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ABSTRACT
We have created the first comprehensive and challenging bench-
mark data set for the ad-hoc location discovery (LD). The bench-
mark is a collection of representative real-life distance measure-
ment data that establishes a common basis for understanding, char-
acterization, evaluation and comparison of the LD algorithms and
solvers. It is constructed using a novel analysis methodology that
systematically establishes the difficulty of discovering the loca-
tions. Presence of measurement noise renders the problem difficult
even in dense networks. The noise impacts the continuous opti-
mization underlying the LD calculations. We focus on the diffi-
culty of node localization in dense networks. In such networks, the
location calculation is viewed as a continuous optimization prob-
lem instance with an objective function and a set of constraints.
We devise a number of new metrics that evaluate the difficulty of
the continuous optimization based on the data set properties. For
the LD optimization, a fast simulation methodology is devised for
rapid analysis of the sensitivity of the goodness with respect to the
data set properties. We present a number of applications for the
benchmark data and use it for evaluation and comparison of six
popular LD algorithms. The LD benchmarks are publicly available
at: http://www.ece.rice.edu/~mm7/benchLD/.

Categories and Subject Descriptors
I.6.7 [Computing methodologies]: Simulation and model-
ing,Simulation support systems; I.6.4 [Computing methodolo-
gies]: Simulation and modeling, Model validation and analy-
sis; H.1 [Information systems]: Models and principles; G.1
[Mathematics of computing]: Numerical analysis; E.m [Data]:
Miscellaneous

General Terms
Algorithms, Experimentation, Performance, and Standardization

Keywords
Add hoc networks, Localization, Benchmarks, and Hard instances,
NP-complete problem
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1. INTRODUCTION
Location discovery (LD) in wireless ad-hoc networks is a widely
addressed and important task. Its popularity is well illustrated
by continuously increasing number of papers that address LD or
closely related topics, such as its impact on other tasks including
target detection and tracking. Table 1 shows the total number of
LD-related papers and their percentage of WWW deposited papers
in Google Scholar database. The 2007 data is, only for the first half
of the year.

year 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007
LDP 729 978 1,200 1,410 2,090 2,700 3,610 4,110 3,460 1,240
TP 760 779 854 901 933 971 981 874 787 214
R(%) .096 .125 .140 .157 .224 .278 .368 .470 .440 0.580

Table 1: Popularity of location discovery papers. LDP: number
of LD papers; TP: total number of papers in thousands; R: %
LDP
TP

.

LD is an important technical problem because of its direct and pro-
found impact on other tasks such as sensor coverage [1], sensor ex-
posure [2], localized algorithms [3], and sleeping coordination [4].
Therefore, it is not surprising that a great variety of techniques and
tools have been developed and evaluated for LD in terms of mea-
surement type (e.g. distance and angle), measured signal modality
(e.g., time of arrival, RSS), the underlying objective function (OF)
(e.g., L1 error norm, or consistency), type of beacons and their
presence (e.g., stationary or mobile), and algorithms (e.g., itera-
tive solving of linear systems, simulated annealing). In this paper,
we focus, with no major loss of generality, on LD data sets where
distances between node pairs are measured using audio and RSS
signals, and the beacons are stationary.

To enable a proper basis for comparison of the various LD algo-
rithms, a number of researchers have made their distance measure-
ment data publicly available; examples include [5], [6]. However,
no generic method or tool for determining the difficulty of model-
ing a data set free of imposing strong assumptions - such as nor-
mality or other closed form distributions of noise is available. As a
result, the evaluation criteria for establishing the quality of an LD
method or for comparing various methods is not well-justified. Our
manual analysis of a set of LD solvers indicated that they perform
drastically different on various types of instances that can be char-
acterized in terms of parameters such as the number of nodes and
the number of measurements, the percentage of beacons, average
error rate, variations of error rate, and the number of dimensions of
the embedding space. While on some types of instances numerous
LD solvers perform well, on others only a few or one, and some-
times none perform well. Note that, the performance of LD can be
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easily measured for the instances where the correct locations of all
nodes (ground truth) are readily available, e.g., [7].

The combinatorial complexity (NP-completeness) of LD has been
established. However, NP-completeness is a worst-case measure
of the difficulty that manifests itself in a few sparse networks. Our
evaluations of a number of publicly available LD measurement data
sets has shown that the data is almost always gathered from dense
networks that are not combinatorially complex. Therefore, to iden-
tify LD tools that are practically effective, one has to create in-
stances that are both very challenging and based on actual experi-
mental data.

In order to address this problem and to provide impetus for a more
systematic, accurate, and statistically sound comparison of the LD
solvers, we develop the first comprehensive LD benchmark that
consists of a set of real-life instances with well characterized prop-
erties. The benchmark construction methodology systematically
establishes the difficulty of performing LD with respect to the un-
derlying distance measurement data set and the network topology.

