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ABSTRACT

An important part of deciphering gene regulatory mecha-
nisms is discovering transcription factor binding sites. In
many cases, these sites can be detected because they are of-
ten overrepresented in genomic sequences. The detection of
the overrepresented signals in sequences, or motif-finding has
become a central problem in computational biology. There
are two major computational frameworks for attacking the
motif finding problem which differ in their representation of
the signals. The most popular is the profile or PSSM (Po-
sition Specific Scoring Matrix) representation. The goal of
these algorithms is to obtain probabilistic representations
of the overrepresented signals. Another is the consensus
pattern or pattern with mismatches representation which
represents a signal as discrete consensus pattern and allows
some mismatches to occur in each instance of the pattern.
The advantage of profiles is the expressiveness of their rep-
resentation while the advantage of the consensus pattern
approach is the existence of efficient algorithms that guaran-
tee discovery of the best patterns. In this paper we present
a unified framework for motif finding which encompasses
both the profile representation and the consensus pattern
representation. We prove that the problem of discovering
the best profiles can be solved by considering a degenerate
version of the problem of finding the best consensus pat-
terns. The main advantage of our framework is that it mo-
tivates a novel algorithm, MITRA-PSSM, which discovers
profiles, yet provides some of the guarantees of discovering
the best signals. The algorithm searches for best profiles
with respect to information content which is the same cri-
terion of popular algorithms such as MEME and CONSEN-
SUS. MITRA-PSSM is specifically designed for searching
for profiles in this framework and introduces a novel notion
of scoring consensus patterns, discrete information content.
MITRA-PSSM is available for public use via webserver at
http://www.calit2.net/compbio/mitra/.
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1. INTRODUCTION

With the availability of powerful methods for prediction of
genes in genomic sequences, many of the genes in sequenced
genomes have been identified. The next major challenge is
discovering how these genes interact with and regulate each
other. An important part of deciphering gene regulatory
mechanisms is discovering transcription factor binding sites.
In many cases, these sites can be detected because they are
often overrepresented in genomic sequences. The detection
of the overrepresented signals in sequences, or motif-finding
has become a central problem in computational biology over
the last 20 years.

Most approaches over the last two decades can be split
roughly into two categories corresponding to two major com-
putational frameworks for attacking the motif finding prob-
lem differing in their representation of the motifs. The most
widely used is the profile or PSSM (Position Specific Scoring
Matrix) representation. The goal of these algorithms is to
obtain a generative probabilistic representation of the over-
represented signals. These algorithms view the representa-
tion of the signals as continuous. Each position in a profile
consists of a vector of probabilities for observing each nu-
cleotide at that position. The algorithms in this framework
attempt to discover profiles that maximize a criterion such
as the information content score. Popular approaches within
this framework include MEME[1], CONSENSUS[10], Gibbs
sampler[13, 14], and AlignACE[11]. The major advantages
of this framework are that profiles are very powerful rep-
resentation of the signals and the scoring function is moti-
vated by an underlying probabilistic model. Additional in-
formation in the motif search such as background statistics,
expression data, aligned genomes, functional categories of
genes, and position information can easily be incorporated
in the context of the probabilistic model as shown below. A
major disadvantage is that the problem of discovering the



“best” profile is inherently very difficult. For a signal of
length I, the problem reduces to finding the global maxi-
mum of a non-convex continuous 3/ dimensional function.
Most algorithms in this framework can be characterized as
performing stochastic optimization or greedy searches and
give no guarantees of finding the best profile or even profiles
close to the best profiles.

The second framework uses the consensus pattern or pat-
terns with mismatches representation. These algorithms de-
fine a signal to be a consensus pattern and allow up to a
certain amount of mismatches to occur in each instance of
the pattern. The goal of these algorithms is to recover the
consensus pattern with the highest number of instances. Re-
cent approaches within this framework include random pro-
jections[4], combinatorial based approaches[15], and MUL-
TIPROFILER[12]. A variant of this formulation determines
the best consensus patterns based on some measure of sta-
tistical significance of the number of instances. The major
advantage of many of these algorithms is that because of
the discrete nature of the patterns, even the classical al-
gorithms such as the 1984 Waterman et al.[20, 9] algorithm
guaranteed to find the best scoring patterns. Recently, more
efficient branch and bound algorithms for finding consensus
patterns such as the algorithms of Sagot [16] and MITRA([S]
have been presented as well as more sophisticated methods
for determining the statistical significance of patterns[6]. In
addition, some consensus pattern algorithms such as MI-
TRA[7] are modified to guarantee to find the highest scor-
ing patterns for a given scoring function. However, a major
disadvantage to the consensus pattern or pattern with mis-
matches framework is the representation of the signals them-
selves. In general, the profile representation is much more
expressive than the consensus pattern representation. For
example, consensus patterns in general can not distinguish
between conserved and unconserved positions. In addition,
the traditional formulation of consensus patterns can not
represent positions where multiple bases can occur without
increasing the alphabet to include TUPAC symbols. Even
using the IUPAC alphabet[18], the patterns can not repre-
sent different degrees of conservation among different bases.

