CS 565, Jens Palsberg Sep 17, 1998

Lecture Note 3:

Types

Contents 1 Introduction 2 2 Simple Types 3 3 Type Soundness 6 4 Recursive Types 11 5 Subtyping 15 6 Decision Procedure for Subtyping 17

1 Introduction

What is a Type?

A type is an invariant. For example, the Java declaration

int v;

specifies that v may only contain integer values in a certain range.

Why Types?

An untyped program may be:

• Unreadable.

Types provide documentation;

“Well-typed programs are more readable” • Unreliable.

Types provide a safety guarantee; “Well-typed programs cannot go wrong” • Inefficient.

Types enable optimizations; “Well-typed programs are faster”

2 Simple Types

Our example language is a λ-calculus where the only two kinds of data are functions and integers. The language is generated by the following grammar: e ∈ Expression e ::= x | λx.e | e_1e_2 | c | succ e x ∈ V ar (infinite set of variables) c ∈ IntegerConstant We will use the standard convention that when writing λx.e, then e is everything until the next “)” (or until the end of the whole λ term). The slogan is, “the body of a λ extends as long as possible.” We will also use the standard convention that e_1e_2e_3 should be grouped as (e_1e_2)e_3. An expression is closed if it does not contain free variables.

We need two kinds of type: function types and an integer type. Types are generated from the grammar:

t ::= t_1 → t_2 | Int

Such types are called simple types. The basic idea is that we can assign natural types to expressions, for example:

0 : Int λx.(succ x) : Int → Int .

Notice that there are infinitely many types. Notice also that each type can be viewed as a tree: the syntax tree of the type.

A type environment is a partial function with finite domain which maps elements of V ar to types. We use A to range over type environments. We use ∅ to denote the type environment with empty domain. We use A[x : t] to denote a partial function which maps x to t, and maps y, where y ≠ x, to A(y). Let us now consider a formal system for assigning types to λ-terms. If e is a λ-term, t is a type, and A is a type environment, then the judgment A ⊢ e : t means that e has the type t in the environment A. Formally, this holds when the judgment is derivable by a finite derivation tree using the following five rules:

A[x : t] ⊢ x : t (1) A[x : s] ⊢ e : t A ⊢ λx.e : s → t (2) A ⊢ e_1 : s → t A ⊢ e_2 : s

A ⊢ e_1e_2 : t (3) A ⊢ 0 : Int (4)

A ⊢ e : Int A ⊢ succ e : Int (5) An expression e is well typed if there exist A, t such that A ⊢ e : t is derivable.

Notice that there is one rule for each of the five constructs in the language. The hypotheses, if any, are written above the line, and the conclusion is written below the line. Two of the rules have no hypotheses so we call them axioms.

We can now use these rules to derive the typings of 0 and λx.(succ x) from above. The first case is easy:

∅ ⊢ 0 : Int

The judgment is indeed an instance of the axiom for 0. The second case requires the use of the rules for abstraction, succ, and variable:

∅[x : Int] ⊢ x : Int ∅[x : Int] ⊢ succ x : Int ∅ ⊢ λx.succ x : Int → Int Here are some more examples of the use of the five rules. The identity function:

∅[x : Int] ⊢ x : Int ∅ ⊢ λx.x : Int → Int The apply function: ∅[f : s → t][x : s] ⊢ f : s → t ∅[f : s → t][x : s] ⊢ x : s ∅[f : s → t][x : s] ⊢ fx : t ∅[f : s → t] ⊢ λx.fx : s → t ∅ ⊢ λf.λx.fx : (s → t) → (s → t)

The K combinator: ∅[x : s][y : t] ⊢ x : s ∅[x : s] ⊢ λy.x : t → s ∅ ⊢ λx.λy.x : s → (t → s) The following λ-term does not have a simple type: succ (λx.e) The problem is that λx.e is not an integer. If we try to build a type derivation, then may start with Rule (5): ∅ ⊢ λx.e : Int ∅ ⊢ succ (λx.e) : Int There is no rule with which we can derive the hypothesis ∅ ⊢ λx.e : Int, so we conclude that succ (λx.e) does not have a simple type.

3 Type Soundness

A type system for a programming language is sound if well-typed programs cannot cause type errors.