Topology of the network and measurement noise are two major
sources of difficulty in finding the locations that were subject of
research and study. The significantly correlated and difficult to
characterize measurement noise results in complex solution space
of the underlying continuous optimization problem, even in dense
networks. In this paper, the sources of difficulty are analyzed and
employed in LD benchmark development. The reason is that the
measured distance data sets that we studied are often not sparse
and contain redundancy which helps with minimizing the location
estimation error.

The benchmarks can also be applied for other tasks including iden-
tification of strong and weak aspects of an LD software, select-
ing of LD solver for a particular LD instance, tuning of LD soft-
ware, guidance on which measurements should be conducted in a
deployed network, and development of security attacks and defense
mechanisms.

Our contributions include

• We devise a method, based on integer linear programming
(ILP) that is used for drawing samples with specified struc-
tural properties from the real distance measurement data.

• A systematic continuous optimization problem framework
for studying the LD problem is demonstrated; the data set is
the problem input. The framework is employed in our studies
of dense networks with highly variable noise characteristics.

• We introduce a number of new metrics (evaluation criteria)
that quantify the difficulty of optimizing an LD instance. The
quantification of the difficulty is conducted in terms of non-
linearity and fluctuations of the optimized OF operating on
the pertinent input.

• We employ the Placket and Burman (PB) fast simulation
methodology that enables rapid analysis and evaluation of
multiple properties of the data set with respect to our new
metrics. To the best of our knowledge, such fast simulation
methods have not been employed in ad-hoc network litera-
ture earlier.

• Our new benchmark, metrics, and the evaluation criteria for
both sparse and dense networks are publicly available for
download and use. The instances are drawn from real mea-
surement data. We also discuss the emerging applications for
the LD benchmarks.

The remainder of the paper is organized as follows. After dis-
cussing the related work and preliminaries in the next two sections,
we present selection of instances with specific properties in Section
4. The challenging instances with respect to OF and continuous op-
timizations are discussed in Sections 5 and 6 respectively. Section
7 demonstrates using of the benchmark for evaluation and compar-
ison of six popular LD algorithms. In Section 8, we describe a
number of important applications for the benchmark instances. We
conclude in Section 9.

2. RELATED WORK
As indicated in Table 1, a vast amount of research is dedicated to
LD in ad hoc and sensor networks, e.g., [8–11]. Because of space
limitations we refer the readers to the surveys [12,13]. Of particular
relevance to this work are those that are based on studying and
modeling real data and measurement errors [14–16].

Benchmarks are created and used in many fields of electrical and
computer engineering and computer science to guide development
of new architectures and systems and application software, ranging
from embedded systems to information retrieval and databases [17–
19]

Organization of experiments and techniques for identifying signifi-
cant parameters has been a subject of active research for more than
6 decades [20]. Although Plackett-Burman scheme is one of the
oldest, it has been serving as the basis for many other schemes and
has been used in several fields [21].

Deferent research groups have developed localization tools and
constructed distance measurement databases. However, none of
them has exploited the complexity of the measurement databases.
For example, in Cricket project [5] which is an indoor localization
scheme, distance measurement data is available on the web; how-
ever, they do not provide a mechanism to construct hard instances
of the localization problem.

Open source laboratory in UIUC [6] and CENS laboratory in
UCLA [22] also provide databases of the distance measurements
without considering the complexity of the implemented networks.
A number of authors have used the data in developing their location
discovery methods, e.g., the CENS data was used in [14–16]. The
measurement data in both data sets is based on the Time Difference
of Arrival (TDoA) tested on Mica-2 motes and SH4 nodes, respec-
tively. Because of the deployment environment and measurement
tools, distance measurement noise has different characteristics in
the different data sets. In Section 7, we show that localization algo-
rithms’ performance depends on the underlying measurement data
sets.

It is important to note that the localization problem is an NP-
complete problem. Saxe [23] proved that embedding a weighted
graph in Rd is strongly NP-hard. Also, It was proved that Unit
Distance Graph (UDG) model for the network localization leads
to NP-hard problem [24]. In UDG model two nodes can measure
their mutual distances if and only if their distance is less that a spe-
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Figure 1: The flow of the LD benchmarking methodology.

cific range. NP-completeness is the worst-case complexity of the
problem that only manifests itself on sparse networks. It is well-
known that not all instances of an NP-complete problem are hard
to solve [25]. The available measurement data that we consider are
not sparse and thus, the worse-case complexity is not relevant.

3. PRELIMINARIES
Our target problem can be formally defined as follows.

Problem: IDENTIFYING HARD LD INSTANCES

Instance: Nodes denoted by vn (n = 1, . . . , N ) placed in Rd (d =
2, 3); B(> d) of the nodes are beacons n1, . . . , nB that know their
locations; the mutual distance l(vn, vm) measured between pairs of
nodes vn and vm, (m,n = 1, . . . , N ); measurement noise εn,m,
where l(vn, vm) = d(vn, vm) + εn,m – d(vn, vm) denotes the
real distance. Neighbors are nodes that can measure their mutual
distance.

The goal of the LD is to find the location of the non-beacon nodes.
LD is often treated as an optimization problem. For example, the
OF may be minimizing the difference between the measured and
the final distances, while the constraints are formed by the available
distances.

