)

� for each e.C::m( d) ` in P, wherembody(CD; C; m) = (`0; x; e0), impl (CD; C; m) =
D::m, and `00is the label for D's this occurrences

' (lab(d)) � ' (lab(x)) (33)
' (`0) = ' (`) (34)

' (lab(e)) � ' (`00) (35)

� for each classCin P, where` is the label for C's this occurrences:

C2 ' (`) (36)

� for each method in P, with body {return ` e0;}

' (lab(e0)) � ' (`) (37)

� for each method namemdeclaredor inherited in classCof P, if

CD(C) = class C extends C0 { D f; K M}
mbody(CD; C; m) = (`1; x1; e1)

mbody(CD; C0; m) = (`2; x2; e2)

then

' (lab(x1)) = ' (lab(x2)) (38)
' (`1) = ' (`2) (39)

� for each ` 2 labels(P): ' (`) 6= ; (40)

Fig. 4. Requirements for an acceptable
o w analyses' of a program P= ( CD,e) .
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is called MN(P) (for Mixed and Nonempty). First, the notion of lifting a 
o w
analysisis:

lift (' ) : 
ow-information (P) ! 
ow-information (P)

lift (' ) = �`:

8
><

>:

' (`) if t ' (`) exists

f static-type(`; P) g otherwise

Notice that lift (' )(`) 6= ; for all ` 2 labels(P). For Featherweight Java and
FJS, t ' (`) existsfor all nonempty sets' (`). The full Java typesystemenables
multiple subtyping amonginterfaceswhich canleadto nonempty 
o wswithout
a least upper bound.

Second,the de�nition of MN(P) is:

' 0 = the least 
o w analysissatisfying Rules(26){(39)
MN(P) = the least 
o w analysisgreater than lift (' 0)

satisfying Rules(26){(39)

This algorithm is polynomial time: ' 0 takespolynomial time to computeusing
the technique of F•ahndrich and Aiken [23], which intuitiv ely is a �xed-p oint
computation with �`: ; as the starting point. Lifting clearly takespolynomial
time, and MN(P) takespolynomial time to compute by using the F•ahndrich-
Aiken algorithm again,but this time with lift (' 0) asthe starting point for the
�xed-p oint computation. This two-stepproceduremakest MN(P)(`) equal to
static-type(`; P) for any ` 2 labels(P) such that ' 0(`) = ; . Thus the program
transformation basedon MN(P) will not changethe type annotation for the
program points labeledby such `.

It is left to future work to settle whether there is a way to avoid both Rule (40)
and the two-stepprocedureof MN(), by somehow mapping the empty 
o w set
to a legal Java type.

There might be worthwhile elements of 
ow-analysis(P) other than CHA(P)
and MN(P). Any element of 
ow-analysis(P) can be usedas an argument to
the program transformation, which we present next.

4 Program Transformation

The program transformation is parameterisedby a 
o w analysis,and it oper-
ateson program fragments and type environments in a compositional fashion.
It transformseach programfragment into a similar programfragment with the
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samelabel, and it transforms each type environment into a type environment
which de�nes the samevariables.The changesmadeare that:

� it changessomedynamic method calls to static method calls,
� it changesthe type annotations, and
� it changesthe classesusedin type casts.

In each case,the change is made on the basisof the supplied 
o w analysis.
Speci�cally, (1) a dynamic call is changedto a static call whenthe 
o w analy-
sisdeterminesthat there is a unique target method and (2) a type annotation
and the classin a type castarechangedto the leastupper bound of the classes
in the corresponding 
o w. Taking the leastupper bound of the classesin a 
o w
is justi�ed as follows. The transformation is restricted to 
o w analysesthat
are acceptableand type respecting, which meansthe following. First, all 
o ws
are nonempty. Second,nonempty setsof classesadmit least upper boundsbe-
causeFJSis a single-inheritancelanguage.Third, the type-respecting property
implies that the new types(that is, the least upper bounds)can only be more
re�ned than the old ones.

