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Abstract

We prove the worst case competitive ratio of on-line power-down
strategies for systems with multiple power states to be 34 2v/2. For a
system with k states, we present an O(k?*logk log(+)) time algorithm
that finds a near optimal on-line strategy.

1 Introduction

Recent advances in ubiquitous and mobile computing have made energy
efficiency a critical concern. Dynamic Power Management (DPM) attempts
to achieve energy efficiency by placing different components of a battery
operated computer in “sleep state” when they are idle.

Many computer systems can reside in a high-cost and one or more low-
cost states. They can only serve requests in the high-cost state, but residing
in this state comes at a high per time unit energy cost. When there is no
request to serve the system can transition to one of the low-power states to
pay a lower per unit time cost, but at a fixed one-time transition cost. A
dynamic power management scheme should balance the trade-offs between
the two types of states to achieve minimum power consumption.

There are different approaches to DPM, including prediction strategies,
stochastic modeling based strategies, and on-line strategies. Among these,
the on-line strategies have certain advantages. It has been shown that they
have better performance compared to other approaches [4]. In addition
their worst case performance is theoretically bounded through competitive
analysis.

In this paper we present the latest results regarding on-line dynamic
power saving strategies. Next section briefly presents related work to dy-
namic power management. Section 3 formally defines the problem. We first
present a simple on-line strategy and its competitive ratio for a specific ver-
sion of the problem [3] in Section 4. In Section 5 we analyze the competitive



ratio of the same strategy in the general setting and present an algorithm
for finding a new optimal strategy. Finally in Section 7 we discuss some of
the assumptions in recent literature [1], [4], [3] and possible future work.

2 Related Work

Prior to the introduction of on-line DPM algorithms, DPM solutions have
been following either a predictive approach or a stochastic control approach
[2]. The predictive approaches attempt to predict the length of the next idle
period using past history of the system. Based on this prediction, the power
management system chooses the optimal power state switching threshold.
The prediction algorithm is either adaptive or non-adaptive. Non-adaptive
predictive algorithms set the idleness threshold once and forever, whereas
adaptive algorithms are affected by the observed input patterns. All these
schemes make a single prediction and pay the overhead if the actual idle
time is different from the predicted value.

Stochastic approaches make assumptions about the probability distri-
bution of the job request patterns and formulate the DPM problem as an
stochastic optimization problem. They are highly sensitive to the underly-
ing assumptions, and proving any theoretical bounds on their performance
is difficult.

Recently researchers have studied DPM as an on-line problem. Similar
to any on-line algorithm, the power management system should decide about
resource allocation before knowing all the input (i.e. the length of the idle
period). On-line algorithms are analyzed based on their competitive ratio;
the ratio of the on-line algorithm cost, to the cost of the optimal off-line
algorithm.

The same general setting as the Dynamic Power Management probelm,
although simpler, exists in many other areas of Computer Science. In a
shared memory multiprocessing system, a process that is waiting for a
locked resource must decide whether to spin or lock [5]. A gateway be-
tween a connection-oriented network and a connectionless network should
decide when to drop a connection [6]. These are two-state examples of the
same problem for which there is a 2-competitive deterministic on-line algo-
rithm. When the input follows a known probability distribution the on-line
algorithm can perform better and achieve e/(e — 1) expected competitive
ratio.

In this paper we consider the general case, in which a system has multiple
power sates. We present a 2-competitive strategy for systems with additive
transition costs. We prove the same strategy to be (3 + 2v/2)-competitive
in systems with arbitrary transition costs, but this is not necessarily the
optimal strategy. Assuming the optimal strategy to be p-competitive, we
present an algorithm that finds a (p+e€)-competitive strategy for any e value.
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Figure 1: Energy consumption of different states and the optimal determin-
istic on-line strategy (in bold).

3 System Definition

For a formal system modeling lets assume a sequence of states, < sq, ..., S >,
and a vector of power consumption rates, < kq,...,kr >, such that for
0<i<j<k K >kj Alsolet d;; be the transitioning cost from s; to
sj. Any system can be modelled by a pair (K,d). A strategy or schedule is
defined as A = (S4,T4) where Sy is a subsequence of S and T} is a sequence
of transition times. We always require that S(0) = sp and 7'(0) = 0. A(¢) is
the cost of the schedule for an idle period of length t. An algorithm gets a
system as input and produces the optimal power-down strategy.