The main difference between these two frameworks can
be summarized by noting that the continuous profile repre-
sentation is more expressive at the cost of the guaranteed
convergence properties of the less expressive discrete consen-
sus pattern representation. There is a long standing debate
about which framework performs better[3, 19]. Ideally, the
best approach would combine the expressiveness of the pro-
file representation with the guarantees of convergence of the
consensus pattern approach.

In this paper, we present a novel algorithm, MITRA-
PSSM, for discovering profiles for overrepresented signals
in sequences which provides some of the guarantees of dis-
covering the best signals similar to the consensus pattern ap-
proaches. The key to our approach is formulating a common
framework for pattern discovery which encompasses both
the profile and consensus pattern representations. In this
framework, we introduce a new notion of scoring consen-
sus patterns, discrete information content, which views the
consensus pattern as a discrete profile and the space of con-
sensus patterns as a discretization of the space of profiles.
Using this common framework, we are able to define algo-
rithms that function on consensus patterns while performing
an analogous search over the space of profiles.

MITRA-PSSM decomposes the space of profiles into dis-
joint subspaces each which is associated with a consensus
pattern that is a discrete approximation of the profile sub-
space. The consensus patterns “cover” their respective pro-
file subspaces which means that any instance of a profile in
the subspace is also an instance of the consensus pattern.
The MITRA-PSSM algorithm consists of two main phases.
The first phase performs a branch and bound search to iden-
tify promising profile subspaces. This is done by eliminating
the subspaces of the space of all profiles which cannot score
higher than the minimum motif strength threshold. The
search of the pattern space of MITRA-PSSM is very simi-
lar to the SPELLER algorithm presented in Sagot, 1998[16].
The second part performs a local search over the remaining
profile subspaces. At each step in the branch and bound
search, based on the instances of the consensus pattern, we
can obtain an upper bound on the score of any profile in
the subspace. If this maximum score is below our minimum
motif strength threshold we can eliminate all of the profiles
from this subspace from consideration.

The advantage of the MITRA-PSSM algorithm as op-
posed to other algorithms is that we can obtain some guar-
antees about the profiles that the algorithm finds. The algo-
rithm narrows down the location of the best PSSMs to a few
subspaces. Although it is not able to identify exactly where
in these subspaces the best PSSMs lie, by considering the
width of the subspace the algorithm gives an upper bound to
the distance of the discovered PSSMs to the highest scoring
PSSMs.

Unlike many profile discovery algorithms, MITRA-PSSM
is deterministic and can be used to find multiple high scoring
profiles in a single run. This eliminates the need to mask
high scoring signals to discover the remaining signals as in
algorithms such as MEME.

We also introduce a very general probabilistic formula-
tion of information content which allows us to incorporate
a wide range of information into the motif search. This
includes background statistics, aligned genomes, gene func-
tional categories, gene expression data, known transcription
factors, and positional information which can all be intro-
duced into the motif search using a variant of the problem
formulation. MITRA-PSSM can perform the motif search
in this generalized setting.

We demonstrate our algorithms on discovering PSSMs in
the complete set of promoters of E. Coli, a very large samples
of close to 250,000 bases where we know there are many
different signals.

The paper is organized as follows. In Section 2 we intro-
duce the probabilistic model and formulate the motif finding
problem. In Section 3 we introduce the notion of discrete
information content. In Section 4 we introduce the notion of
“cover” and relate profile subspaces to discrete information
content approximations. In Section 5 we derive an upper
bound on the score of a profile given a superset of its in-
stances. In Section 6 we present MITRA-PSSM. In Section
7 we demonstrate the applicability of MITRA-PSSM to bi-
ological data. Finally, in Section 8 we conclude and discuss
future directions.

