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1 Introduction

In this note we prove the consitency, asymptotic normality, and optimality
of Maximum Likelihood.

2 Method of Moments

The method of moments matches moments of the model to the moments of
the sample to get the required number of equations that can be solved for
the missing parameters. Therefore the equations are:

1
n

n∑
i=1

(Xk
i −mk(Θ) = 0

We can generalize this to:

1
n

n∑
i=1

h(Xi,Θ) = 0

And as we can see for MoM:

∀ΘEΘ(h(Xi,Θ)) = 0 (1)

This condition is referred to as consistency.

3 Maximum Likelihood

For MLE the function h is:

h(Xi,Θ) =
∂

∂Θ
logp(Xi,Θ) (2)
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3.1 Consistency

To prove the consistency of MLE we need to prove that:

EΘ(MLE) = EΘ(
∂

∂Θ
logp(Xi,Θ)) = 0 (3)

dff

EΘ(MLE) = EΘ(
1

p(X, Θ)
∂

∂Θ
p(Xi,Θ)) = 0

=
∫

[
1

p(x,Θ
)

partial

partialΘ
p(x,Θ)].p(x,Θ)dx

=
∫

∂

∂Θ
p(x,Θ)dx

=
∂

∂Θ

∫
p(x,Θ)dx =

∂

∂Θ
1 = 0

Therefore we can conclude that the MLE equation is a consistent equa-
tion.

3.2 Asymptotic Normality

We will prove that the difference between the MLE estimation, Θ̂ and the
true value, Θtrue, follows a zero-mean normal distribution.

The first order Taylor expansion of the MLE equation around Θtrue gives:

1
n

n∑
i=1

h(Xi,Θ) .=
1
n

n∑
i=1

h(Xi,Θtrue)︸ ︷︷ ︸
intercept

+
1
n

n∑
i=1

h′(Xi,Θtrue)︸ ︷︷ ︸
slope

(Θ−Θtrue) (4)

Therefore:

displacement︷ ︸︸ ︷
Θ̂−Θtrue = −

intercept︷ ︸︸ ︷
1
n

n∑
i=1

h(Xi,Θtrue)

1
n

n∑
i=1

h′(Xi,Θtrue)︸ ︷︷ ︸
slope

We already know that as n→∞:

slope→ EΘtrue(h
′(X, Θtrue))

intercept→ EΘtrue(h(X, Θtrue)) = 0

To find the optimal h we zoom in (put displacement under microscope):
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√
n(Θ̂−Θtrue) = −

1√
n

∑n
i=1 h(Xi,Θtrue)

1
n

∑n
i=1 h′(Xi,Θtrue)

=→
→

N(0, V arΘtrue(h(X, Θtrue))
EΘtrue(h′(X, Θtrue)

According to the Central Limit Theorem, as n→∞:

1√
n

n∑
i=1

h(Xi,Θtrue)→ N(0, V arΘtrue(h(X, Θtrue))

This proves that the displacement follows a zero-mean normal distribu-
tion.

3.3 Optimality

The optimal h is the one consistent h that has the lowest variance. We need
to minimize V arh over all possible consistent h

∀Θ :
∫

h(x,Θ)p(x,Θ)dx = 0

If we take partial derivatives:

∫
[h′(x,Θ)p(x,Θ)︸ ︷︷ ︸

E(h′(X,Θ)

+h(x,Θ)

∂
∂Θ

logp(x,Θ)p(x,Θ)︷ ︸︸ ︷
p′(x,Θ) ]dx = 0

Therefore:

E(h′(X, Θ)) = −
∫

[h(x,Θ)
∂

∂Θ
logp(x,Θ)]p(x,Θ)dx

= −E(h(X, Θ)
∂

∂Θ
logp(X, Θ))

= Cov(h(X, Θ),
∂

∂Θ
logp(X, Θ))

As we know:
Cov2(X, Y ) ≤ V ar(X)× V ar(Y )

The equality happens when X and Y are alinged. Therefore the Variance
is minimized when:

h(X, Θ) ∝ ∂

∂Θ
logp(X, Θ) (5)

Which is the MLE function.
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