A program is a closed expression. A value is either a closed λ-abstraction λx.e or an integer constant c. We use v to range over values. We use ⌈c⌉ to denote the integer represented by an integer constant c.

A small-step call-by-value operational semantics for the language is given by the reflexive, transitive closure of the relation →_V : →_V ⊆ Expression × Expression (λx.e)v →_V e[x := v] (6) e_1 →_V e^0_1 e_1e_2 →_V e^0_1e_2 (7) e_2 →_V e^0_2 v e_2 →_V v e^0_2 (8) succ c_1 →_V c_2 (⌈c_2⌉ = ⌈c_1⌉ + 1) (9) e_1 →_V e_2 succ e_1 →_V succ e_2

(10)

The notation e[x := v] denotes e with v substituted for every free occurrence of x. x[x := v] ≡ v y[x := v] ≡ y (x ≢ y) (λx.e_1)[x := v] ≡ λx.e_1 (λy.e_1)[x := v] ≡ λy.e_1 (x ≢ y) (e_1 e_2)[x := v] ≡ e_1[x := v] e_2[x := v] c[x := v] ≡ c (succ e_1)[x := v] ≡ succ e_1[x := v] Notice that v is closed so no name clashes can occur.

An expression e is stuck if it is not a value and there is no expression e^0 such that e →_V e^0 . A program goes wrong if it evaluates to a stuck expression.

Examples of stuck expressions include cv and succ (λx.e). Intuitively, these expressions are stuck because c is not a function, and succ cannot be applied to functions.

Lemma 3.1 (Substitution) If A[x : s] ⊢ e : t and A ⊢ v : s, then A ⊢ e[x := v] : t.

Proof. We proceed by induction on the structure of the derivation of A[x : s] ⊢ e : t. There are now five subcases depending on which one of Rules (1)–(5) was the last one used in the derivation of A[x : s] ⊢ e : t.

• Rule (1). We have e ≡ y. There are two subcases.

{ x ≡ y. We have y[x := v] ≡ v. The entire derivation of A[x : s] ⊢ e : t is of the form A[y : t] ⊢ y : t so s = t.

{ x ≢ y. We have y[x := v] ≡ y. The entire derivation of A[x : s] ⊢ e : t is of the form A[y : t][x : s] ⊢ y : t and from Rule (1) we have A[y : t] ⊢ y : t.

• Rule (2). We have e ≡ λy.e_1. There are two subcases.

{ x ≡ y. We have (λy.e_1)[x := v] ≡ λy.e_1. Since x does not occur free in λy.e_1, we can from the derivation of A[x : s] ⊢ λy.e_1 : t produce a derivation of A ⊢ λy.e_1 : t.

{ x ≢ y. We have (λy.e_1)[x := v] ≡ λy.e_1[x := v]. The last step in the derivation of A[x : s] ⊢ e : t is of the form

A[x : s][y : t_2] ⊢ e_1 : t_1 A[x : s] ⊢ λy.e_1 : t_2 → t_1 From the induction hypothesis we have A[y : t_2] ⊢ e_1[x := v] : t_1, so from Rule (2) we can derive A ⊢ λy.e_1[x := v] : t_2 → t_1.

• Rule (3). We have e ≡ e_1 e_2, and (e_1 e_2)[x := v] ≡ e_1[x := v] e_2[x := v].

The last step in the derivation of A[x : s] ⊢ e : t is of the form A[x : s] ⊢ e_1 : t_2 → t A[x : s] ⊢ e_2 : t_2

A[x : s] ⊢ e_1 e_2 : t From the induction hypothesis we have A ⊢ e_1[x := v] : t_2 → t and A ⊢ e_2[x := v] : t_2, and from Rule (3) we get A ⊢ e_1[x := v] e_2[x := v] : t.

• Rule (4). We have e ≡ c, and c[x := v] ≡ c. The entire derivation of A[x : s] ⊢ e : t is of the form

A[x : s] ⊢ c : Int and from Rule (4) we have A ⊢ c : Int.

• Rule (5). This case is similar to the case of Rule (3). 2 Theorem 3.2 (Type Preservation) If A ⊢ e : t and e →_V e^0 , then A ⊢ e^0 : t.

