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Axioms: P(A) ≥ 0 disjoint Ai =⇒
⋃n

i=1 Ai =
∑n

i=1 Ai P (Ω) = 1

Thms: A ⊂ B =⇒ P (A) ≤ P (B) P(A ∪B) = P (A) + P (B)− P (A ∩B)
P(A ∪B) ≤ P (A) + P (B) P(A ∪B ∪ C) = P (A) + P (AC ∩B) + P (AC ∩BC ∩ C)
P(A) = P(A ∩B) ∪P(A ∩BC) (disjoint)

A ⊂ B =⇒ [P(A ∩B) = P(A), P(A ∪B) = P(B), P(B −A) = P(B)−P(A)]

Inclusion-Exclusion: P(A ∪B) = P(A) + P(B)−P(A ∩B)
P(A ∪B ∪ C) = P(A) + P(B) + P(C)−P(A ∩B)−P(B ∩ C)−P(A ∩ C) + P(A ∩B ∩ C)

Tot Prob: P(B) = P(A1 ∩B) + ... + P(An ∩B) = P(A1)P(B|A1) + ... + P(An)P(B|An)
Bayes: P(A|B) = P(B|A)P(A)

P(B) = P(B|A)P(A)

P(B|Ai)
Pk

i=1 P(Ai)

Counting Order No Order
Replacement nr

No Replacement n!
(n−r)!

n!
(n−r!)r!

Name Definition E[X] var(X) notes

Bernoulli: fX(x) =
{

p, if x = 1
1− p, if x = 0 p p(1− p)

Binomial: pX(k) =
(
n
k

)
pk(1− p)n−k np p(1− p) P(X ≤ k) =

∑k
i=0

(
n
i

)
pi(1− p)n−i

Geometric: pX(k) = (1− p)k−1p 1
p

1−p
p2 P(X > k) = (1− pk)

P(X < k) = 1− (1− pk)
P(X = t) = P(X = k + t− 1|X ≥ k)
P(X = t) = P(X = k + t|X > k)

Exponential: fX(x) =
{

λe−λx, if x ≥ 0
0, otherwise

1
λ

1
λ2 P(X ≥ a) = e−λa

Poisson pX(k) = e−λ λk

k! λ λ λ = np for large n and small p

Conditional: pX|A(x) = P(X = x|A) = P (X=x∩A)
P(A) Memoryless: PR(X = k + t− 1|X ≥ k) = P(X = t)

Bloom Filter - False negatives possible but false positives are not. Two hash functions: h1(x), h2(x)

pY (y) =


1
3 , if y = 1 (1, 1) (2, 1) (3, 1)
2
3 , if y = 2 (1, 2) (2, 2) (3, 2)
0 otherwise (1, 3) (2, 3) (3, 3)

P(B2 = 1) = P(B2 = 1|Y = 1)P(Y = 1) + P(B2 = 1|Y = 2)P(Y = 2) =
1
3
· 1
3

+
2
3
· 2
3

=
5
9

P(B2 = 1|B1 = 0) =
P(B2 = 1 ∩B1 = 0)

P(B1 = 0)
=

P(B2 = 1 ∩B1 = 0|Y = 1)PY (1) + P(B2 = 1 ∩B1 = 0|Y = 2)PY (2)
P(B1 = 0|Y = 1)P(Y = 1) + P(b1 = 0|Y = 2)P(Y = 2)

=
1
3 ·

2
3 ·

1
3 + 2

3 ·
1
3 ·

2
3

2
3 ·

1
3 + 1

3 ·
2
3

=
6
27
4
9

=
5
9

lifetime - 3 parallel servers, each server geometric with parameter p. (has prob p of failing per unit time)
Let Si = lifetime of ith server. Let T = max{S1, S2, S3} be the time until system fails
operational if at least one server operational

P(T ≤ t) = P(max S1, S2, S3 ≤ t) = P(S1 ≤ t) ·P(S2 ≤ t) ·P(S3 ≤ t) = P(S1 ≤ t)3 = (1−P(S1 > t))3 = (1− (1− p)t)3

P(T = t) = P(T ≤ t)−P(T ≤ t− 1) = (1− (1− p)t)3 − (1− (1− p)t−1)3

operational if at least two servers operational
Let Ti = time from (i− 1)th to ith server failure. T = T1 + T2

p′ = P(> 1 fails when 3 are operational) = 1− (1− p)3 p′′ = P(> 1 fails when 2 are operational) = 1− (1− p)2

E[T ] = E[T1] + E[T1] =
1
p′

+
1
p′′

=
1

1− (1− p)3
+

1
1− (1− p)2
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PMF:
pX(x) = P(X = x) PX|A(x) = P(X = x|A)