The transformation consistsof the following cases:

Transformation Meaning

[[P]]' the transformation of P using '

[[CD]]CD
' the transformation of CDusing ' and CD

[[K]]' the transformation of K using '

[[M]]CD
' the transformation of Musing ' and CD

[[e]]CD
' the transformation of e using ' and CD

[[�] ]' the transformation of � using '

The de�nition of the transformation appearsin Figure 5.

We now present four correctnesstheorems:the transformation preserves ty-
pabilit y, the transformation is operationally correct, a 
o w analysis of the
original program is also a 
o w analysisof the transformed program, and the
transformation is idempotent. First our main result, which is proved in Ap-
pendix B.

Theorem 4 (T ypabilit y Preserv ation) Suppose' 2 
ow-analysis(P) and
P= ( CD,e). If ` P2 C then ` [[P]]' 2 t ' (lab(e)).

The transformation is alsooperationally correct, in that the transformedpro-
gram simulates the original program step for step and vice versa,asstated in
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[[( CD,e) ]]' = ( [[CD]]CD
' , [[e]]CD

' )

[[class C extends C0 { D f ` ; K M} ]]CD
' = class C extends C0

{ t ' (`) f ` ; [[K]]' [[M]]CD
' }

[[C(D f) {super( f1 ); this. f2 =f2 } ]]' = C(t ' (lab(f )) f)

{super( f1 ); this. f2 =f2 }

[[D m(E x` ) {return ` e;} ]]CD
' = t ' (`) m(t ' (`) x` )

{return ` [[e]]CD
' ;}

[[x` ]]CD
' = x`

[[e:f ` ]]CD
' = [[e]]CD

' .f `

[[neẁ D(e) ]]CD
' = neẁ D([[e]]CD

' )

[[(D) ` e]]CD
' = ( t ' (`)) ` [[e]]CD

'

[[e.m(d) ` ]]CD
' = [[e]]CD

' .D::m( [[d]]CD
' ) `

where8E2 ' (lab(e)) : impl (CD; E; m) = D::m

[[e.m(d) ` ]]CD
' = [[e]]CD

' .m([[d]]CD
' ) `

otherwise

[[e.D::m( d) ` ]]CD
' = [[e]]CD

' .D::m( [[d]]CD
' ) `

[[x1 : C1; : : : ; xn : Cn ]]' = x1 : t ' (lab(x1)) ; : : : ;

xn : t ' (lab(xn ))

Fig. 5. The Transformation of Dynamic to Static Dispatch

the following theorem,which is provedin Appendix C. Operational correctness
for a multistep computation follows from Theorems3 and 5.

Theorem 5 (Op erational Correctness) If ' 2 
ow-analysis(P1) then:
P1 7! P2 if and only if [[P1]]' 7! [[P2]]' .

It is straightforward to prove that a 
o w analysisof a program is also a 
o w
analysisof the transformedprogram, asstated in the following theorem.

Theorem 6 (Analysis Preserv ation) If ' 2 
ow-analysis(P), then ' 2

ow-analysis([[P]]' ).
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A x = new A();
B y = new B();

x.m(new Q());
y.m(new S());

class A {
void m(Qarg) {

arg.p();
}

}
class B extends A {

void m(Qarg) {...}
}

class Q {
void p() {...}

}
class S extends Q {

void p() {...}
}

Fig. 6. Example program

Given a 
o w analysis, it is su�cien t to apply the transformation only once:
applying the transformation againwith the same
o w analysiswill not leadto
any further change.We can state this as the following idempotenceproperty
of the transformation, which is straightforward to prove.

Theorem 7 (Idemp otence) If ' 2 
ow-information (P) then [[[[P]]' ]]' =
[[P]]' .