2. PSSMSINFORMATION CONTENT AND
MAXIMUM LIKELIHOOD

Profiles and the information content score are best un-



derstood in the context of a generative probabilistic model.
Here we derive the information content score from a genera-
tive model to motivate the formulation of the motif finding
optimization problem. The probabilistic model defines how
the data was generated. For simplicity of the formulation,
we initially assume that we are given a single long sequence
as our sample and we extend to samples consisting of mul-
tiple sequences in Section 6.4. Given a sample D with m
substrings of length [, we denote the jth length I substring
of the sample by x;, and the ith position of the jth substring
as ;.

For every substring in the data, we assume that it was
generated in one of two possible ways. Either the substring
is an instance of the signal and generated by the profile, or
otherwise it is generated by the background model[17]. The
probabilistic model can be viewed as a mixture model with
two components each corresponding to how the instance was
generated.

A profile S is represented by a 4 x [ matrix providing a
probabilistic interpretation of the signal. For the alphabet
¥ ={A,C,G, T}, let the entries at the 7th position in a pro-
file, S, be denoted {s’, s, s&, sin} respectively. Since these
entries represent probabilities, > st = 1. We denote the
background probabilities {ba,bc,ba,br}.

For any substring x;, the probability of the substring be-
ing generated by the profile S is S(z;) = []! si,; and the
probability of x; being generated by the backgrour]ld sample
is B(z;) = [[._, b,:- We denote a set of hidden variables

i=1 z;

i=1

g1, .5 Gjs ---, gm, one for each substring such that g; = 1 if z;
is generated by the profile S and g; = 0 otherwise. We de-
fine the prior probability of an instance x; being generated
by the sample as P;(S). Assuming this model, given the
value of these hidden variables, the likelihood of the sample
is

L= Tl PAS)S@)L, ol — P ($)B(@))
P;j(8) S(=;)
= H:z;]-:gjzl (1_]pj(5)) B(m;) sz (1= P;(5))B(z;) (1)
This likelihood will be maximized if g; = 1 when P;(S)S(z;)
(1 — P;(S))B(z;) which is equivalent to

e S(zj) (1-P(S))
g =4 Y 56> e )
0 otherwise.

Note that the last term of the product in equation (1) is
a constant that depends only on the sample and the back-

ground probability which we denote P(B) = ij (1-P;(S))B(z;).

We can write the maximum likelihood as

Pi(S)  S(z;)
L= 11 222 p(B) .
sy Gryesy (U Fi(8) B(zj)
PTG T R (5)
If we assume the prior probability for any instance being
part of the signal is the same, i.e., P(S) = P;(S) for all j
and if we consider the maximum log likelihood' then

3 (log (ggjo —t> +log(P(B))
()

!Throughout this paper we use log base 2 because informa-
tion content is typically measured in bits.

log(L) =

(A—-P(S))
P(S)
the profile if it has a score above the threshold ¢. If we drop
the term log(P(B)) since it is not dependent on S, we can

define the information content for a profile IC(S) as

=Y (log ( g((”;];) —t) C®
e gitog (5t} ) ¢ J

Note that maximizing IC(S) is equivalent to finding the
profile that maximizes the likelihood under the probabilistic
model.

This version of the information content score is very simi-
lar to the traditional formulation where the information con-
tent score is computed over a collection of instances. Given
a collection C of N substrings, let S be the profile generated
from computing the consensus profile of the IV substrings.
We denote n), = |{z; : z; € C,z} = o}| the number of
times o occurs in position 7 in the collection . The classi-
cal information content score for this collection IC¢(C) is
written

=3 5 (i)

1<i<lo€{A,C,G,T}

where ¢t = log ( ) A substring z; is an instance of

The classical information content is the Kullback-Leibler in-
formation or relative entropy[10] and is a measure of the
“strength” of the profile or distance of the profile from the
background distribution. As compared to our formulation,
the classical information content assumes that P(S) =1 —
P(S) which implies t = 0. Note that IC(S) = N(ICc(C) —
t) if st = % which is the case at the maximum likelihood as
shown in Lemma 3. We denote the profile associated with
a collection C' as S¢. The main difference between our no-
tion of information content and the classical notion is that
we multiply the relative entropy by the number of instances
of the signal. However, in the Hertz and Stormo, 1999[10]
technique for computing the p-value of a profile, uses as the
statistic the product of the number of instances and the clas-
sical information content. Understandably, the p-value of a
motif will depend both on the strength of the profile and the
number of instances of the motif. Thus the statistical signif-
icance of motifs under both notions of information content
are equivalent even though the scores are defined differently.