Objective: We target the problem of determining the difficulty of
addressing a particular LD data set (instance) by different algo-
rithms and methods. The difficulty is expressed as a function of
various properties, such as the measurement error and the density
of the graph.

A weighted graph G(V,E) can be defined for LD such that V =
{v1, v2, · · · , vN} and {vn, vm} ∈ E ⇐⇒ {vn, vm are neigh-
bors}. The weight of each edge is equal to the mutual distance
between its two adjoining nodes. Degree of a node is the number
of edges incident to it.

Realization of a weighted graph, G(V,E), refers to assigning coor-
dinates to the nodes. At it is expected in a realization of a weighted
graph, distance between the two nodes might not be equal to the
weighted edge between two nodes in the corresponding weighted
graph.

Figure 1 shows the flow of our approach. It shows the process for
drawing samples where the estimation of the final location is hard
even in dense networks (Sections 5 and 6). The process consists of
a new ILP-based sampling method (Section 4), introducing novel
metrics (Subsection 5.1), and a fast analysis method (Subsection
5.2).

4. SAMPLING INSTANCES WITH
SPECIFIED PROPERTIES

The starting point for the instance identification is to have an LD
data set with specific properties. Our approach advocates the use of
real data. Thus, instance determination translates to sampling the
measurement data such that the sample follows the desired spec-
ifications. Many properties specify an LD instance, including the
graph properties (e.g., number of nodes or edges), topological prop-
erties (e.g., number of dimensions), and technological properties
(e.g., measurement noise).

Let S denote a sampled instance from the data set (distance mea-
surements). In this paper, we specify and experiment on the fol-
lowing properties for S:

1. Number of nodes shown by NS .

2. Number of beacons denoted by BS .

3. Mean square distance measurement noise shown by ε2S .

4. Percentage of edges with square noise higher (or lower) than

a given value ε20, PER
ε20
S .

5. Mean degree of the graph denoted by DS .

6. Minimum and maximum edge length presented by MINLS

and MAXLS respectively.

7. Mean edge length shown by lS .

8. Minimum degree of the non-beacon nodes, MINDS .

9. Maximum squared error, MAXε2S .

Many other properties could also be considered, including the mean
absolute error of the noise, longest distance in the network, and
the area covered by the network. We believe that the nine proper-
ties specified above provide a good representation for the instances
studied in the literature. We also emphasize that our instance sam-
pling method can be applied for drawing samples with arbitrary
desired properties.

We adopt the following problem formulation, for a given data set
that contains a LD graph with the correct coordinates of the nodes,
and a number of noisy distance measurements.

Problem: SPECIFIED SAMPLING OF LD INSTANCES

Instance: A full LD data set withN nodes with correct coordinates
∀vn, n = 1, . . . , N and noisy distance measurements between a

subset of node pairs, constants NS , BS , ε2S , PER
ε20
S , DS , MINLS ,

MAXLS , lS , MINDS , and MAXε2S .

Question: Is there a sub-sample S of the full data set, with the
properties defined above for the instance?

We now formulate the data set sampling problem as an instance
of an integer linear program (ILP). There are at least two reasons
for using the ILP and not to use heuristic algorithms for this prob-
lem. First, even though the complexity of ILP for solving instances
would increase for large data (e.g., more than 500 nodes), for our
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scenarios of networks with less than 100 nodes we are able to find
the best solutions quickly on a standard PC. Second, the ILP’s un-
derlying optimization mechanism is insensitive to the various prop-
erty interactions. It is very hard (if not impossible) to build a heuris-
tic method that is as insensitive as ILP. We solve our ILP using the
commercial CPLEX package [26]. We first introduce the constants
and variables, and then formulate the OF and constraints.

Given: An LD data set containing a graph G(V ;E) |V |=N ; the
real coordinates (xn, yn, zn) for each node vn n=1, . . . , N ; the
matrix EN×N with elements en,m that are either zero or one cor-
responding to the existence of distances measurements (edges)
between some node pairs vn ∈ G and vm ∈ G, also, there
are K matrices Lk

N×N , k = 1, . . . ,K that determine the K

different noisy distance measurements lkn,m for each edge in E

(m,n=1, . . . , N ); constants NS , BS , ε2S , PER
ε20
S , DS , MINLS ,

MAXLS , lS , MINDS , and MAXε2S .

Variables: Two vectors ΦS and ΨS with elements φn and ψn,
n = 1, . . . , N such that,

φn =

{
1, If the node vn is selected in S
0, otherwise

(1)

ψn =

{
1, If the node vn is a beacon in S
0, otherwise

(2)

a matrix ΞS with elements ξn,m, n,m = 1, . . . , N such that,

ξn,m =

{
1, If edge en,m is selected in S
0, otherwise

(3)

a three dimensional matrix ΥS with elements υn,m,k,

υn,m,k =

⎧⎨
⎩

1, If the k-th measurement is used
for edge en,m in S

0, otherwise
(4)

Objective Function (OF): We define the objective function such
that it maximizes the distance between the beacons so that they are
spread in the ntwork. Given the location of all nodes, the matrix
Γ with elements γn,m corresponding to the distance between two
nodes vm and vn, n,m=1, . . . , N can be computed. We maximize
following objective function.