5 Examples

We �rst present an examplethat illustrates the di�erence betweenCHA(P),
0-CFA(P), and our analysisMN(P). Considerthe exampleprogramin Figure 6.
There are four classes:A, B, Q, and S, whereB extendsA and whereS extends
Q. Notice that Ahasa method m, and that Balsohasa method mthat overrides
the one from A. Similarly Qhas a method p, and S also has a method p that
overrides the one from Q. Among thesemethods, only the body of A.m is of
interest here, while the bodies of the other methods are left unspeci�ed. To
the left of the classesare four lines of code that should be seenas being part
of someother class.The �rst two lines are declarationsof �elds x and y, and
the last two lines are method calls.

Now considerwhich of the method calls in the program will be inlined based
on CHA(P), 0-CFA(P), and our analysisMN(P).

First considerCHA(P). In the �rst method call x.m(new Q()) , the static type
of x is A. SinceA hasa subclassB, CHA(P)( lab(x)) = f A; Bg. Note that A and
B have di�erent implementations of m, soCHA(P) doesnot lead to inlining of
the method call x.m(new Q()) .

By the way, for the exampleprogram,Baconand Sweeney'sRapid Type Anal-
ysis(RTA) [29,30]givesthe sameresult asCHA. RTA is similar to CHA except
that its 
o w setscontain only classesthat are actually instantiated in the pro-
gram [31]. In the exampleprogram, objects are createdfrom all four classes,
so there is no di�erence betweenRTA and CHA in this case.
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A x = new A();
Q y;
if (...) {

y = new S();
} else {

y = x.m();
}
y.p();

class A {
Q m() {

// infinite
// recursion!
return this.m();

}
}

class Q {
void p() {...}

}
class S extends Q {

void p() {...}
}

Fig. 7. Example that shows empty 
o w sets

In the secondmethod call y.m(new S()) , the static type of y is B. SinceBhas
no subclasses,CHA(P)( lab(y)) = f Bg. Clearly, B has just one implementation
of m, so CHA(P) leadsto inlining of the method call x.m(new Q()) .

In the third method call arg.p() , the static type of arg is Q. Since Q has
a subclassS, CHA(P)( lab(arg)) = f Q; Sg. Note that Q and S have di�erent
implementations of p, so CHA(P) will not lead to inlining of the method call
arg.p() .

Secondconsider0-CFA(P). The initialisations of x and y show that an A-object

o ws to x and that a B-object 
o ws to y. So, in the �rst method call x.m(new
Q()) , 0-CFA(P)( lab(x)) = f Ag, and in the secondmethod call y.m(new S()) ,
0-CFA(P)( lab(y)) = f Bg, and thus 0-CFA(P) leadsto inlining of both those
method calls. In the third method call arg.p() , the receiver is arg, and the
only value that 
o ws to arg is the Q-object from the call site x.m(new Q()) .
So,0-CFA(P) also leadsto inlining of the third method call.

Third considerour analysisMN(P), which, by construction, is at least aspre-
ciseasCHA(P) and at most aspreciseas0-CFA(P). For the �rst two method
calls,it is straightforward to seethat MN(P) givesthe sameresultsas0-CFA(P)
for x and y, Hence,MN(P) leadsto inlining of both thosemethod calls.

However, 0-CFA(P) and MN(P) di�er on the third method call arg.p() . Here,
Rule (38) forcesthe 
o w setsfor arg in A.mto be the sameas for arg in B.m.
The secondcall site y.m(new S()) shows that an S-object 
o ws to arg in B.m.
So,the uni�ed 
o w set for both arg in A.mand arg in B.mis f Q; Sg, and hence
the call site is not inlined.

In conclusion,CHA(P) leads to the inlining of one call site, MN(P) leads to
the inlining of two call sites,while 0-CFA(P) leadsto the inlining of three call
sites.

As a �nal example,considerthe program in Figure 7.