Proof. We proceed by induction on the structure of the derivation of A ⊢ e : t. There are now five subcases depending on which one of Rules (1)–(5) was the last one used in the derivation of A ⊢ e : t.

• Rule (1). We have e ≡ x, so e →_V e^0 is not possible. • Rule (2). We have e ≡ λx.e_1, so e →_V e^0 is not possible. • Rule (3). We have e ≡ e_1e_2. There are now three subcases depending on which one of Rules (6)–(8) was the last one used in the derivation of e →_V e^0 .

{ Rule (6). We have e ≡ (λx.e_1)v and e^0 ≡ e_1[x := v]. The last part of the derivation of A ⊢ e : t is of the form

A[x : s] ⊢ e_1 : t A ⊢ λx.e_1 : s → t A ⊢ v : s A ⊢ (λx.e_1)v : t From Lemma 3.1, A[x : s] ⊢ e_1 : t, and A ⊢ v : s we get A ⊢ e_1[x := v] : t.

{ Rules (7)–(8). In each case A ⊢ e^0 : t follows from the induction hypothesis, and Rule (3).

• Rule (4). We have e ≡ c, so e →_V e^0 is not possible.

• Rule (5). We have e ≡ succ e_1. There are now two subcases depending on which one of Rules (9)–(10) was the last one used in the derivation of e →_V e^0 .

{ Rule (9). We have e ≡ succ c_1 and e^0 ≡ c_2, where ⌈c_2⌉ = ⌈c_1⌉ + 1.

The last judgment in the derivation of A ⊢ e : t is of the form A ⊢ succ c_1 : Int, and from Rule (4) we have A ⊢ c_2 : Int.

{ Rule (10). We have e ≡ succ e_1 and e^0 ≡ succ e_2, and e_1 →_V e_2.

The last part of the derivation of A ⊢ e : t is of the form A ⊢ e_1 : Int A ⊢ succ e_1 : Int From the induction hypothesis we have A ⊢ e_2 : Int, and from Rule (10) we derive A ⊢ succ e_2 : Int. 2 Lemma 3.3 If A ⊢ v : Int, then v is of the form c. If A ⊢ v : s → t, then v is of the form λx.e.

Proof. Immediate from Rule (2) and Rule (4). 2

The following lemma states that a well-typed program is not stuck.

Lemma 3.4 (Progress) If e is a closed expression, and A ⊢ e : t, then either e is a value, or there exists e^0 such that e →_V e^0 .

Proof. We proceed by induction on the structure of the derivation of A ⊢ e : t. There are now five subcases depending on which one of Rules (1)–(5) was the last one used in the derivation of A ⊢ e : t.

• Rule (1). We have e ≡ x, and x is not closed. • Rule (2). We have e ≡ λx.e_1, and e is closed, so e is a value.

• Rule (3). We have e ≡ e_1e_2. We have that e is closed, so also e_1, e_2 are closed. The last step in the derivation of A ⊢ e : t is of the form

A ⊢ e_1 : s → t A ⊢ e_2 : s

A ⊢ e_1e_2 : t

From the induction hypothesis we have that (1) either e_1 is a value, or there exists e^0_1 such that e_1 →_V e^0_1 and (2) either e_2 is a value, or there exists e^0_2 such that e_2 →_V e^0_2. We proceed by case analysis.

{ If there exists e^0_1 such that e_1 →_V e^0_1, then e_1e_2 →_V e^0_1e_2 by Rule (7).

{ If e_1 is a value, and there exists e^0_2 such that e_2 →_V e^0_2, then e_1e_2 →_V e_1e^0_2 by Rule (8).

{ If e_1, e_2 are values, then from A ⊢ e_1 : s → t and Lemma 3.3 we have that e_1 is of the form λx.e_3, and hence e_1e_2 →_V e_3[x := e_2] by Rule (6).

• Rule (4). We have e ≡ c, so e is a value.

• Rule (5). We have e ≡ succ e_1. We have that e is closed, so also e_1 is closed. The last step in the derivation of A ⊢ e : t is of the form

A ⊢ e_1 : Int A ⊢ succ e_1 : Int From the induction hypothesis we have that either e_1 is a value, or there exists e^0_1 such that e_1 →_V e^0_1. We proceed by case analysis.