∑
x pX|A(x) = 1

px,y(x, y) = pY (y)pX|Y (x|y) PX(x) =
∑

y pY (y)pX|Y (x|y)
P(X = x) = P(X ≤ x)−P(X ≤ x− 1)

PDF:

P(X ∈ B) =
∫

B
fX(x)dx P(a ≤ X ≤ b) =

∫ b

a
fX(x)dx P(−∞ < X < ∞) =

∫∞
−∞ fx(x)dx = 1

E[X] =
∫∞
−∞ xfX(x)dx E[g(X)] =

∫∞
−∞ g(x)fX(x)dx Var(X) = E[(X −E[X])2] =

∫∞
−∞(x = E[X])2fX(x)dx

0 ≤ Var(X) = E[X2]− (E[X])2

Y = aX + b =⇒ E[Y ] = aE[X] + b Var(Y ) = a2Var(X)

P(X ∈ B|A) =
∫

B
fX|A(x)dx Pr(fX|A(x)) =

{
fX(x)

P(X∈A) if x ∈ A

0 otherwise
P(X ∈ B|X ∈ A) =

∫
B

fX|A(x)dx

P(X ∈ B|X ∈ A) =
∫

B
fX|A(x)dx E[X|A] =

∫∞
−∞ xfX|A(x)dx E[g(X)|A] =

∫∞
−∞ g(x)fX|A(x)dx

disjoint{A1...An} =⇒ fx(x) =
∑n

i=1 P(Ai)fX|Ai
(x) E[X] =

∑n
i=1 P(Ai)E[X|Ai] E[g(X)] =

∑n
i=1 P(Ai)E[g(X)|Ai]

CDF:
FX(x) = P(X ≤ x),∀x x ≤ y =⇒ FX(x) ≤ FX(y) FX(k) =

∑k
i=−∞ px(i)

pX(k) = P(X ≤ k)−P(X ≤ k − 1) = FX(k)− Fx(k − 1)

FX(x) =
∫ x

−∞ fx(t)dt fX(x) = dFX

dx (x)
fX(x) =

∫∞
−∞ fX,Y (x, y)dy fY (x) =

∫∞
−∞ fX,Y (x, y)dx.

Uniform fX(x) = 1
b−a FX(x) = x−a

b−a
Expected Value and variance

E[X] =
∑

x x · pX(x) Y = g(x) =⇒ E[Y ] =
∑

x g(x) ·PX(x)
σ2 = E[X2]−E[X]2 Y = aX + b =⇒ E[Y ] = a ·E[X] + b (linearity of expectation)

Y = X1 + ... + Xn =⇒ E[Y ] = E[X1] + ... + E[Xn]∑N
i=1 E[Xi] =

∑
N (

∑n
i=1 E[Xi])P(N = n)

Conditioning/Unconditioning - 0 ≤ x1 ≤ C, 0 ≤ x2 ≤ C

E[ |X1 −X2| |X2 = x2] = P(X1 > x2)E[X1 − x2|X1 > x2] + P(X1 < x2)E[x2 −X1|X1 < x2]

=
(

C − x2

C

) (
C − x2

2

)
+

(x2

C

) (x2

2

)
E[|X1 −X2|] =

∫ C

0

E[|X1 −X2||X2 = x2]fX2(x2)dx2

Markov: P(X ≥ a) ≤ E[X]
a Chebyshev: P(|X − u| ≥ c) ≤ σ2

c2 ∀c > 0

Markov Chain

pij = P(Xn+1 = j|Xn = i)
m∑

j=1

pij = 1

πj =
m∑

k=1

πkpkj

m∑
k=1

πk = 1

πj = 0 =⇒ transient state πj ≥ 0 =⇒ recurrent state
P(X0 = j) = πj(X0 is initial state then):

P(X1 = j) =
m∑

k=1

P(X0 = k)pkj =
m∑

k=1

πkpkj = πj
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Poisson process:

Small interval probabilities

P(0, τ) = e−λτ = 1− λτ + o(τ)

P(1, τ) = λτe−λτ = λτ(1− λτ) = λτ − λ2τ2 = λτ + o1(τ)
P(k, τ) = 0 + ok(τ)
Large interval probabilities

pNτ (k) = P(k, τ) = e−λτ (λτ)k

k!
, k = 0, 1, ...

E[Nτ ] = λτ

Time T of the first arrival

FT (t) = P(T ≤ t) = 1−P(T > t) = 1−P(0, t) = 1− e−λt

fT (t) = λe−λt, t ≥ 0
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