In this example, classS extends Q and both have a p method. Notice that
variable y is initialised either with an instance of S or with the result of
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new A().m() , which never returns. Clearly in any run of this program only
an instance of S will reach the call site y.p() , so it is safe to inline S::p
at this point. Since A::m does not return, 0-CFA(P)( lab(A::m)) = ; , so in
turn, 0-CFA(P)( lab(y)) = f Sg. Thus 0-CFA(P) leads to inlining of the call
site. However, our analysiswill return MN(P)( lab(A::m)) = f Q; Sg, so in turn,
MN(P)( lab(y)) = f Q; Sg. Thus MN(P) doesnot lead to inlining of the call site.

Observe that, in both examples,our analysis did not inline somecall sites
becauseof constraints imposedby the type system.In the �rst example,the
constraints weredue to Java's invariant subtyping for method parametersand
returns. In the secondexample, the constraints were due to Java's lack of
a bottom type. Based on the result of Palsberg and O'Keefe [17], one can
imagine a more expressive type systemfor Java that would admit 0-CFA(P)
asa type-preservinganalysis,and that would allow all of the inlining discussed
above. In particular, such a type systemwould likely have a bottom type and
likely have depth subtyping for methods.

6 Conclusion

We have shown how to inline methods while preservingtypabilit y in a single-
inheritance languagewithout resorting to the insertion of type castsor new
types. Our approach is based on 
o w analysis, and we found it tricky to
get the requirements for the 
o w analysisright. During the processof proving
correctness,we discoveredthe needfor 
o w constraints that would not usually
be usedin a 
o w analysis,e.g.,Rule (36). The requirement that all 
o w sets
must be nonempty is unusual, and it entails that there is no unique best
analysisthat satis�es the requirements. While CHA and our own MN analysis
satisfy the requirements, more work is neededto investigatealternatives.

Concerningthe e�ectivenessof the variousanalyses,our analysisMN is always
at least as preciseas CHA and at most as preciseas 0-CFA. This is because
MN imposesfewer 
o w constraints than CHA and more 
o w constraints than
0-CFA.

One can evaluate the practical e�ectivenessof an inlining strategy in at least
two ways: the static count of inlined calls and the run-time count of inlined
calls. With regards to the static count of inlined calls, CHA is an excellent
baseline.Tip and Palsberg [31] showed that RTA (the variant of CHA dis-
cussedearlier) inlines 92.2%of all virtual call sites in a large suite of Java
programs.Thus, even though one can try better analyses,the room for im-
provement is just the remaining7.8%of the virtual call sites.Tip and Palsberg
did experiment with other analysesthan RTA, but even their most powerful
analysisinlined just 93.0%of all virtual call sites. Thus, even though MN is
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better than CHA and RTA, we conjecturethat there will be a small di�erence
in the number of call sitesthat will be inlined. The important property of MN
is that it guaranteesthat inlining can be done without the insertion of type
casts.

In practice, the run-time count of inlined calls is more important than the
static count. For example,the inlining of a method call in an inner loop can
havea major impact on the run-time performance.So,eventhough an analysis
might inline less than one percent more of the statically-counted call sites,
someof thosecalls might occur in frequently executedcode and thereforebe
important to inline. Sundaresanet al. [32] investigatedan analysiscalledVTA
which is more powerful that CHA, and they found that their analysis leads
to nontrivial improvements in run-time performancecomparedto CHA. They
conclude:\some of the extra callssitesfound by VTA could be important ones
for inlining."

One idea for future work is to do two 
o w analysesof a program: one which
is typabilit y preserving,and onethat is more powerful but not necessarilyty-
pabilit y preserving.The di�erence betweenthe two setsof call sitessuggested
for inlining can then be inlined with type casts, in the style of Wright et al.
[7]. In this way, the performancepenalty of the type castsis only payed when
deemednecessary.