A wuseful representation for profiles is a weight matrix. A
signal of length [ is defined by a 4 x I weight matrix W such
that the sth column of the matrix denoted {w, wi, wi, wi-}
represents the ith position of a signal. We can define the
weight matrix Wc for a collection C' with a weight matrix

wt =log (:,—LN) . For a a profile S, we define a weight matrix

W derived from the profile such that w? = log(ZTz’) —t/l.
Given a substring z; and a weight matrix W, the score of

the substring with respect to W is defined to be score(W,z;) =

Y 1<i<i W,i- The score for the signal W, score(W, D) over

the data siet is simply the sum of the scores of the posi-
tive scoring substrings, ijscwe(w,mj»o score(W,z;). We
denote the instances of the signal W, I(W,D) = {z; :
score(W, z;) > 0}, as the subset of the data which has a pos-
itive score for the weight matrix. Note that the instances
of a signal W, I(W, D) are completely determined by the
signal and the data. We define the neighborhood of a signal
N (W) as the set of substrings of length [ that have positive



score for the signal, N(W) = {z € %' : score(W,z) > 0}.

From a profile S and its corresponding weight matrix W,
we can compute its instances I(Wg, D) and information con-
tent IC(S). We can formulate the motif finding problem as
a search over profiles.

The Motif Finding Problem (Profiles). Given a
sample D consisting of substrings x;, determine the profile
S such that IC(S) is mazimized. [

Similarly, from a collection of instances C, we can com-
pute its profile S¢, and its corresponding information con-
tent. This represents the dual nature of the motif finding
problem. We can formulate the problem of motif finding as
a search over subsets of the substrings in the data.

The Motif Finding Problem (Instances). Given a
sample D consisting of substrings x;, choose a collection of
instances C C D such that IC(Sc) is mazimized. O

Each formulation of the problem has an equivalent solu-
tion. The dual nature of the problem naturally leads to the
use of the EM algorithm[5] such as in MEME][1]

2.1 Relationto Traditional Profile Algorithms

The probabilistic framework we present is closely related
to many of traditional profile motif finding algorithms. The
closest is the CONSENSUS[10] objective function which is
equivalent to our formulation given that ¢ = 0. However,
one of the algorithms they present introduces a notion of
“crude information content” which is intuitively very similar
to using a threshold. The EM[1] and Gibbs Sampling[13, 14,
11] methods differ from our framework in that they assume
Bayesian priors for estimating the profile from the data and
compute the mazimum aposteriori (MAP) likelihood instead
of the maximum likelihood. The priors affect the estimation
of the profile by incorporate pseudo-counts. Extending this
approach to incorporate priors and MAP estimates are direc-
tions for future research. Recently, a class of discriminative
scoring approaches to motif finding have been presented[2,
17] which are inherently different from the model described
here. These scoring approaches attempt to find motifs which
discriminate between a set of sequences of interest from a
background set of sequences.

2.2 Incorporating Additional Inf ormationinto
the Motif Search

We can incorporate additional information related to the
motif search into the probabilistic model by dropping the
assumption that P(S) = P;(S) for all j. Instead, we assign
each z; a different value of P;(S) to take into account the
additional information. In this case, we have a different

m) and the

threshold for each instance t; = log( 5 (5)

information content for a profile is

s (m(3) )

S(z;)
mjzlog(ﬁ‘;))>tj

10(S) =

Using this formalism, we can incorporate many types of
information into the search. For example, if we want to con-
sider a background model that assumes an k order Markov
chain instead of the uniform background distribution as in
Equation 3, we can set the threshold t; = t + log(Br(z;)) —
log(B(z;)) where By(x;) is the probability of observing z;
under the k order Markov distribution and ¢ is the origi-
nal global threshold. In this framework, the threshold is

Symbol Meaning Origin of Description
A A Adenine
C C Cytosine
G G Guanine
T T Thymine
M AorC aMino
R AorG puRine
w AorT Weak interaction (2 H bonds)
S Cor G String interaction (3 H bonds)
Y CorT pYrimidine
K GorT Keto
A% AorCorG not-T (not-U), V follows U
H AorCorT not-G, H follows G
D AorGorT not-C, D follows C
B CorGorT not-A, B follows A
N AorCorGorT aNy

