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There are some further questions the reader might like to consider. We have shown 
that nilpotent n x n matrices A such that An-' f 0 are rootless. Such nilpotent ma- 
trices are of greatest possible rank (here, rank n - 1). These have been termed in the 
literature principal nilpotents and are part of many interesting problems in matrix the- 
ory. All of the rootless matrices shown here are principal nilpotents, but there are 
nonnilpotent rootless matrices. The reader is encouraged to work this out to show the 
matrix 

is rootless, but not nilpotent. Also, we saw an example of a nilpotent matrix that was 
not principal and had a square root. Is this always the case? That is, are there nilpotent 
matrices of less than maximal rank that are still rootless? With these interesting ques- 
tions worked out, the reader should try to give a complete description of all rootless 
matrices, and we hope that our remarks will help you on your way. 
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Undoubtedly, many people had called Dr. Harold Smith at 493-7775 without thinking 
much about his phone number. Dr. Smith's brother-in-law, Albert Wilansky, however, 
noticed something very interesting about this phone number. When written as the sin- 
gle number 4937775, it is a composite number where the sum of the digits in its prime 
factorization is equal to the digit sum of the number. Adding the digits in the number 
and the digits of its prime factors 3, 5, 5, and 65837 resulted in identical sums of 42. 
Wilansky, a mathematics professor at Lehigh University, termed numbers having this 
property to be Smith numbers [S].It turns out that the terminology was an appropriate 
choice because we will show that Smith numbers are very common, about as common 
as the name Smith in most American phone books. 

The number 4 is the smallest Smith number because it is composite, it has a digit 
sum of 4, and the sum of the digits in its prime factorization is 2 + 2 = 4. In his 
article, Wilansky provided two other slightly larger examples of Smith numbers: 9985 
and 6036. He also told how many Smith numbers lie between 0 and 9999; as you can 
check, there are 376 of them. Because these numbers seemed to occur fairly frequently, 
Wilansky raised the question of whether there are infinitely many Smith numbers. 
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In 1987, Wayne McDaniel [3] succeeded in showing that infinitely many Smith 
numbers do in fact exist. McDaniel's approach was through a generalization of the 
problem. He defined a k-Smith number to be a composite integer where the sum of 
the digits in the prime factorization is equal to k times the digit sum of the number. 
In his article, McDaniel produced an infinite sequence of k-Smith numbers for each 
positive integer k.  Since k = 1 corresponds to Wilansky's definition of a simple Smith 
number, McDaniel has shown that there are infinitely many Smith numbers. We will 
give further evidence of their abundance by producing yet another infinite sequence of 
Smith numbers. 

Notation and basic theorems For any positive integer n ,  we let S ( n )  denote the 
sum of the digits of n and S, ( n )  denote the sum of the digits of the prime factorization 
of n .  A number is Smith when these two quantities are equal. For example, S(27) = 
2 +7 = 9 and S,(27) = S,(3 * 3 * 3 )  = 3 + 3 + 3 = 9. Hence 27 is a Smith number. 

For any positive integer n ,  we let N ( n )  denote the number of digits of n .  For ex- 
ample, N(27)  = 2. An algebraic formula for N ( m )  is N ( m )  = [log,, m ]+ 1 where 
[ x ]is the greatest integer in x .  

A repunit, denoted R,, is a number consisting of a string of n ones. For example, 
Rq = 1 1 1 1 .  An algebraic formula for R, is R, = (10" - 1)/9 .  

We now relate a few of the known results about the functions S and S, that are 
pertinent to the construction of our infinite sequence of Smith numbers. In his paper, 
McDaniel [3] stated the following theorem without proof. ( A  detailed proof of the 
theorem is supplied in [2].)  

THEOREM1 .  I f t  is apositive integer with t < 9R,, then S( t  * (9R,)) = S(9Rn)= 
9n. 