Another idea,due to Ralf Laemmel,is to changethe type systemsuch that 0-
CFA would leadto a type preservingtransformation, perhapswith inspiration
from the equivalenceresult of Palsberg and O'Keefe [17].
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A Pro of of Theorem 3

First, observe that labels(P2) � labels(P1) so ' (restricted to labels(P2)) is a

o w analysisof P2. Let Pi = ( CD,Xhei i ) wheree1 and e2 are as in the rules of
Figure 2. SinceP1 and P2 di�er only in e1 and e2, ' satis�es the conditions for
acceptability and type respecting for P2 exceptfor the conditionson e2 and its
subexpressionsthat are not subexpressionsof e1, and on the expressionthat
e1 appearsimmediately within. By inspection of the rules, the last condition
will hold if ' (lab(e2)) � ' (lab(e1)). Thus, we need just to show the latter
and that ' satis�es the conditions for e2 and its subexpressionsthat are not
subexpressionsof e1. Considerthe various casesfor the reduction rule.

�eld selection: In this casee1 = neẁ1 C(e).f `2

i , e2 = ei , and �elds (CD; C) =
D f . Thus, e2 is a subexpressionof e1. By Rule 27, ' (lab(ei )) � ' (lab(f i ));
by Rule 26, ' (lab(f i )) = ' (`2). By transitivit y, ' (lab(e2)) = ' (lab(ei )) �
' (`2) = ' (lab(e1)), as required.

cast: In this casee1 = (D) `1 neẁ2 C(e) , e2 = neẁ2 C(e) , and CD̀ C<: D.
Thus, e2 is a subexpressionof e1. By the type respecting property and
Rule 19, ' (`2) � subclasses(P1; C). SinceCD` C <: D, subclasses(P1; C) �
subclasses(P2; D), so:

' (`2) \ subclasses(P1; D) = ' (`2) (A.1)

By Rule 29, ' (`2) \ subclasses(P1; D) � ' (`1). Thus by (A.1), ' (`2) � ' (`1),
as required.

dynamic metho d call: In this caseboth e1 = neẁ1 C(e).m( d) `2 and e2 =
e0f this ; x := neẁ1 C(e) ; dg wherembody(CD; C; m) = (`0; x; e0). By Rule 28,
C2 ' (`2). So by Rule 30, ' (lab(d)) � ' (lab(x)), and by Rule 32,

' (`1) \ subclasses(D; P) � ' (`00)

where impl (CD; C; m) = D::m and `00 is the label for D's this occurances.
Since ' satis�es the conditions for type respecting, and the static type of
`1 must be C by Rule 19, ' (`1) � subclasses(C; P). By the rules, CD` C<:
D, so subclasses(C; P) � subclasses(D; P). Thus ' (`1) \ subclasses(D; P) =
' (`1) and ' (`1) � ' (`00). By Lemma 8 (below), ' satis�es the conditions
for acceptability and type respecting for e2 and all its subexpressions.By
Rule 31, ' (`0) = ' (`2); by Rule 37, ' (lab(e0)) � ' (`0). Also by Lemma 8,
' (lab(e2)) � ' (lab(e0)). Thus ' (lab(e2)) � ' (lab(e0)) � ' (`0) = ' (`2) =
' (lab(e1)), as required.

static metho d call: In this caseboth e1 = neẁ1 C(e).D::m( d) `2 and e2 =
e0f this ; x := neẁ1 C(e) ; dg wherembody(CD; D; m) = (`0; x; e). By Rule 33,
' (lab(d)) � ' (lab(x)), and by Rule 35, ' (`1) � ' (lab(this )). By Lemma 8
(below), ' satis�es the conditions for acceptability and type respecting for
e2 and all its subexpressions.By Rule 34, ' (`0) = ' (`2), and by Rule 37,
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' (lab(e0)) � ' (`0). Also by Lemma 8, ' (lab(e2)) � ' (lab(e0)). Thus

' (lab(e2)) � ' (lab(e0)) � ' (`0) = ' (`2) = ' (lab(e1))

as required.