We can assume, without loss of generality, that power-up transition costs
are zero. For any system (K, d) we define a new system (K, d’) such that for
every i < j, d; ; = dij +djo — dip, and d}; = 0. Any schedule in (K, d) has
the same cost in (K, d’). Note that for all i < j, d;,j < d{)’j, because we can
safely assume d; j < d; o+ dp ;, otherwise to move from s; to s; the schedule
can go to sg and then to s; and pay less cost. For notation simplicity we
use D; instead of dp; from now on.

4 Systems with Additive Costs

In an early work [3], Irani et. al. study the optimal power down strategy
in the special case where the costs are additive (i.e. d;; + dj = d; for
all i < j < k), or when for all ¢,j, d; ; = 0. The analysis of this strategy
provides good intuition into the probelm in the general case.



In Figure 1 each power state, s;, is represented with line of slope &;
and a y-intercept of D;. Each k;t + D; can be interpreted as the cost of
the schedule that stays in state s; for ever. The optimal off-line algorithm
would always choose min;{k;t + D;} (i.e. the lower envelope of Figure 1),
therefore OPT'(t) = min{k;t + D;}.

The best known deterministic on-line strategy, called Lower Envelope
Algorithm (LEA) !, follows the optimal lower envelope curve at any time.
That is, for all lines appearing in the lower envelope, if ¢; denotes the first
time when s; becomes the optimal state (i.e. k;—1t; + D;—1 = kit; + D;, and
to = 0), LEA will transit to s; at time ¢;.

4.1 Analysis

For any i € [t;, ti+1], The on-line cost is
i—1
LEA(t) =Y (kj(tjs1 — ;) + dji1g) + it —t:)
j=0

LEA(t)
OPT(1)

The ratio of the on-line cost to the optimal cost ( ) would be maximized

at t = t;, therefore in the worst case:
i—1
LEA(®)  2i—o(kj(tjer —t5) +djjr1)
OPT(t) - Kkit; + D;
i—2
dimoRiltje1 —t5) + D;
Kit; + D;
Mokt — t5) — kit
Hiti + Dz

We show that

i—1
Z Hj(tj_H — tj) — /iz‘ti S :‘iiti + Dz‘
j=0
For every t; (kij—1 — k;)t; = D; — D;_1, therefore:
1—1
> kitiy1 —t;) — kit = (D1 — Do)+ (Dy — Dy) +
§=0

+ ...+ (D — Di_1) — Koto
= D;— Do — Koto
< Kiti + Dy

The last inequality holds, because Dy = 0, to = 0 and k;,t; > 0. Therefore
the competitive ratio of LEA is 2.

! Although according to our naming convention it is a strategy or schedule



5 The General Case

Generally, systems do not have additive costs, and the costs of transitions
between states are not zero. In this section we find the competitive ratio
of the LEA on-line schedule in the general setting. Next, an algorithm is
presented that finds a near optimal schedule for any given system.

5.1 Worst Case Competitive Ratio

We will prove that the worst case competitive ratio of the LEA schedule is
3+ 3v/2. We consider two cases. The first case is when for all i, there exists
some v > 1 such that D; < vyD;_;. In the second case there is no such ~.

Algorithm 1 Finding S’
S" = {sk}
=k
for i = k — 1 downto 0 do
if D; <2/ then
put D; in S’
j=i
end if
end for

1. Assume v > 1 exists, such that for all ¢, D; < vD;_1. The for any

t € [ti, ti+1], the ratio LEA®) 3o maximized when ¢ = t;:

OPT()
i—1
LEA(t) = (K5 (i1 — t5) + djja1)
=0
i—1 i
< kit —t) + Y D;
5=0 j=1
< OPT(L)+D; Yy o'
j=1
< OPT(t;)+ ——D;
< T
.
< 1+ —)OPT (¢
< (4= 7)0 (t:)
2v—1
= PT(t;
o OPT(t;)

