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[ Axioms: P(A) >0 [ disjoint 4; = U, Ai=> 7 4| PQ)=1]

Thms: AC B — P(A) < P(B) P(AUB) = P(A) + P(B) — P(ANB)
P(AUB) < P(A)+ P(B) P(AUBUC) = P(A)+ P(A°NB)+ P(A°NB°NnC)
P(A) =P(AN B)UP(AnN BY) (disjoint)
ACB — [P(ANB)=P(4), P(AUB)=P(B), P(B_A)=P(B) - P(A)]

Inclusion-Exclusion: P(AUB)=P(A)+P(B) —P(ANB)
P(AUBUC)=PA)+P(B)+P(C)—P(ANB)—-P(BNC)-P(ANC)+P(ANBNC(C)

Tot Prob: P(B)=P(A; NB)+..+P(A,NB)=P(A)P(BJA;) + ... + P(A,)P(B[A,)

. P(BJAP(A) _ P(B|A)P(A)
Bayes: PUAIB) = "5 — = pwan st Py
Counting | Order | No Order
Replacement | n”
nl n!
No Replacement Ter | Gmrr
Name Definition E[X] | var(X) | notes
. , ife=1

Bernoulli: fx(x) = { Zl)—p =0 p p(1—p)
Binomial: | px (k) = (3)p"(1 —p)"~* np | p(l—p) [P(X <k) =31, (Dpr'1—p"~"
Geometric: | px(k) = (1—-p)*1p % lp}p P(X >k)=(1-p")

P(X<k)=1- (1 ")

P(X:t):P( —k+t\X>k)

. . )\(37AI7 lf xr Z 0 1 1 _ Z)a

Exponential: | fx(z) = { 0. othorwise | X 3z P(X>a)=¢
Poisson px (k) =e? ’,\: A A A = np for large n and small p

Conditional: ‘ pxja(z) =P(X =z|A) = % ‘ Memoryless: ‘ PRX =k+t—-1X>k) =P(X =1) ‘

Bloom Filter - False negatives possible but false positives are not. Two hash functions: h(z), ha(z)

é, ify = (L1) (2,1) (3,1)
py(y) =4 3, ify=2 (1,2) (2,2) (3,2)
0 otherwise (1,3) (2,3) (3,3)
11 2 2 5
P(B;=1NB;=0) P(By=1NB, =0]Y = 1)Py(1) + P(B, =11 By = 0]Y = 2)Py (2)
P(B, = 1|B, = 0) - = — —
P(B; =0) PB; =0y =1)P(Y =1)+P(by =0]Y =2)P(Y =2)
1.2.1,2.1.2 6 ¢
_3'3'3T73°3°3 _ 27 _°2
2.1, 1.2 1
3'3t35°3 s 9

lifetime - 3 parallel servers, each server geometric with parameter p. (has prob p of failing per unit time)
Let S; = lifetime of ! server. Let T' = max{S;, Sz, 53} be the time until system fails
operational if at least one server operational

P(T S t) == P(maX51,52,53 S t) = P(Sl S t) (52 < t) P(53 S t) = P(Sl S t)s == (1 - P(Sl > t))?) = (1 - (1 —p)t)3
PT=1)=P(T<t)-PT<t-1)=(1-(1-p")P°-(1-01-p"")
operational if at least two servers operational

Let T; = time from (i — 1) to i*" server failure. T =Ty + T
p’ = P(> 1 fails when 3 are operational) = 1 — (1 —p)3 p" = P(> 1 fails when 2 are operational) = 1 — (1 —p)?2
1 1 1

E(T] :E[T1]+E[T1]:I%+17= gy um ol py C g




PMEF:

px(z) =P(X ==x) Pxja(z) =P(X =z[4) | X, pxjalz)=1
Pu y(x y) = py (W)px )y (2ly) Px(z) =3, v (Wpx)y(zly)
PX=z)=PX<z)-PX<z-1)
PDF:
P(X € B) = [, fx Pla<X <b)= [ fx P(—co< X <o0)= [*_f. =
= [ zfx(z)dx = [~ )dzx Var(X) = E[(X — E[X])?] = [7_(z = E[X])*fx (2)dz
0 < Var(X) = E[X?] - (E[X])?
Y=aX+b = E[Y]=aE[X]+b Var(Y) = a?>Var(X)
Ix@ g e A
P(X € BJA) = [ [x|a(z)dx Pr(fxja(z)) = { 63(X6A) otherise P(X € BIX € A) = [, fxja(z)dz
P(X € BIX € A) = [ fxja(z)de  E[X|A] = ffooo zfxia(x)de E[g(X)|A] = ffooo g(x) fx|a(x)dz
disjoint{A1.. An} = fo(x) =377 P(Ai) fxja; (@)  EX] =371 PA)EX|A]  Blg(X)] =371 P(A)E[g(X)|Aj]
CDF:
Fx(z) =P(X <x),Vx x <y = Fx(z) < Fx(y) Fx(k)ZZf:,oopx(i)
px(k) = P(X < k)~ P(X < k— 1) = Fx(k) - Fa(k — 1)
(@)= /" ( ) = dFX( )
fX(l“) =7 fX Y(ff dy  fy(z)= [ fxy(z,y)de.
Uniform fx(z) = ;& Fx(z) = =2
Expected Value and variance
EX]=> 2z px(z) | Y =9g(x) = E}Y] =5 g(x) Px(z)
=E[X?Y-E[X]? |Y =aX +b = E[Y]| =a E[X] + b (linearity of expectation)
Y=X1+..+X, — E[Y]=E[X 1]+...+E[Xn]
S EX] =Yy CL EX) PV =n)
Conditioning/Unconditioning - 0 <27 < C, 0<x2, <C

(Xl > .’EQ)E[Xl — .’L‘2|X1 > (EQ] + P(X1 < .’L’Q)E[l’g — Xl‘Xl < (L’Q]

E[ X, — Xo| | X5 = 23] = P
e e
EHXy—XﬂM:ACEHXy—XmXQ:xﬂﬁ&@@mm

Markov: | P(X >a) < Xl | Chebyshev: | P(|X
| | :

—u|>¢) <% Ve>0|

Markov Chain

pij = P(Xn1 = j| X, =)

m
5 = E TkPkj
k=1

m; =0 == transient state
P(X,=j) = 7TJ (X, is initial state then):

ZP XO_kpk] Zﬂ-kpk:j =Ty

k=1

P(X, =j)

Zpij =1
j=1
iﬂ'k =1
k=1

m; > 0 == recurrent state




Poisson process:

Small interval probabilities

P(0,7) =e " =1— A1+ o(7)

P(1,7) = Are ™ = Ar(1 = A7) = A7 — A%72 = A7 + 01 (1)
P(k,7) =0+ ox(7)

Large interval probabilities

o ()*

pn. (k) =Pk, 7)=¢ o

E[N;] = A1

Time T of the first arrival
Frt)=P(T<t)=1-P(T>t)=1-P(0,t) =1 -
frt)=xe ™, t>0

k=0,1,..



