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(a) (b) (c)

Fig. 1. (a) A synthetic image of a circular object with a gradual intensity fall from the centre
toward the boundary. (b) The image surface of (a) in a three-dimensional space and heights to be
quantised are marked on the surface. (c) Contour map generated from quantisation in (b).

learning, we aim to detect signi�cant regions by analysing the topological structure of
an image, deliberately, at this stage, using no prior information about the objects to be
segmented. In our segmentation method, global structural information is derived from
a topographic representation that provides both geometrical and topological properties
of the objects in the image.

2 Topographic Representation

A mammogram depicts various types of tissue with different densities in the breast.
Because the structure of the breast is complex, a mammogram contains a vast amount
of heterogeneous information. One obvious dif�culty in mammographic image analysis
stems from the high dimensionality of the data to be analysed. We seek a reliable repre-
sentation that is capable of reducing the amount of irrelevant information and providing
robust mammographic descriptions. In this work, a topographic representation is built
based on iso-level contours or isophotes, curves of constant intensities.

2.1 Iso-level Contour Map

An image is considered as a surface in which the intensity at each pixel is regarded as
height, as shown in Figure 1. An ordered set of connected points at the same height
forms an iso-level contour for a corresponding intensity. An iso-contour C(l) for a given
intensity level l from an image function I(x, y) is given by:

C(l) = {(x, y)|I(x, y) = l}, �(x, y) � �

where � is a domain of the image I . An iso-level contour is constrained to be a simply
connected closed curve that is equivalent to a Jordan curve. A simply connected closed
curve is homeomorphic to the unit circle. A digital image I(i, j) is generally modelled
as a function in a discrete domain � � N2. However, it is not possible to draw a
continuous curve of a constant intensity in a discrete domain such as a noisy image.
Thus it is necessary to transform the discrete image domain into a continuous domain;
we use bilinear interpolation to obtain a continuous image model I(x, y), where (x, y) �
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R2 so that the intensity level for the pixel at a non-integer coordinate position can be
approximated and iso-level contours are well de�ned. A topographic representation is
obtained by a set of iso-level contours at distinct multiple partition values over the
intensity range of an image. This representation is referred to as an iso-level contour
map. An iso-level contour map CM(I) for an image I is given by:

CM(I) = {C(li)|li � L, i = 1, 2, • • • , n}, L = [Imin, Imax]

where L is the intensity range of a given image I between the minimum intensity Imin
and the maximum intensity Imax, and n denotes the number of quantisation levels and is
related to the speci�city of features to be detected. It is observed that a quasi-concentric
pattern of contours appears within an object, and a dense contour pattern is formed in
the area of an abrupt intensity gradient. The shapes of contours that are enclosed within
an object depend on the shape of that object. Generally, iso-level contours generated
within an object at multiple intensity levels have shapes that are similar to the shape
of the object boundary. Furthermore, they often form a quasi-concentric pattern that is
based on the shape of the object. Thus, iso-level contours from a single object are often
nested, especially near the object boundary. A signi�cant shape change in a nested set
of iso-level contours typically implies a transition from within an object into the local
background. A contrast invariant representation can be achieved by an iso-level contour
map with a �xed number of uniformly spaced iso-levels ranging from the minimum to
the maximum intensity. This is important because mammograms are taken under varying
imaging conditions, across patients and image acquisition systems. This results in widely
varying intensity ranges for mammograms.

2.2 Anisotropic Diffusion

Noise is inevitably introduced by the image formation process. Since contour extraction
is disturbed by noise, causing contours to become jagged, a noise reduction scheme is
necessary to eliminate noise and insigni�cant details as a preprocessing step. Conven-
tional low-pass �ltering generally blurs not only noise, but also edges that are semanti-
cally important features in mammograms. Therefore, edges need to be preserved in the
denoising process. An anisotropic diffusion �lter by Weickert [5] is used to remove noisy
�uctuations while enhancing edges so that smooth contours can be extracted. Figure 3
demonstrates how the anisotropic diffusion �ltering affects the entire structure of the
iso-contour map. Noise and insigni�cant small features in the raw image lead to an un-
informative iso-level contour map that does not convey useful mammographic features.
On the other hand, the topological and geometrical structure of the mammogram is well
described by the iso-level contours extracted from the denoised image.

3 Segmentation

The proposed segmentation algorithm delineates ROI�s by analysing the topological and
geometrical structure of the image. The ROI�s are referred to as salient regions, which
appear distinctive against the surrounding background. The image is described by a
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Fig. 2. (a) A example of contour map. (b) Inclusion tree for the contour map (a).

compact representation using the iso-level contour map, which is interpreted utilising
the tree structure of enclosure relationships between iso-level contours. It is assumed
that a salient region forms a dense quasi-concentric pattern of iso-level contours. A
conspicuous dense contour pattern is generally observed near the boundary of a salient
object due to an abrupt intensity gradient. The transition from the salient region to
the local background often leads to the break up of the nested pattern of the iso-level
contours. A saliency measure for iso-level contours is introduced to identify contours
that circumscribe salient regions. The global property of contours in terms of topology
and geometry is analysed in order to select salient contours. The saliency of each contour
is measured using the notion of nesting depth.