Table 1: ITUPAC Alphabet for Nucleotide Sequences

adjusted for each substring x;. Intuitively, for sequences
that are overrepresented in the k order Markov distribution
relative to a 0 order Markov distribution (such as poly-A sig-
nals) the difference log(By(z;)) —log(B(z;)) will be positive
and the threshold will increase making it harder for those
substrings to become part of the motif. On the other hand,
for high complexity signals, the difference will be negative
and the threshold will decrease making it easier for those
substrings to be part of the motif.

This flexible mechanism allows us to incorporate many
different types of information into the search simply by set-
ting the value of P;(S) appropriately which implicitly sets
a per-substring threshold ¢;. The types of information that
can be incorporated are aligned genomes, expression data,
gene functional categories, known transcription factors, and
positional information. For example, if we are looking for
motifs in a sample where we have an aligned genome to the
sample, we can set P;(S) to a high value if the substring z;
is conserved in the alignment and to a low value otherwise.
If we are looking for motifs in a set of co-expressed genes
or present in a set of genes in the same functional category,
we can set P;(S) to a high value for any substring in one
of these genes and P;(S) to a low value for any other sub-
string. We can also set P;(S) based on the proximity of
substring z; to known transcription factors or proximity to
a certain position. Exactly how the values for P;(.S) are set
depends on the assumptions of the probabilistic model for
incorporating the additional information.

The problem formulation for finding the best motifs while
taking into account this information changes slightly. In-
stead of a single threshold for all substrings, the threshold
varies per substring as in Equation (4).

3. DISCRETE INFORMATION CONTENT

The consensus pattern representation has inherent diffi-
culties in expressing profile type motifs. In general, consen-
sus patterns can not take into account different degrees of
conservation in positions and differing background distribu-
tions. Consensus patterns can be made significantly more
expressive if we incorporate the IUPAC alphabet shown in
Table 1. TUPAC symbols provide the ability to express de-
generate patterns or patterns where in one position there is
more than one possible symbol. However, if we allow for
degenerate symbols in the consensus patterns, it is not clear
how to define differing penalties for mismatches in degener-
ate positions.

In this section, we present a new type of scoring for con-



Positions
1 2 3 4 5 6
(a) A | 1.00 0.08 0.00 0.75 0.10 0.00
C | 0.00 0.75 0.00 0.08 0.40 1.00
G | 0.00 0.08 0.50 0.08 0.10 0.00
T | 0.00 0.08 0.50 0.08 0.40 0.00
Positions
1 2 3 4 5 6
(b) A 2 -1.58 —oo 158 -1.32 -1.32
C| -0 158 —oco -1.58 69 -1.32
G | —o0o -1.58 1 -1.58 -1.32 .69
T | —oco -1.58 1 -1.58 .69 .69

Figure 1: Profile (a) and Weight Matrix (b) induced
by discrete information content pattern AcKayC.

sensus patterns, discrete information content, which still
preserves the discrete nature of consensus patterns, yet pro-
vides a score which is motivated by information content.
The basic idea is to assign to each symbol in our discrete
information content alphabet, ¥ prc, a canonical one posi-
tion profile. Each instance is scored using the weight matrix
generated by the profiles along the positions of the pattern.
Discrete information content is very flexible. We can intro-
duce different symbols into the alphabet to represent differ-
ent levels of conservation. An example of a discrete informa-
tion content alphabet is shown in Figure 2 with the weights
for each symbol computed assuming a uniform background
distribution.

We compute the instances of a discrete information con-
tent pattern using the weight matrix associated with the
pattern. For example, consider a pattern AcKayC (shown
in Figure 1) and instances ACGACC and ACCACC. The
first instance has score 2 + 1.58 + 1 + 1.58 + .69 + 2 = 8.85.
The second instance has a score of —oo since the third po-
sition is a C' while the symbol K only matches bases G and
T.

Using the results of the next two sections, we will show
that finding the best profiles corresponds to finding the best
patterns under an appropriate discrete information content
alphabet and we present MITRA-PSSM, an algorithm for
performing this search.