This theorem gives a way to know the digit sum of certain large numbers with- 
out having to expand the number into all its digits. For example, suppose we start with 
9R5 = 99999 and arbitrarily choose t = 44599. Since 44599 < 99999, it follows from 
Theorem 1 that S(44599 * 99999) = 9 * 5 = 45. We can check by expanding the prod- 
uct 44599 * 99999. The product gives 4459855401 and in fact S(4459855401) = 45. 

The following theorem follows directly from the definition of the function S,. 

THEOREM2. I f m  and n arepositive integers, then S,(mn) = S,(m) + S,(n). 

This theorem says that the function S, is an additive function, a fact we will use 
often. 

In 1983, Keith Wayland and Sham Oltikar [4]provided another useful theorem. 

THEOREM3 .  I f  S ( u )  > S,(u) and S ( u )  = S,(u)(mod7),  then loku  is a Smith 
number where k = ( S ( u )- S,(u))/7.  

The essence of this theorem is that padding a zero on the end of a number does not 
change its digit sum, but it does increase the digit sum of its primes by 7 .  Each new 
zero on the end (which is achieved by multiplying by another factor of 10 = 2 * 5 )  
adds 2 + 5 = 7 to the S,(u) value until it equals the S ( u ) value. Theorem 3 was used 
by Oltikar and Wayland to say that every prime whose digits are all 0 and 1 has some 
multiple that qualifies as a Smith number. For example, some multiple of the prime 
number 10101 1 1  1 1  1 must be a Smith number. (Try multiplying the prime by 6 and 
then apply the Theorem.) Since there are lots of primes containing just 0s and Is, this 
gave further circumstantial evidence (before McDaniel's proof) that there are infinitely 
many Smith numbers. 

McDaniel [3]also gave an upper bound for S,(m) that does not involve the value 
of specific prime factors of m ,  as follows: 
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THEOREM4. If P I , . . . ,p, are prime numbers, not necessarily distinct, and if 
m = p1p2. . . pr, then S,(m) < 9N(m) - .54r. 

The new infinite sequence With the help of the previous theorems, we begin to 
construct a new infinite sequence of Smith numbers. Start with an integer n greater 
than 7. Let m = 9R, = 10" - 1. By Theorem 4, S,(m) < 9N (m) - .54r, where r is 
the number of prime factors of m. Since 32 divides m and R, > 1, m has at least three 
primes in its factorization. This means that r > 2 and .54r > 1. Since m has n digits, 
Theorem 4 gives us Sp(m) < 9n - 1. But 9n is actually the digit sum of m and so 
S,(m) < S(m) - 1. This implies that 0 < S(lOn - 1) - SP(1On- 1). Then let x be 
the least residue of S(lOn - 1) - Sp (10" - 1) modulo 7. 

We now show that if we multiply 10, - 1 by a power of 11 that involves the com- 
puted least residue x, we get a number where the S and S, values are congruent mod 7. 
This will be the main ingredient used in generating the new infinite sequence of Smith 
numbers. 

THEOREM5. Let x be the least residue of S(lOn - 1) - Sp (lon - 1) modulo 7. Let 
j be the least residue of 4x modulo 7. Then 

ProoJ First observe that s ( l l j ( l 0 "  - 1)) - ~ , ( l l j ( 1 0 "- 1)) = S(lOn - 1) -
S,(llj(lOn - 1)) by Theorem 1 and the choice of n > 8 so that l l j  < 10" - 1. This 
is equal to 

S(lOn - 1) - ~ , ( l  l j )  - S,(lOn - 1) by Theorem 2 

But since 4x = j (mod 7), 8x = 2 j  (mod 7), and the expression above is congruent to 
zero. Hence S(l  lj(lOn - 1)) - S,(l lj(lOn - 1)) = O(mod7). rn 

Using Theorems 3 and 5, we can now construct the infinite sequence of Smith 
numbers. Let n be an integer greater than 7. Compute x as the least residue of 
S(lOn - 1) - S,(lOn - 1) modulo 7. Compute j to be the least residue of 4x mod7. 
Then S(l l j ( lOn - 1)) - S,(llj(lOn - 1)) = O(mod7) by Theorem 5. So let k = 
(S(1 lj(lOn - 1)) - Sp(l lj(lOn - 1)))/7. Then the number a, = lok . 1 lj(lOn - 1) 
is a Smith number by Theorem 3. Since each integer n > 8 gives a Smith number, 
there must be infinitely many Smith numbers. 