Lemma 8 If ' satis�es the conditions for acceptability and type respecting
for all labels in e and d and if ' (lab(d)) � ' (lab(x)) then ' satis�es the
conditions for acceptability and type respecting for all labels in ef x := dg and
' (lab(ef x := dg)) � ' (lab(e)).

Proof. Straightforward.

B Pro of of Theorem 4

Theorem 4 follows immediately from Rule (25), and from Lemma 9 and
Lemma 11, as stated and proved below.

Lemma 9 Suppose' 2 acceptable(P) \ type-respecting(P), and P = ( CD,e 0) .
If CD̀ CDOK, then [[CD]]CD

' ` [[CD]]CD
' OK.

Proof. Immediate from Lemmas10 and 14 (below), using Rule (24).

Lemma 10 Suppose' 2 acceptable(P) \ type-respecting(P), and P= ( CD,e 0) .
If CD̀ MOK in C, then [[CD]]CD

' ` [[M]]CD
' OK in C.

Proof. Straightforward from Lemmas11, 12, 15, and 16 (below), using Rules
(17), (23), (36), and (37).

Lemma 11 Suppose' 2 acceptable(P) \ type-respecting(P), and P= ( CD,e 0) .
If CD; � ` e 2 D, then [[CD]]CD

' ; [[�] ]' ` [[e]]CD
' 2 t ' (lab(e)).

Proof. We proceedby induction on the structure of the derivation of CD; � `
e 2 D. There are six cases,dependingon which oneof Rules(17){(22) wasthe
last oneusedto derive CD; � ` e 2 D.

� (17) e � x` . We have [[x` ]]CD
' = x` and [[�] ]' (x) = t ' (`), so we can derive,

using Rule (17), [[CD]]CD
' ; [[�] ]' ` [[e]]CD

' 2 t ' (`), as desired.
� (18) e � e0.f i

` . Wehave CD; � ` e0 2 C0 and �elds (CD; C0) = C f , wheref i

occurs in f . From the induction hypothesiswe have [[CD]]CD
' ; [[�] ]' ` [[e0]]CD

' 2
t ' (lab(e0)). From ' 2 type-respecting(P) we have CD̀ t ' (lab(e0)) <: C0 so
�elds (CD; t ' (lab(e0))) = D g C f . Hence,from Lemma14 (below), we have
�elds ([[CD]]CD

' ; t ' (lab(e0))) = t ' (lab(g)) g t ' (lab(f )) f . From Rule (26) we
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have ' (lab(f i )) = ' (`), so t ' (lab(f i )) = t ' (`), so we can derive, using
Rule (18), that [[CD]]CD

' ; [[�] ]' ` [[e]]CD
' 2 t ' (`), as desired.

� (19) e � neẁ C(e) . We have �elds (CD; C) = D f , and CD; � ` e 2 E,
and CD` E <: D. From Lemma 14 (below) we have �elds ([[CD]]CD

' ; C) =

t ' (lab(f )) f . From the induction hypothesiswe have [[CD]]CD
' ; [[�] ]' ` [[e]]CD

' 2
t ' (lab(e)). From Rule (27), we have ' (lab(e)) � ' (lab(f )), sofrom Lemma
16 (below) we have CD̀ t ' (lab(e)) <: t ' (lab(f )), and so from Lemma 15
(below) we have [[CD]]CD

' ` t ' (lab(e)) <: t ' (lab(f )). Finally we have from
Rule (28) that C 2 ' (`), and since neẁ C(e) has static type C and ' 2
type-respecting(P), we have t ' (`) = C. We conclude,using Rule (19), that
we have [[CD]]CD

' ; [[�] ]' ` neẁ C([[e]]CD
' ) 2 C.