OF :
∑

n

∑
m

γn,mψn ∧ ψm.

Implementing "and" (∧) with linear operators is explained later.

Constraints: The problem has 12 sets of constraints. The first set
of constraints (C1) ensures for each selected edge, both its accom-
panying nodes are also selected,

C1 : ∀m,n, ξn,m → (φn ∧φm) ≡ (∼ ξn,m ∨ (φn ∧φm)) (5)

To express this in linear terms, for two binary variablesA andB we
define two auxiliary operations FOR = A∨B and FAND = A∧B
as follows.

• For OR operator

1. FOR ≥ A and FOR ≥ B

2. FOR ≤ A+B

3. 0 ≤ FOR ≤ 1

• For AND operator

1. FAND ≤ A and FAND ≤ B

2. 1 + FAND ≥ A+B

3. 0 ≤ FAND ≤ 1.

Generalization to more variables is straightforward. Using the two
new auxiliary operators, we can now define C1 in linear terms.

Also, we need a second constraint set denoted by C2 that ensures if
a node is in S (φn = 1), it has at least one adjacent edge in ξn,m,
m = 1, . . . , N . Also, the degree of non-beacon nodes should be at
least MINDS , i.e.,

C2 : ∀n,
∑
m

ξn,m ∧ φn ≥ MINDSφn − (MINDS − 1)ψn

The constraints C3 and C4 define the number of nodes and the
number of beacons. For n,m = 1, . . . , N ,

C3 :
∑

n

φn = NS (6)

C4 :
∑

n

ψn = BS

Note that
∑

n φn includes all nodes (beacon and non-beacon
nodes). Thus, each beacon should first be selected as a node,

C5 : ∀n, ψn → φn ≡∼ ψn ∨ φn

To implement the constraint on the mean square error of measured
distance (denoted by C6) we use the inputs to form a matrix with
elements ε2n,m,k that are the square of difference between the cor-
rect node locations and the distance for each edge en,m in the k-th
measurement. Also, we consider a margin δε around the given ε2S .
Thus, for m,n = 1, . . . , N ,

C6 : ε2S − δε ≤
∑

n

∑
m>n

∑
k

υn,m,kε
2
n,m,k ≤ ε2S + δε

The next constraint ensures that just one of the K measurements is
selected for each edge in the sampled instance:

C7 :
∑

k

υn,m,k = ξm,n

Similarly, the other sets of constraints can be expressed:

C8 :
(DS − δD)NS

2
≤

∑
n

∑
m>n

ξn,m ≤ (DS + δD)NS

2

C9 :
∑

n

∑
m>n

∑
k

[υn,m,k ∧ (ε2n,m,k ≥ ε20)] ≤ PER
ε20
S .ES

C10 : ∀n,m, k,MINLSυn,m,k ≤ υm,n,kl
k
m,n ≤ MAXLS

C11 : (lS − δl)ES ≤
∑

n

∑
m>n

∑
k

υn,m,kl
k
n,m ≤ (lS + δl)ES

C12 : ∀n,m : υn,m,kε
2
n,m,k ≤ MAXε2S
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where ε20 denotes the predefined high threshold values for square

noise; ES = DSNS
2

is the total number of edges; and δD and δl

are positive margin values for the average graph degree and edge
length.

5. CREATION OF INSTANCES WITH
DIFFICULT TO FIND OF

In this section, we address the issues related to the OF used for LD.
Given a set of location data, a fundamental question is: what is the
best OF that can be used for this data set? Alternatively, there is a
need to define the performance of a given OF on an LD data set.
In the Subsection 5.1, we introduce three methods that will be used
as metrics for evaluation of the OF. In Subsection 5.2, we utilize
the metrics and introduce a systematic fast method for studying the
sensitivity of the OF on the various LD instance parameters.

5.1 Metrics for evaluating OF
Given the measurement data and the original nodes’ locations, we
introduce three metrics that will be used for evaluating the OF on
the LD data. Perhaps the most straightforward way to evaluate an
OF on LD data set would be to integrate the OF in an optimization
engine and then check the optimized results. If the optimal algo-
rithm is available, then it would yield the correct locations. How-
ever, since LD is a complex problem, one cannot hope to have the
optimal algorithm. Only heuristics can be developed. Thus, the
quality of the final solution is not just a function of the used OF,
but also a consequence of the underlying heuristics.

We introduce evaluation metrics that are independent of the opti-
mization engine. Our method for finding evaluation metrics utilizes
the fact the LD data sets contain the correct locations.

1. Rank-based consistency of the OF. There are three steps that
should be taken for finding the consistency. In the first step,
we simply substitute the correct location as the solution and
find the corresponding value of the OF. The second step con-
sists of repeatedly generating random positions in the inter-
val (0,ε) around the correct location of all the nodes in the
network and then, finding the value of the OF for the new
nodes’ positions. The iteration in the second step is itself re-
peated K times, each time increasing the interval to (0,kε),
k = 1, . . . ,K. In the third step, we model the resulting val-
ues of the OF versus the corresponding average distance be-
tween the generated points and the correct locations for each
location configurations.

