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Tot Prob: P(B)=P(A;NB)+..+P(4,NB)=P(4,)P(B|A;) + ... + P(A,)P(B|A,)
P(B|A)P(A P(B|A)P(A
Bayes: P(A|B) = ( 1‘3(1)3)( ) — P(B|f§i)‘z)f=ip)(f41)

Counting | Order | No Order

!
Replacement | n” Multinomial : f(z1, ..., Tk;1,p1, ooy Pr) = P(X1 =21, .., X = 21) = ' e |pf1
No Replacement (nﬁ!r)! #T',)T, x1! -y
Name Definition E[X] | var(X) | notes
.. | p ife=1 7

Bernoulli: fx(x) = { 1—p ifz=0 D p(1 —p)
Binomial: | px(k) = (3)p* (1L —p)" " np | p(l—p) [P(X <k) =30, (r'(1—p""
Geometric: | px(k)=(1—-p)*1p % lp_f P(X >k)=(1-p")

P(X <k)=1-(1-p")

P(X =t)=P( :k+t71|X>k;)

P(X =t)=P(X =k +[X > k)

. o )\6_’\70, lf X 2 0 1 1 _ a

Exponential: | fx(z) = { 0. otherwise | X vl P(X>a)=¢
Poisson px (k) =e? ),‘: A A X = np for large n and small p

’ Conditional: ‘ pxjalz) =P(X =2|A) = w ‘ Memoryless: ‘ PRIX=k+t—-1X>k) =P(X =1 ‘

n i "t o 4 1 o 4 1 n . ne"P?P—(n41)c" Tl 4e S S c
Dm0 =S im0 = 1o im0 € = 100 2uimo € = (c—1)2 » 2imolc = gz ld <1
1
Ai = E Aj,i E Aj,i = E Ai,j Ai = )\iﬂ-i | Al = —
J J

Flow Balance Equations - (f;; = fraction of departures from s; to s;).

AO 7'('12 )\ ij — E 71'])\]7 7Ti/\i = Zj ﬂj)\jfj@ ﬂi% = Ej Wj%jfj7i T = Zj ﬂjfj,i(all Ti equal) ‘
0= (7)\14 — >\B)7T1 + AraTo + ARBT3
—Aa—Ap A4 AB 0 =Aam — ARaT
CTMC Q: )\RA _)\RA 0 0:)\B7T1—)\RB7T3

ARB 0 —ARB m+my g =1

Little’s Result - AT = 17 A = mean arrival rate to box, 7 =mean entities in box, T' =mean time in box

1
M/M/1 - wp_1 A =mpp, Yo > 1 770—72?:1071:1 p = (1—p)p" p—f A=t ngzlip
P(no wait) = mop  P(leave empty system) = 5& = %’\ =
M/M/1 (state dependent) - w,up = Tp_1An—1,Yn >1 @, =79 HZ_l Me=1 o = L Pt
T h 43000 [ =

Finite Population NN - Same except now ZnN:1 T, =1

. . _ N . . _ A" p" _ 1 1 _
Discouraged Arrivals A, = 23T M 18 constant: mw,, = Togm = Mo'ar Mo = P

p A=p(l-e?)=pl-m) T=
Infinite Servers: w,, = nu: m, = wo% T= % =£= %

Finite Population: : mean arrival rate: n\ mean departure rate: p (except in state N when it’s 0)
mean conditional rate of loss: tyAny  Total arrival rate of customers:

limp_,o T = 1

ined: — ple” ; 7o
Combined: 7, = #-5— (poisson) 0 = m

Finite Buffer Space: 7, =

N . .
> n—o ™nAn Fraction lost customers: ,Z,TNi);FN)\ An = A, Vn = this reduces to 7
N o TnAn

Transient Analysis

1 = [100]
W [ sp =

1% = H“ +P =

O O olw
[en) SN[ \)
= N[ O

HMM - N #states s; : it'state, qg : state at t, V1 < j < M, vy, : distinct observations, O; : Observed value at j
b; (k) P([O: = vilg: = s;]) (condltlonal distribution for observed value given state of the underlying MC),
= {b;(k)}
Ott(Ot, gt = 8;|M) =P[Oy, q; = 5i)|M] t(Ot41,qt41 = 85| M) = Zf\il a¢ (O, qr = si|M)a; jbj(Op41)
ie: ag(o1 = a,q1 = q|M) = 7[1] x bi[a] = 7[1] x P(all) |
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Semi Markov 1

Pidle%raquest = P(t < TO) = FX (TO)
Pidleﬂsleep = P(t > TO) =1- FX(TO)
Mean Sojourn Time In:

Request : E[R) = [°rfr(r)dr

0z fx(2)de + (1 — Fx(To))To
_ fx(y+To)

Sleep : (Remaining time in idle) : fy (y) = = Fx (T0)
ElY]= ["y* fy(y)dy
V = VP to solve for visit ratios to markov chain. Use V to solve for m, the fraction of time spent in each state.

v; T
o= =il
g Yl viT

Semi Markov 2

Aee et with probability p

time between arrivals = fx(t) = { e with probability 1-p

Service time is u. After request done, if a server remains idle for 7' (a constant), then sleep.

Sojourn Times

P[(Baa)] = M‘fl}/\b
P[(Bab)] = n+Ag
T\ —AT
P[(I,a)] :f% Age Mt s tdt + T * (e Ao
P[(I,b)] = fq Ape~ Mt s tdt + T % (e AT
P[(Sa a)] = Aa
P[(S,b)] = 5,
Probabilities:
Bia—Ia =px[l—e*T] Ba—Bb =3 B,b— B,a =32
B,b—1b =5t I,a— Bya =px[l—e D] Ta—Bb =(1—-p)*[l—e 7]
I,a— S,a =e T Ib—Bya =({p)x[1—e ™ I[b—Bb =
I,b— Sb =e ™7 S,a— B,a =p S,a— B,b =1—p
S,b—B,a =p S;b—B,b =1—p
PDF:
P(X € B) = [ fx(x)dx Pa<X<b) = ff Ix(z)dz P(—00 < X <00) = [%_ fo(z)dx =1
E[X] = |7 zfx(z)dz Elg(X)] = [7 9(x)fx (x)dz Var(X) = E[(X — E[X])?] = [ (z = E[X]) fx(z)dz
0 < Var(X) = E[X?] - (E[X))?
Y=aX+b = EY]=aE[X]+ b Var(Y) = a*Var(X)
P(X € BIA) = [y fxa)s  Prfxale) = { FRen TEEA by pix e ) p pa(@de
B 0 otherwise B
P(X € BIX € A) = [ fxja(e)dz  E[X[A] = [ xfxa(z)da E[g(X)|A] = [%_g(2) fx|a(z)dx

disjoint{As.. An} = fu(z) =350 P(Ai)fxja,(x) BIX] =31, P(A)E[X|A]  E[g(X)] =3, P(4)E[g(X)|A]

Fx(z)=P(X < z),Vx x<y = Fx(z) < Fx(y) FX(k‘):Zk (2)

i=—o0 Pz

px(k) = P(X < k)~ P(X < k— 1) = Fx(k) - Fa(k — 1)
CDF:

Fx(z)= [*_ fo(t)dt fx(z) = 9 (2)
fx(@) = [T fxy(zy)dy  fy(z) .
EX]=>,2 px(z) Y =g(z) EY] =5, 9(z) Px(z)