� (20) e � (C) `e0. We have CD; � ` e0 2 D. From the induction hypothesis
we have [[CD]]CD

' ; [[�] ]' ` [[e0]]
CD
' 2 t ' (lab(e0)). From Rule (20) we have that

we can derive [[CD]]CD
' ; [[�] ]' ` (t ' (`)) ` [[e0]]CD

' 2 t ' (`).
� (21) e � e0:m(e)` . There are two cases.First, assumethat there is a class

Din P such that 8E2 ' (lab(e0)) : impl (CD; E; m) = D::m. We have

CD; � ` e0 2 C0 (B.1)
mtype(CD; C0; m) = D! C (B.2)
CD; � ` e 2 C (B.3)

From (B.1), (B.3), and the induction hypothesis,we have

[[CD]]CD
' ; [[�] ]' ` [[e0]]CD

' 2 t ' (lab(e0)) (B.4)

[[CD]]CD
' ; [[�] ]' ` [[e]]CD

' 2 t ' (lab(e)) (B.5)

We have CD̀ t ' (lab(e0)) <: D, so from Lemma 15 (below), we have

[[CD]]CD
' ` t ' (lab(e0)) <: D; (B.6)

and together with (B.2), we have mtype(CD; D; m) = D! C. Suppose also
mbody(CD; D; m) = (`0; x; e0). From Lemma 13 (below) we have

mtype([[CD]]CD
' ; D; m) = (t ' (lab(x))) ! (t ' (`0)) : (B.7)

From Rule (40) wehave ' (lab(e0)) 6= ; , sosupposeE0 2 ' (lab(e0)). Suppose
alsombody(CD; E0; m) = (`00; x00; e00), From Rules (30){(31) we have

' (lab(e)) � ' (lab(x00))
' (`00) = ' (`):

Finally, from Rules(38){(39) we have

' (lab(x)) � ' (lab(x00))
' (`0) = ' (`00);
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so

' (lab(e)) � ' (lab(x)) (B.8)
' (`0) = ' (`): (B.9)

Thus, from Rule (22), and from (B.4){(B.9), we have that we can derive

[[CD]]CD
' ; [[�] ]' ` [[e0]]CD

' .D::m( [[e]]CD
' ) ` 2 t ' (`)

asdesired.
Second,supposewe have the \otherwise" casefrom the de�nition of the

transformation of a method call. The proof of this caseis similar to the �rst
case,and we omit the details.

� (22) e � e0.D::m( e) ` . The proof of this caseis similar to the previouscase,
and we omit the details.

Lemma 12 Suppose' 2 acceptable(P) \ type-respecting(P), and P= ( CD,e 0) .
If can-declare(CD; D; m; C! C0), CD` C <: D, and mbody(CD; C; m) = (`; x; e),
then

can-declare([[CD]]CD
' ; D; m; (t ' (lab(x))) ! (t ' (`))) :

Proof. Immediate from Lemma 13 (below), using Rule (9), (14){(16).

Lemma 13 Suppose' 2 acceptable(P) \ type-respecting(P), and P= ( CD,e 0) .
If mtype(CD; D; m) = D! D0, CD̀ C<: D, and mbody(CD; C; m) = (`; x; e), then

mtype([[CD]]CD
' ; D; m) = (t ' (lab(x))) ! (t ' (`)) :

Proof. Straightforward, using the rules Rules(3){(6), (14){(16), (38){(39).

Lemma 14 Suppose' 2 acceptable(P) \ type-respecting(P), and P= ( CD,e 0) .
If �elds (CD; D) = D g, then �elds ([[CD]]CD

' ; D) = t ' (lab(g)) g.

Proof. Straightforward, by induction on the structure of the derivation of the
judgment �elds (CD; D) = Dg, using Rules(1){(2).

Lemma 15 If CD̀ C<: D, then [[CD]]CD
' ` C<: D.

Proof. Immediate from the de�nition of subtyping, that is, Rules (14){(16).

Lemma 16 SupposeS;T 2 
ow (P) n ; . If S � T, then CD̀ t S <: t T.