3.1 Inclusion Tree

The entire pattern of contours in an iso-level contour map can be described as a relation-
ship of enclosure. The enclosure relationship of contours can be ef�ciently represented
in the form of a tree structure, called an inclusion tree, where each node represents a
contour in the contour map. In the inclusion tree, a contour encloses the contours at
its descendent nodes. In particular, the root node of the inclusion tree represents the
boundary of the image. Figure 2 illustrates an example of an iso-level contour map and
a corresponding inclusion tree. The enclosure relationship between contours can be es-
tablished due to the Jordan curve theorem stating that the complement of a Jordan curve
C consists of exactly two disjoint regions, an interior Int(C) and an exterior Ext(C).
The operator � for the enclosure relationship between two iso-level contours, Ci and
Cj , is de�ned as:

Ci � Cj if Ci � Int(Cj)

A path Pi,j from contour Ci to contour Cj in the inclusion tree consists of an ordered
sequence of the iso-level contours that begins from contour Ci and ends at contour Cj .
The length L(Pi,j) of a path Pi,j is de�ned to be the number of edges that are directly
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traversed from Ci to Cj along the path Pi,j . The degree D of a node is the number
of children it has. In Figure 2, path P1,4 from contour C1 to contour C4 is given as
P1,4 = (C1, C2, C3, C4) such that C1 � C2 � C3 � C4. The length L(P1,4) of the
path P1,4 is 3 and the degree D(C1) of C1 is 2. Nodes are called branching if their degree
is greater than 1 (e.g. I , C1) and their immediate children are called base nodes (e.g.
C1, C2, C5, C7). Nodes with 0 degree are called terminal nodes (e.g. C4, C6, C7). The
hierarchical representation of the inclusion tree provides an ef�cient way to examine
both the topological and the geometrical structure of an image.

3.2 Minimum Nesting Depth

The saliency of each iso-level contour is measured by analysing the inclusion tree that
is built based on the iso-level contour map. Topological changes of contour structure
and the depth of nested contour structure are related mainly to measuring the saliency
of contours. Bifurcation of the inclusion tree is indicative of a signi�cant change in the
iso-level contour structure and therefore in the corresponding image contents. It may
indicate the separation into different objects or into constituent parts of the same object.
The contours at branching nodes in the inclusion tree imply a topological change of
contour structure and they are initially selected. Then, the contours at base nodes are
chosen as candidate salient contours since they may support the nesting structure of
the contours. The saliency of those selected contours is measured by the nesting depth.
The nesting depth for a contour is given by the number of contours from the innermost
contour to the contour within the nesting structure. In the inclusion tree, the nesting
depth for contour Cb is equivalent to the length of the path from the contour Cb to the
innermost contour Ct that is represented by the terminal node of the subtree Tb whose
root node represents the contour Cb. However, there may exist more than one terminal
node in the subtree Tb due to subsequent bifurcation. In this case, the minimum among
the values of the nesting depth from the contour Cb to all terminal nodes in the subtree
Tb, called the minimum nesting depth, is taken as a saliency measure. Then, the minimum
nesting depth MND(Cb) for contour Cb is given by:

MND(Cb) = min
t

L(Pb,t), �t, Ct � Tb, D(Ct) = 0

where Pb,t denotes a path from contour Cb to contour Ct�s that are all terminal nodes in
the subtree Tb whose root node represents Cb. In summary, the segmentation of salient
regions in an image is performed by selecting the base contours in the iso-level contour
map of the image and the saliency of the base contours is measure by the MND. The
base contours with higher MND correspond to the boundaries of distinctive regions with
abrupt intensity changes.

4 Application to Mammography

The segmentation algorithm has been applied to mammograms, to detect ROI�s that
include breast boundaries, pectoral muscles and candidate masses. The breast boundary
can be speci�ed as the contour where the intensity level begins to increase from the
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(a) (b) (c) (d)

Fig. 3. (a) An original mammogram with a pectoral muscle and a mass. (b) The contour map
generated from (a). (c) A denoised image of (a) using anisotropic diffusion �lter. (d) The contour
map generated from (c).

background intensity level with an additional shape constraint. Pectoral muscles appear
to be uniformly bright regions at predictable locations in MLO views. Similarly, candi-
date masses are typically distinctive regions that are bright relative to the surrounding
background, but their positions cannot be predicted, nor can the local contrast although
statistically cancers may be found more often in certain parts in the breast (e.g. VOQ). In
the mammogram shown in Figure 3 (a), the dense region with a triangular shape on the
top right corner represents the pectoral muscle, while the distinctive bright oval shaped
region to the left to the pectoral muscle is a mass. The contour map generated from the
original mammogram, shown in Figure 3 (b), does not describe well the geometrical
structure of the image. This is because of noise and small unimportant features. An
anisotropic diffusion �lter was applied to remove noise and insigni�cant features. The
diffused image where noise is suppressed and important structures are kept with their
edges enhanced is shown in Figure 3 (c) and its contour map is presented in Figure 3 (d).
In the contour map generated from the denoised image, salient regions appear to form
prominent nested contours. The inclusion tree was built based on the contour map from

MND: 10 MND: 5 MND: 5 MND: 4 MND: 3 MND: 3 MND: 3

(a) (b) (c) (d) (e) (f) (g)

Fig. 4. The extracted salient contours from the contour map in Figure 3 (d) taking a threshold
about the minimum nesting depth. The contours are superimposed on the original image.