In Figure 2, we plot OF versus the distance to the correct so-
lution on a small example. The plot quantifies the changes
in the OF value by altering the LD estimate using any al-
gorithm that randomly generates a solution in the (0,kε) in-
terval. The consistency of the OF is a metric defined us-
ing the plot. The rank-based consistency check is as fol-
lows. For an LD data set with N nodes, let OF(X1) and
OF(X2) denote the values of the OF evaluated for the 2N -
dimensional points X1 ∈ R2N and X2 ∈ R2N . Each 2N -
dimensional point corresponds to the x and y coordinates for
the N nodes. Let Xc denotes the correct location of the
points, and d(Xc,X1) as well as d(Xc,X2) denote the dis-
tance between Xc and X1, and Xc and X2 respectively. If
for two pairs (X1, OF (X1)) and (X2, OF (X2)) we have
d(Xc,X1) ≥ d(Xc,X2) and OF(X1) ≥ OF(X2), then the
objective function is consistent for the two pairs of points.
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Figure 2: An example plot showing the changes in an objective
function (OF) versus the distance of the solution to the correct
one.

We count the number of times the node pair comparisons are
consistent and use this number as a metric for the OF evalu-
ation.

2. Variance of the OF. Another quantitative measure that can be
found for the plot in Figure 2 is the variance of the OF values
that is incurred by increasing the distance of the estimated lo-
cation to the correct location. There is a transition point after
which the OF estimation essentially becomes random. For
example, in Figure 2 we see increase in the variance of the
OF for points with a distance larger than 6.5ε. The transition
point is illustrated by the vertical line on the. The metric is to
check the variance of the model before the transition point.
The variance shows how well the OF captures the changes
in the distance of the final solution to the correct location.
A high variance indicates that the OF is not a good metric
for the underlying data set, while a low variance indicates
sensitivity to the changes in the LD data.

3. Drifting of the OF. This metric quantifies the effect of the
OF under evaluation in drifting from the correct location.
Let OFM : RdN → R+ be the objective function map-
ping from the dN -dimensional space to one dimension. M
is the measurement set. We assume OFM ∈ C0 (i.e., OFM

is continuous). Denote the noiseless measurements by Mc.
The global minimum of OFMc is at Xc; where Xc is the
2N -dimensional point corresponding to the correct nodes’
positions. Because of the measurement noise, Xc is not nec-
essarily the global minimum of OFMn (OF with noisy mea-
surements). This means that if we start from the correct point
Xc and move in the opposite direction of the gradient, we
will be trapped in a local minimum, denoted by Xl. This
local minimum may not be the global minimum of the ob-
jective function OFMn . The distance between Xl and Xc is
denoted by dm which determines the drifting caused by the
OF with noisy measurements, OFMn .
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5.2 PB design for fast sensitivity analysis
Our statistical method is based on the foldover Plackett and Bur-
man (PB) multifactorial experiment design [20] to determine the
effect of various instance properties on the OF, to compare the ef-
fectiveness of different OFs, and to distinguish OFs based on their
effect on the instance properties. The three metrics defined earlier
will be used for evaluating the OFs.

The major problem in evaluation of the OF versus the instance
properties is the number of the underlying properties. To have a
thorough analysis, one would need to run many experiments. In
each experiment run, there are a number of key parameters that
must be selected, including the property values (e.g., number of
nodes, number of beacons), the non-varied properties and their val-
ues, the varied properties and their range of variations, dependent
parameters. Another key question is the number of experiments
that would yield a certain confidence over the results. Evaluating
all possible values of all properties is not feasible.

This paper proposes a formal method for improving the experiment
set-up and sensitivity analysis. Our approach is based on a very fast
and efficient known statistical method. To the best of our knowl-
edge, such a method has never been used before for simulations in
sensor networks where only ad-hoc evaluation methods have been
applied. The methodology not only speeds-up the evaluation pro-
cess, but also makes the results more exact by providing a statistical
confidence. We use the method for both evaluating the sensitivity
of the OF in this section, as well as evaluating the continuous opti-
mization approaches in the next section.

If we denote the number of properties by Np, PB multifactorial
experiment design is a saturated design method that has a linear
number of experiment runs with respect to Np. A saturated de-
sign is where the information in all the experiments is used to esti-
mate the sensitivity. Since a number of selected instance properties
might have interactions, we opt to use a foldover PB design that
uses twice the number of runs of the original PB while including
a linear number of property interactions [21]. A foldover PB runs
twice number of runs compared to the original PB design.