{ If e_1 is a value, then from A ⊢ e_1 : Int and Lemma 3.3 we have that e_1 is of the form c_1, and hence succ c_1 →_V c_2 where ⌈c_2⌉ = ⌈c_1⌉+1 by Rule (9).

{ If there exists e^0_1 such that e_1 →_V e^0_1, then succ e_1 →_V succ e^0_1 by Rule (10). 2 Corollary 3.5 Well-typed programs cannot go wrong.

Proof. Combine Theorem 3.2 and Lemma 3.4. 2

4 Recursive Types

Simple types are finite. When we draw a simple type as a tree, it is finite.

Suppose now that we allow types to be infinite. We change the grammar of types to:

t ::= t_1 → t_2 | Int | α | μα.(t_1 → t_2)

where α is a variable that ranges over types, and μα.t is a recursive type which allow the unfolding: μα.t = t[α := (μα.t)] For example, let u be the type μα.(α → Int). By unfolding once, we get that u = u → Int. By unfolding twice, we get that u = (u → Int) → Int. If we unfold infinitely, we get an infinite tree. That tree is the meaning of u.

In summary, if we generate something from the grammar above, then we can unfold into an infinite tree where all the μs have disappeared. That infinite tree is the type. Such a type will always have only finitely many distinct subtrees. Trees of that kind are called regular trees. Conversely, any regular tree can be written as a finite expression with μs.

Consider the λ-term λx.xx. With the type u = μα.(α → Int) it is easy to build a type derivation: ∅[x : u] ⊢ u → Int ∅[x : u] ⊢ u ∅[x : u] ⊢ xx : Int ∅ ⊢ λx.xx : u → Int In the left part of the tree we have ∅[x : u] ⊢ u → Int and this is okay because u = u → Int.

Let us consider another application of the type u = μα.(α → Int). There is a famous λ-term which is known as the “paradoxical combinator.” This λ-term has the property that when applied to a function g, then it produces a fixed point of g. The λ-term is: Y = λf.(λx.f(xx))(λx.f(xx)) Notice that for any λ-term E we have Y (E) ;_β (λx.E(xx))(λx.E(xx)) ;β E((λx.E(xx))(λx.E(xx))) =_β E(Y (E))

So, Y (E) is a fixed point of E!

Can we type Y ? Not with simple types. But it is easy with recursive types. Let us again use the type u = μα.(α → Int). Here is part of the type derivation: ∅[f : Int → Int] ⊢ (λx.f(xx))(λx.f(xx)) : Int ∅ ⊢ λf.(λx.f(xx))(λx.f(xx)) : (Int → Int) → Int It is easy to see that if λx.f(xx) has type u, then we can use u = u → Int to get the hypothesis of the above derivation. So we must derive ∅[f : Int → Int] ⊢ λx.f(xx) : u We will give x the type u → Int, which is actually u, and we must then show that f(xx) has type Int. This in turn mean that xx must have type Int. This is easy to achieve because u = u → Int. Here is most of the type derivation:

∅[f : Int → Int][x : u] ⊢ f : Int → Int ∅[f : Int → Int][x : u] ⊢ xx : Int ∅[f : Int → Int][x : u] ⊢ f(xx) : Int ∅[f : Int → Int] ⊢ λx.f(xx) : u It is easy to see that we can replace Int with any other type and still have a valid type derivation.

Not all λ-terms can be typed with recursive types. For example, λx.x(succ x) is a quite weird λ-term that we cannot type even with recursive types.

Corollary 3.5 also holds for recursive types: same type rules, and recursive types instead of simple types.

Types as Functions

We have seen that we can view a type as a possibly infinite tree. We can represent such a tree by a function which maps paths to labels from a set Σ. Such functions are called terms. For example, for the types in Sections 3–4, all paths are in the set {0, 1}∗, where we use 0 to denote Left, and 1 to denote Right, and all labels are from the set Σ = {Int, →}. A term t over Σ is a partial function t : {0, 1}∗ → Σ with domain D(t) satisfying

• D(t) is nonempty and prefix-closed;

• if t(α) =→, then α0, α1 ∈ D(t). The set of all terms over Σ is denoted T_Σ.