Examples We now show the computations needed to produce two specific Smith 
numbers in our infinite sequence. 

EXAMPLE1. Let n = 8. Then 10' - 1 = 99999999. In this case, S(lOs - 1) = 
8 * 9 = 72 and S,(lOs - 1) = S,(3 * 3 * 11 * 73 * 101 * 137) = 31 so that S(lOs -
1) - SP(1O8- 1) = 72 - 31 = 41 = G(mod7). Then x = 6 in Theorem 5 and4 * 6 = 
3(mod7) which gives us j = 3. We let k = (S(l13(10s - 1) - Sp(l13(10s- 1)))/7. 
Then k = (S(133099998669) - S,(3 * 3 * 11 * 11 * 11 * 11 * 73 * 101 * 137))/7 = 
(72 - 37)/7 = 3517 = 5. Finally, lo5 * l13(10s - 1) = 13309999866900000 is the 
first Smith number in our sequence. 
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In 1925,Lt.-Col. Allan J. C. Cunningham and H. Woodall published a small volume 
of tables of the factorizations of bn f 1 for the bases b = 2, 3,5,6,7,  10, 11, 12 to 
various powers of n.  The authors left blanks in the tables where new factors could be 
entered. They put question marks on numbers of unknown character. Most importantly, 
they gave credit to those who had discovered notable factors in the past. All of these 
techniques stimulated work on the remaining composite numbers in the tables. The 
ongoing work on the Cunningham-Woodall tables has usually been referred to as the 
Cunningham project. 

Factorizations of b" f 1 for the bases b = 2,3,5 ,6 ,7 ,  10, 11, 12 to various high 
powers n are easily available [I]. In fact, for any value of 10" - 1, n 2 8 that has 
been completely factored in the table, we can find the corresponding Smith number 
belonging to our sequence. 

EXAMPLE2. Let n = 44. The factorization of loM- 1 is given [I] as loM- 1 = 
32* 1 l 2  * 23 * 89 * 101* 4093 * 8779 * 21649 * 513239 * 1052788969* 1056689261. 
Adding up the digits in the prime factors, we get S,(1044 - 1) = 225. Since -

1 = 9 h 4 ,  we have that S(1044- 1) = 44 * 9 = 396. Then S(1044- 1) - -~ ~ ( 1 0 ~ ~  
1) = 396 - 225 = 171 = 3(mod7). So x = 3 in Theorem 5 and 4 * 3 = 5(mod7) 
which gives us j = 5. 

We let k = ((S(1 15(1044 - 1) - Sp(l 15(1044 - 1)))/7 = (396 - (225 +5 * 2))/7 = 
(396 - 235)/7 = 16117 = 23. Thus the 73-digit number 1 15(1044 - 1) is the 
Smith number in our sequence corresponding to n = 44. 

The Smith numbers that McDaniel produces in his infinite sequence have the form 
t (10" - 1) lom, where t is chosen from the set {2, 3,4,5,7,  8, 15). Our Smith numbers 
replace the t value with a power of 11 and sometimes alter the m value. When n = 8, 
McDaniel's procedure gives 8(108- 1) lo5; when n =44, it gives 3(1044- 1) Our 
slight change has produced an entirely different infinite sequence of Smith numbers. 
We leave the reader with a challenge. Since there seem to be lots of Smith numbers, 
can you find another infinite sequence of Smiths? (Hint: Look back at Theorem 5 and 
see what role the digit sum of 11 played. The key is that 2 is relatively prime to 7.) 
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