The values of the properties selected for each experiment run is
defined by the original PB design matrix. Each row in the design
matrix corresponds to one experiment, while each column corre-
sponds to one of the Np instance properties. The entries in the
table are either +1 or -1. For each property in the experiment, the
PB either sets a higher value (+1) compared to the properties’ nor-
mal range or a lower value (-1) than the normal range. The selected
low and high values remain constants for each property over all of
the experiment runs. In cases where Np is smaller than the number
of rows denoted by Nr , the first column is taken from the original
PB design matrix for Nr which has Nr − 1 components [20]. The
subsequent columns are just each shifted circularly down by one
compared to their previous columns. The last row of the matrix
is filled with -1 in all its corresponding columns. The foldover is
constructed from the PB design, by copying the rows and then just
flipping the -1 and +1 signs.

In Table 2, we illustrate the original PB design table that we have
used in our experiments with 10 parameters, Np = 10. Columns
2-11 show the instance properties, while the last column illustrates
the value of the evaluation metric for those properties. For an origi-
nal PB design, the number of rows would be 12 and for the foldover
PB, Nr = 24. Because of space limitations, we do not show the

Table 2: The original Plackett and Burman (PB) experiment
design table for Np = 10.

rows 13-24 since that they are the mirrored-sign version of the first
12 columns.

Selection of the low and high value for the range of each property
is also important. The high and low values should not be extreme,
since that would exaggerate the effect of each property [21]. The
best is to select high and low values to be on the boundary with the
normal range of the values.

Finally, the results of the PB experiment design is used for iden-
tifying the effect of each of the properties on the OF. Assume
that we use one of the metrics defined for evaluating the OF. For
each experiment run, there will be one value for the metric. An
example is shown in Table 2, where the last column shows the
value for one metric. The sensitivity to each parameter is calcu-
lated by multiplying the metric in the PB parameter value (+1 or
-1) and summing up through the columns. For example, for an
original PB (without foldover) with 10 parameters and the met-
ric shown on the last column, the effect of the metric on P1

is: (+1.22)+ (+1.37)+ (−1.15)+ (+1.38)+ (+1.24)+ (+1.36)+
(−1.29)+(−1.39)+ (−1.20)+ (+1.36)+ (−1.25)+ (−1.45)= 20.
Only the magnitude of the sensitivity (not its sign) is important.

The results of applying the PB design for LD are shown in Table
3. The nine parameters that are studied here were introduced in
Section 4. Three objective functions were evaluated: L1, L2 and
Maximum Likelihood (ML) (for exact definition please see [14]).
In ML, the likelihood function of the measurement noise 	 is maxi-
mized. ML objective function is obtained by modeling the distance
measurements noise. The three metrics were used to evaluate OFs:
consistency, variance and drifting. The elements of the table rep-
resent the rank of the parameters for the specific OFs and the eval-
uation metrics. Number 1 means the most important parameter.
Though parameter ranks are not the same in all columns, this table
illustrates that the number of nodes (NS), average degree (DS),
number of beacons (BS), and mean square error ε2S are the most
important parameters. Moreover, it shows that the minimum and
maximum edge lengths MINLS and MAXLS , do not have large
impacts on the OFs.
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Parameter Consistency Variance Drifting
L1 L2 ML L1 L2 ML L1 L2 ML

NS 1 1 1 4 2 2 4 4 2
BS 5 3 3 2 3 3 2 1 1
ε2S 7 6 8 6 7 8 1 2 3
MAXε2m

6 5 9 9 10 6 6 8 7
PERε20

8 7 5 8 6 9 7 9 10
DS 2 9 2 1 1 1 3 3 4
MINLS 10 2 6 10 9 10 8 6 8
MAXLS 4 10 10 5 5 5 10 10 9
lS 3 8 4 3 4 4 9 5 5
MINDS 9 4 7 7 8 7 5 7 6

Table 3: Importance of parameters for various OFs and met-
rics. Generally, the number of nodes (NS), average degree
(DS), number of beacons (BS), and mean square error ε2S are
the most important parameters.

6. CREATION OF INSTANCES THAT ARE
HARD FOR CONTINUOUS
OPTIMIZATION

In this section, we evaluate the impact of the optimization method
on the LD instances. The selection of the optimization algorithm is
closely related to the underlying OF. The three metrics introduced
for evaluation of OF do not measure its interactions with the opti-
mization method. To get more insight to this interaction, we have
performed intensive set of various optimizations for the OFs under
study. An important observation was that in some cases, an OF that
had a high quality in terms of the three introduced metrics (consis-
tency, variance and drifting) did not yield a high quality solution. In
parallel with a good OF, optimization mechanisms that can achieve
a good LD result are also needed.

A key question to answer is which shape of the OF complicates
the optimization algorithm. Location discovery is a nonlinear op-
timization problem in the RdN space of its variables. It is well
known that nonlinear optimization problems with a large number
of local minima are hard to solve. This is so because the space of
the underlying variables is huge and thus an exhaustive search is
out of question. Nonlinear optimization methods search subparts
of the space to find the best global minimum of an OF. If the OF
is smooth, the search is easy. However, if the hypersurface of OF
in the space of variables is bumpy (a lot of hills and valleys) the
optimization algorithm would have a hard time to find the global
minima, unless it searches the space for a long time. Figure 3 illus-
trates a simplified example with two nonlinear objective functions
in the R space. From what we have just described, it is easy to see
that it is much harder to find the global minimum of the OF2 when
compared to OF1.