2. If no such v > 1 exists, we consider a v approximation of OPT, OPT’,
that uses a subset of S in which for all i, D; < vD;_1. Let LEA’ be
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Figure 2: For v = 3 + 2v/2 the competitive ratio is s + 2v/2 ~ 5.8284.

the on-line schedule that uses the set of states of OPT’. Considering
the analysis of the previous case we get LEA'(t) < %OPT "(t) <

12D o PT(t)

To get OPT’, we start with S’ = {s;}. In every iteration we add a
state according to Algorithm 1

We show that OPT’ found by Algorithm 1 is indeed a y-approximation
of OPT'. First note that so € S’, because Dy = 0. OPT’ will run the
optimal off-line strategy using states in S’. Let i, € S’ and | ¢ 5,
s.t. 1<l <y,

o Ifte [tz;tz—H) orte [tj,tj+1), then
OPT'(t) = OPT(t).
o Ift e [tl,tl+1 then
OPT'(t) = min(D; + kit, Dj + k;t) and OPT(t) = D; + kit.
Dy > D;/v,Dj/vy and k; > ki, kj, therefore Dj+ kit > Dj/v+kjt
and D; + rit > D; /v + kit and hence OPT(t) > OPT'(t)/~.

Figure 2 shows 27% and 1

( ) for a range of v > 1. Setting v =

1+ 1/\/5, gives the optimal competltlve ratio = 3 + 2v/2 ~ 5.8284.

Theorem 1. There is a (3 + 2v/2)-competitive strategy (schedule) for any

system.



6 Finding a Near Optimal Strategy

In this section we present an algorithm that will find a near optimal on-line
power-down strategy. Theorem 1 states that in the worst case there always
is a (3 4 21/2)-competitive schedule, LEA, for any system. But it does not
say anything about the lower bound. If the optimal on-line strategy is p-
competitive, the deterministic algorithm by Augusttine et. al. [1] will find a
(p + €)-competitive on-line strategy in time O(k*logklog(2)) where k is the
number of states in the system.

We first prove that every p-competitive on-line strategy, has a repre-
sentative “good” p-competitive strategy. We call these “good” strategies
eager, and enumerate them to find if there is a p-competitive strategy. Un-
fortunately, the number of eager strategies exponentially depends on k. To
further restrict the search space, we prove another restricting property for
the representative strategies, called earliness. Eventually, a bisection search
over values in [1,3 4 2/2], can give the p+ € on-line strategy. The following
lemmas prove these properties for the p-competitive strategy.

Lamma 1. If A= (S,T) is a p-competitive strategy and s; is the last state
in S, then k; < p.K.

Proof. For A to be p-competitive, it should fall entirely below the p.OPT
convex in the energy-time diagram. If k; > p.k, A will eventually cross the
last line of p.OPT, which is a contradiction. O

Lamma 2. For every strategy, A(S,T), with finite competitive ratio the first

) Alt) o ) . L
time oPT@M ' mazximized is a transition point in A.

Proof. Assume t is the first time when 0113(79@) is maximized, but is not a

transition point, therefore ¢ € (¢1,t2) for two consecutive transition times in
T, t1 and to. If at t; A transitions to the last state in 5, to = co.

1. If t is not a transition point of OPT, there is € s.t. [t —e¢, t+ €] does not

include any transition point of OPT. We know 01;(72(;67)5) < Oggf)(t).
A(t) A(t+e)

Both A and OPT are linear in [t—e¢, t+¢|, therefore

OPT{@) < OPT(ite)
which is a contradiction.

2. Ift is a transition point of OPT', O PT starts a new line starting at time
t, with lower slope than the line before t, therfore Ojligf)( o O’;Sﬁ?ﬁg),
which is again a contradiction.

O]

Definition 1. For a strategy A = (S,T) a transition at time t is p-eager
if A(t) = p.OPT(t). A is a p-eager strategy if if A(t) = p.OPT(t) for all
tefT.
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Figure 3: p.OPT is represented with the solid line. ¢ is the first non-eager
transition time and t is the eager transition time.

Lemmas 1 and 2 directly prove that if the last state of p-eager schedule,
Ks, is such that ks < p.kg, it is p-competitive.