Proof. Immediate from the observation that the subtyping order forms a tree
and thereforeadmits least upper boundsof nonempty sets.
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C Pro of of Theorem 5

() ) Let P1 = ( CD,Xhe1i ) andP2 = ( CD,Xhe2i ) wheree1 and e2 aregivenby one
of the rules in Figure 2. Clearly [[Pi ]]' = ( [[CD]]CD

' , [[X]]CD
' h[[ei ]]

CD
' i ) , so it remains

to show that [[e1]]CD
' 7! [[e2]]

CD
' . The interesting casesare when e1 is a cast and

whene1 is a dynamic method call that is transformedto a static method call.

� Case1, e1 = (D) `1 neẁ2 C(e) : In this case

e2 = neẁ2 C(e) (C.1)

[[e1]]CD
' = ( t ' (`1)) `1 neẁ2 C([[e]]CD

' ) (C.2)

CD̀ C<: D (C.3)

By Rule 28, C2 ' (`2); by Rule 29, ' (`2) \ subclasses(P1; D) � ' (`1). Thus
C2 ' (`1), so CD̀ C<: t ' (`1). By the reduction rules,

[[e1]]CD
' 7! neẁ2 D([[e]]CD

' ) = [[e2]]CD
' (C.4)

� Case2, e1=neẁ1 C(e).m( d) `2 and [[e1]]CD
' = neẁ1 C([[e]]CD

' ).D::m( [[d]]CD
' ) `2 :

In this case

8E2 ' (`1) : impl (CD; E; m) = D::m (C.5)
e2 = e0f this ; x := neẁ1 C(e) ; dg (C.6)

where
mbody(CD; C; m) = (`; x; e0) (C.7)

By Rule 28, C 2 ' (`1). By (C.5), impl (CD; C; m) = D::m. By inspecting
Rules5{8 and (C.7)

mbody(CD; D; m) = (`; x; e0) (C.8)

Thus:

[[e1]]CD
' = neẁ1 C([[e]]CD

' ).D::m( [[d]]CD
' ) `2

7! [[e0]]
CD
' f this ; x := neẁ1 C([[e]]CD

' ) ; [[d]]CD
' g

= [[e2]]
CD
'

(( ) If [[P1]]' takes any step then it is easy to see that P1 has the form

( CD,Xhe1i ) and that [[P1]]' 7! ( [[CD]]CD
' , [[X]]CD

' he0i ) for [[e1]]
CD
' and e0 as in the

rules in Figure 2. It remainsto show that e1 7! e2 and [[e2]]CD
' = e0 for somee2.

The interesting casesare when e1 is a cast and when e1 is a dynamic method
call that is transformed to a static method call.
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� Case1, e1 = (D) `1 neẁ2 C(e) : In this case

[[e1]]CD
' = ( t ' (`1)) `1 neẁ2 C([[e]]CD

' ) (C.9)

e0= neẁ2 C([[e]]CD
' ) (C.10)

CD̀ C<: t ' (`1) (C.11)

Since' is type respecting and Rule 20, CD̀ t ' (`1) <: D. By transitivit y of
subtyping, CD̀ C<: D. Then e1 7! e2 and [[e2]]

CD
' = e0 if e2 is neẁ2 C(e) .

� Case2, e1=neẁ1 C(e).m( d) `2 and [[e1]]CD
' = neẁ1 C([[e]]CD

' ).D::m( [[d]]CD
' ) `2 :

In this case

8E2 ' (`1) : impl (CD; E; m) = D::m (C.12)

e0= [[e0]]CD
' f this ; x := neẁ1 C([[e]]CD

' ) ; [[d]]CD
' g(C.13)

where
mbody(CD; D; m) = (`; x; e0) (C.14)

By Rule 28, C 2 ' (`1). By (C.12), impl (CD; C; m) = D::m. By inspection of
Rules5{8 and (C.14)

mbody(CD; C; m) = (`; x; e0) (C.15)

Then e1 7! e2 and [[e2]]CD
' = e0 if e2 is

e0f this ; x := neẁ1 C(e) ; dg (C.16)
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