Nearest directional local maximum. As shown in Figure 3, dis-
tance to the nearest local maxima is a good indicator for the OF
bumpiness. Because of curse of dimensionality of OF in RdN , it
is not feasible to study this property for all dimensions simultane-
ously. Therefore, we study the property for changing each node
separately and then combine the results.

For each node vn, we select a random direction 
a ∈ R2. All nodes
are placed in their correct positions. We start from the correct loca-
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 nearest local max 

Figure 3: A smooth (OF1) and a bumpy (OF2) OF over the 1D
variable space; Xc is the correct location.

Param L1 L2 ML EC Param L1 L2 ML EC
NS 6 5 6 1 PERε20

10 8 5 6

ε2S 2 3 4 4 MAXε2m
9 10 10 10

BS 4 2 3 7 MINLS 7 6 9 9
DS 1 1 1 3 MAXLS 5 9 8 2
lS 8 7 7 5 MINDS 3 4 2 8

Table 4: Importance of parameters for OF distances to the local
maximum. The mean degree of the graph is the most important
parameter and MAXε2m

is the least important parameter.

tion of vn denoted by u and move in the direction 
a, i.e.,

u′(t) = u+ t
a, t > 0.

Then, we find the local maximum correspond to the smallest t,
u′(tn). The local maximum indicates how far one can go from
the correct point before hitting a bump. We introduce g as a metric
for the bumpiness of OF.

gn =
1

tn
.

Small gn indicates one can go far from the correct location since the
OF is smooth. The overall behavior of the OF is found by averaging
over gn.

We conduct the PB-design to evaluate the effect of different pa-
rameters on the bumpiness of the OFs. Table 4 is representing the
rank of each parameter in making OF bumpy. In addition to the
three objective functions L1, L2, and ML, Edge Consistency (EC)
is also studied [14]. EC (Similar to the previous section) measures
the inconsistency between measurement edges and edges length in
the current realization of the graph.

While the results are not drastically different from the previous sec-
tion, they illustrate that the mean degree of the graph is the most
important parameter. Moreover, maximum squared error MAXε2m

,

mean edge length lS , and minimum edge length MINLS have the
least effect on the OF bumpiness.

In Figure 4, Mean Distances to the nearest directional local Max-
imum (MDM) Mean(tn) is plotted for different OFs. Having a
large MDM indicates that the OF is not bumpy. This figure sug-
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Figure 5: Localization error for CENS data set. Bar plot on the top of the figure shows percent of the nodes that are not localized.
The first three algorithms could not localized all the nodes.
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Figure 4: Boxplot of the mean directional distance to the near-
est local maximum for various OFs. MDM: Mean Distances to
the nearest directional local Maximum.

gests that EC is highly bumpy around the correct solution. Thus,
finding the global minimum for EC is hard for heuristic non-linear
optimization methods. Also, ML has a relatively low MDM even
though it is analytically the best OF (i.e., yielding the solution with
the least error) if the correct noise model is known. However, it
is bumpy compared to L1 and L2 OFs. Thus, it is harder to find
optimization methods that find its global minimum.

7. BENCHMARK EVALUATION
The benchmark set introduced in this paper is evaluated by 6 differ-
ent LD algorithms. We evaluate benchmarks from PB-design under
these localization algorithms. Silhouette simulator [27] is used for
LD. We have used following six algorithms to evaluate the bench-
marks:

• GPS-Free [28].

• MDS-Map [29].

• MDS-Map (P): MDS-Map based on patches of local maps
[30].

• Robust Triangle [28].

• Bounding Box [31].

• DV-distance [32].

Figures 5 and 6 compare localization error for six localization al-
gorithms. The percentage of non-localizable nodes are shown by
numbers and barplots at the top of the figures. Figures 5 and
6 are for Hard10 benchmarks drawn from the CENS measure-
ment data [22] and ultrasound [27] measurements, respectively,
that are available online. Here again, networks are scaled to fit
in a 1000m × 1000m square area. The plots indicate that solvers
behave differently for various network instances, e.g., Robust Tri-
angles performs bad on benchmarks drawn from CENS measure-
ments (Figure 5) but it performs reasonable for benchmarks based
on the ultrasound measurements (Figure 6). As a result, character-
istics of the measurement noise dramatically affect the performance
of the localization algorithm.

8. APPLICATIONS
A broad variety of technical applications can directly benefit from
challenging LD benchmark (LDB). They include evaluation and
improvement of a particular LD solver, identifying classes of LD
problems that can be easily solved using the current technology,
and LD security. In this section, we briefly discuss a sample of ap-
plications that can leverage LD challenging instances in our bench-
mark. The benchmark is available for non-commercial public use
at: http://www.ece.rice.edu/~mm7/benchLD/. In the web page, we
have determined samples of hard LD problems with different prop-
erties.
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Figure 6: Localization error for ultrasound data set. Bar plot on the top of the figure shows percent of the nodes that are not localized.
Bounding Box algorithm localizes just 20% of the nodes.