For example, the type →

� @

→

� @

→

� @

→

� @

⊤

⊤ ⊥

⊥ . . can be represented by the term t:

t(0^n) = → t(0^{2n}1) = ⊤ t(0^{2n+1}1) = ⊥ A term t is finite if its domain D(t) is a finite set. We denote the set of finite terms over Σ by F_Σ.

Subterms: t↓α(β) = t(αβ).

A term t is regular if it has only finitely many distinct subterms; i.e., if {t↓α | α ∈ ω∗} is a finite set.

Types as Automata

If t is a term, then the following are equivalent:

(i) t is regular;

(ii) t is representable by a term automaton;

(iii) t is describable by a type expression involving μ.

→

� @

→

� @ ⊥

⊥ . →

� @

→

� @ ⊤

⊤ . s s-&%’$_˚ -0 1_{→v} ⊥ s s-&%’$_˚ -0 1_{→u} ⊤

5 Subtyping

Motivation: the extends keyword in Java.

In general, we will work with an ordering ≤ of the types, the subtype order.

One extra typing rule, known as “subsumption”: A ⊢ e : t t ≤ t^′ A ⊢ e : t^′ Consider this set of types: t ::= v | ⊥ | ⊤ | t → t | μv.(t → t) (types) Representing types as labeled trees: μu.((u → u) → ⊥) ≤ μv.((v → ⊥) → ⊤)

→

� @

→

� @

→

� @

→

� @⊥

⊥ . . .

→

� @

→

� @

→

� @

→

� @

⊤ ⊤ ⊥ ⊥ . The order ≤_{FIN} is the smallest binary relation on F_Σ, with Σ = {⊥, →, ⊤}, such that

(i) ⊥ ≤_{FIN} t ≤_{FIN} ⊤ for all finite t;

(ii) if s^′ ≤_{FIN} s and t ≤_{FIN} t^′ then s → t ≤_{FIN} s^′ → t^′.

Parity

The parity of α ∈ {0, 1}∗ is the number mod 2 of 0’s in α. The parity of α is denoted πα. A string α is said to be even if πα = 0 and odd if πα = 1.

Let ≤_0 be the linear order ⊥ ≤_0 → ≤_0 ⊤ on Σ, and let ≤_1 be its reverse

⊤ ≤_1 → ≤_1 ⊥ .

The Type Ordering

For s, t ∈ T_Σ, define s ≤ t iff s(α) ≤_{πα} t(α) for all α ∈ D(s) ∩ D(t). A counterexample to s ≤ t is a path α ∈ D(s) ∩ D(t) for which s(α) ≰_{πα} t(α).

Slogan: Two trees are ordered if no common path detects a counterexample.

Basic Result: The relation ≤ is a partial order on T_Σ, and agrees with ≤_{FIN} on F_Σ.

6 Decision Procedure for Subtyping There is an efficient algorithm that decides if one recursive type is a subtype of another. t ::= v | ⊥ | ⊤ | t → t | μv.(t → t) (types) Given types s, t, a certain product automaton accepts all counterexamples to s ≤ t, that is, the set {α ∈ D(s) ∩ D(t) | s(α) ≰_{πα} t(α)}. Algorithm

Input: Two types s, t. Output: Is s ≤ t?

1. Construct the term automata for s and t

(linear time).

2. Construct the product automaton (size O(n^2)). 3. Decide, using depth first search, if the

product automaton accepts the empty set (linear time).

4. If so then s ≤ t else s ≰ t. Time complexity: O(n^2).

Example μv.(v → ⊥) ≰ μu.(u → ⊤) →

� @

→

� @ ⊥

⊥ . →

� @

→

� @ ⊤

⊤ . s s-&%’$_˚ -0 1_{→v} ⊥ s s-&%’$_˚ -0 1_{→u} ⊤

Product automaton:

@@
  @@
   @R

     @@
       @@
         @R

   �
  �
�

�

  �`

    ?

1

1 0 0

((⊥, ⊤, 1))

(⊥, ⊤, 0) (→_v, →_u, 1)

(→_v, →_u, 0)