Lamma 3. For every p-competitive strategy, A = (S,T'), there exists an
eager p-competitive strategy, A’ = (S,T").

Proof. In Figure 3 the p.OPT convex is plotted in solid line. Consider a
non-eager strategy, A, (left) and its first non-eager transition, ¢, in dashed
line. The transition point can be moved further to the left until it hits
p.OPT (right). The slope of the line before ¢ in A is greater than the line
after ¢, therefore the earlier transition, ¢/, would only decrease the power
consumption. The same process can be repeated for every transition point
of A to get a p-eager strategy. O

Definition 2. For each state, s € S, Es , is defined as the earliest time at
which any on-line strategy can transition to s such that all its transitions
are p-eager.

Definition 3. A transition to a state, s, is p-early if it happens at Es,. A
strategy is p-early all its transitions are p-early.

Lamma 4. For every p-competitive strategy, A = (S,T), there exists an
early p-competitive strategy.

Proof. Let s be the last state in S, and A’ a strategy which has an early
transition to s, as its last state. A’ is p-competitive, because ks < p.kg.
Note that by definition all transitions of A" are p-eager. We will prove that
all transitions of A’ are also p-early.

If A’ is not p-early, there is at least one transition in A’ that is not early.
Let 7 be the last state with such a transition (i.e. A’ transitions to r at time

Time



t1 s.t. t1 > E, ). Therefore A’ transitions to the state immediately after r,
', p-early (i.e. A’ transitions to r’ at time T s.t. T = Ev ,).

E,. , for any state, such as r, is well defined, therefore there is a strategy,
such as B, that uses all the states in A’ up to and including r and transitions
tor at E,,. Lets make a strategy, A”, using all states and transition times of
B followed by the states and transition times of A’ starting at and including
r’. For any t > t1, A"(t) = A'(t)— (A (t1) — A" (t1)). If A”(t1) < A'(t1), then
A"(T) < A'(T) which means that we can shift the transition to ' in A” to
get a p-eager transition. This is contradicting with the our assumption that
T=E\,.

Now we prove that A”(t1) < A’(t;). Both transition points of A’, at t1,
and A", at t9, are on the p.OPT curve in the energy-time diagram. The
slope of p.OPT at time t; is greater than or equal to k, (of A’) for all
times > t;. Therefore, A'(t1) = p.OPT(t1) > p.OPT(t2) + kr(t1 — t2) =
A"(t3) + kr(t1 — t2) = A”(t1). In other words, A’(t1) > A”(t1). O

Lemma 4 indicates that to check if a p-competitive strategy exists, we
only need to consider all p-early strategies. Algorithm 2 uses dynamic pro-
graming to compute all F; , for any given p value. If a p-early strategy exists
the schedule will be printed. This algorithm is O(K?logk) time.

Algorithm 2 Finding if a (p + €)-competitive strategy exists.
t[0] =0
for : =0 to k£ do
t[i]: the earliest time a system can transition from any t[j];—o..; to s,
p-eagerly
end for
if ¢[k] = inf then
return NO
else
print ¢[i]i—o._&
return YES
end if

Given any €, Algorithm 2 can be used to perform a bisection search in
the interval [1,3 + 2v/2], and this will take O(k?logklog(1)) time.

7 Discussion and Future Work

In practice, service request times follow some probability distribution. Au-
gusttine et. al. [1], consider the algorithm that produces the optimal strat-
egy using the probability distribution of service request times. In favour of
space, we skipped the probabilistic case.



No lower bound has been proved on the competitive ratio of on-line
power-down strategies. Besides the lower bound open problem, there are
two important directions for future work. Finding and analyzing the opti-
mal on-line strategy in the face of uncertainty in system definition is one
future direction. The power consumption specification of some computer
systems may vary over time, and is not as fixed and well defined as assumed
in [1]. The system definition should be extended to enable algorithmic con-
sideration of such system uncertainties.

Some systems are capable of serving requests in states other than the
active state, but at lower performance. Hence, the power saving strategy
should consider both time and energy as performance metrics. Solving the
problem in the more general framework where time is also considered, will
be valuable.
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