1. Evaluation and characterization of a particular LD software
package. The LDB can be used to identify the weaknesses
and potentials of a solver as well as the directions for its
improvement. It can find when a solver is applicable with
acceptable accuracy. For example, LDB can diagnose the in-
efficiency of the underlying OF or optimization algorithms
and suggest alternations. For instance, our LDB evaluation
indicates that conjugate gradient maximum likelihood LD
solver [14] does not perform well on sparse instances (av-
erage degree < 3) with small percentage of beacons (the
average relative L1 error was 38% on LD instances of this
type).

2. Selecting LD software for a pertinent LD instance. Our com-
prehensive LD instance analysis indicates that for several in-
stance types, majority of the evaluated LD tools are perform-
ing well, with relatively small differences in the quality of the
solutions. However, for different types of difficult instances,
a few LD solvers perform significantly better than the others.
For example, for sparse instance with average graph degree
below 4, our new convex programming-based LD solver out-
performed any other considered solver by 40%. On the other
hand, conjugate gradient consistency solver CGCS with dif-
ficulty driven partitioning [15] had superior performances on
large and high density instances.

3. Parameter selection for LD software. A significant percent-
age of LD solvers have either explicit or implicit mecha-
nisms for exploring the quality of solution-runtime trade-
off or for emphasizing different optimization mechanisms.
For instance, often LD solvers employ discrete or continu-
ous iterative improvement: they either iteratively visit sets of
nodes that are optimized using atomic multilaterations [8] or
employ different gradient descent directions [14]. In addi-
tion, it is often straightforward to replace one OF with an-
other [15, 16]. By providing a set of difficult instances, we
facilitate selection of the parameters in such a way that dif-
ficult instance can be solved well or in short time. Also, it
can provide a guidance for identifying the termination time
of the nonlinear algorithm.

4. Instance Partitioning. There is sometimes a need to parti-

tion an LD instance so that nodes in each part can be sepa-
rately or sequentially located. There are three main reasons
for LD partitioning. The first is to minimize the communica-
tion needs of localized LD algorithms. The second is scaling:
many of the contemporary good solvers take prohibitively
large running times on larger instances. For example, in-
stances with thousand nodes approximately require around 1
day PC runtime to generate high quality solutions [14]. Fi-
nally, as a consequence of scaling, it has been demonstrated
that partitioning often has as one of its ramifications creation
of better LD solutions: while after partitioning a part of the
available measurements and beacon locations information is
lost, the smaller network parts with specific structures are
easier to address.

LDB helps LD instance partitioning by indicating the size
and the structure of instances on which one of the available
solvers performs well. For example, we were able to sup-
press the error by a factor of 3, by partitioning a network
of 1000 nodes into subparts of 100 nodes, for relative L1

OF [14].

5. LD Knowledge. LDB can be used for gaining numerous in-
sights about LD in sensor networks.

5.1. Identification of solved/unsolved types of instances. One
can identify what type of instances are solvable in a sense
that there is an available LD solver that addresses them with
a specified accuracy. Also, instances that are currently not
addressed properly can be identified. In general, it was diffi-
cult to solve instances that had average graph degrees below
4, instances with large number of nodes and a few beacons,
instances with high average error and low error variance, and
3D instances. Probably the single most important conclu-
sion of our LDB evaluations is that much more often the
cause for low quality LD is inadequate OF and not ineffi-
ciency of optimization mechanisms. Thus, we advocate that
LD research focuses on derivation of better OFs that more
accurately grasp the essence of the measurements error char-
acteristics.

5.2. The number of distance measurements for a targeted ac-
curacy. One important LDB benefit is that it can be used to
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deduce the required number of measurements for a given sen-
sor network, LD solver, and targeted LD accuracy. Another
important LDB benefit is that it can guide us in figuring out
which measurements (between which pair of nodes) is the
most beneficial to conduct so that the resulting LD instance
can be best solved for a given network and a given LD solver.

Equally importantly, LDB can be used for deciding where
to place beacons either for a given network or for a given
area where mobile nodes should be supported for calculating
their current positions or tracking trajectory. Finally, LDB
can be used to organize the most effective security attacks
that prevent accurate measurements or alter measurements
between pairs of nodes. LDB can identify which network
structures and topologies, measurement scenarios, and LD
tools are resilient against a specified number of measurement
alternations.

9. CONCLUSION
We have developed a challenging location discovery (LD) bench-
mark. The benchmark consists of instances that are not just diffi-
cult to be accurately solved by majority of the currently available
LD solvers, but also will remain challenging for yet to be devel-
oped solvers. We identify difficult instances by conceptually and
statistically analyzing the relationship between LD objective func-
tions and discrete and continuous optimization mechanisms of ex-
isting and potential LD solvers. The benchmark includes actually
deployed LD measurement data and can be used not only for quan-
titative comparison of LD solvers but also for many other purposes
ranging from diagnosis of strong and week aspects of a specific LD
solver to addressing LD-related security attacks.
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