4. COVERING PROFILE SUBSPACESWITH
CONSENSUSPATTERNS

We can analyze relationships between profiles and their
discrete information content approximation based on their
sets of instances. If N(W) C N(W'), then we say that
signal W’ covers signal W and denote this relation W C
W'. This implies both |[N(W)| < |[N(W')| and I(W,D) C
I(W', D).

The notion of covering is the key to our analysis. Our goal
will be to split the space of profiles into disjoint subspaces
and cover each profile with a discrete information content
pattern. In our case, W will be a weight matrix associated
with any profile in a subspace and W' will be a weight matrix
associate with a discrete information content pattern. We
will want that W C W’ which will insure that the instance of
the pattern are the superset of the instances of the profile.
Using this pattern, we can then recover the instances for
this subspace. In the following section, we will show how
we can obtain an upper bound on the information content

of the highest scoring profile in the subspace from this set
of instances.

For our analysis, given two weight matrices W and W',
we are interested in determining in general whether or not
W C W’'. We make use of the following Lemma which
follows directly from the definition of W C W'.

LEMMA 1. W C W' if and only if N(W)N(Z!—N(W')) =
0.

The condition of Lemma 1 can be checked to verify the re-
lation between two weight matrices.

4.1 Partition of the Spaceof Profiles

For the purposes of our analysis, we consider the relation-
ships between signals based on profiles and signals based on
discrete information content patterns. Given a consensus
pattern P, consider the profile S with a threshold ¢ such,
Ws C Wp. In this case we know that the instances of Wp
are a superset of the instances of the profile S. The score
of the profile S, depends only on the instances of P. If we
can determine that these instances can not score above our
minimum score threshold, we can determine that the profile
can not score above the threshold.

We are interested in disjointly partitioning the complete
space of profiles for a given threshold ¢ such that the parti-
tion has the following property. Each partition S is assigned
a unique consensus pattern P and for every profile S € §
in the subspace, Wg C Wp. If this is the case we can then
consider only the instances of the pattern P when searching
locally within the subspace S. Furthermore, we can obtain
an upper bound on the score of all profiles in § based on
the instances of P since they are a superset of any of the
profiles in the subspace as shown below. If the upper bound
is below our minimum score threshold, we can rule out the
entire subspace of profiles S.

Since discrete information content is a discrete approxi-
mation for a profile, we introduce an approximation constant
At which compensates for this approximation at each posi-
tion. At represents the difference in the score of a substring
in a position in the discrete information content and the
score of a substring in a profile at that position. Effectively,
At reduces the signal threshold to ¢ — IA¢. A substring is
considered an instance of the discrete information content
pattern if its score is at least t — [At. If an instance score is
above the threshold, the instance contributes the difference
of the instance score and the threshold to the overall signal
score. For any discrete information content pattern P we
construct a weight matrix Wp by subtracting ¢ — At from
each entry of the weight profile corresponding to the discrete
information content pattern.

Using discrete information content, we can obtain a con-
dition on partitioning profiles into subspaces.

LEMMA 2. Consider a subspace of profiles S with thresh-
old t and a pattern P with approzimation constant At. Ws
is the weight matriz derived from any profile S € S with
threshold t and Wp is the weight matriz derived from the dis-
crete information content pattern P with threshold t — IAt.
ForallSe S Ws CWp if forallo,1 <i<lI,

wh, — At < wh, (5)

We point out that Lemma 2 is the condition necessary for
partitioning profiles into subspaces and not a method for



Symbaol A [ €] T N
A T 0 0 0 55
! c 0 1 0 0 25
Profile G 0 0 1 0 25
T 0 0 0 1 .25
P 3 = e pp 0
) c oo 2 oo —oo 0
Weight G —o —o0 2 —oo 0
T — oo o —oo 2 0
Symbol = < g T
A 75 08 08 08
) c .08 75 08 .08
Profile G .08 .08 .75 .08
T .08 .08 .08 .75
a 1,58 —1.58 —1.58 —1.58
) c —1.58 1.58 —1.58 —1.58
Weight G —1.58 —1.58 1.58 —1.58
T —1.58 —1.58 —1.58 1.58
Symbol ™ R W s < K
A 5 5 5 0 0 0
) c 5 0 0 5 .5 0
Profile Ie] 0 .5 0 5 0 .5
T 0 0 5 0 5 5
A 1 1 1 —o0 —o0 — oo
) c 1 _e —oo 1 1 oo
Weight G —co 1 —oo 1 —oo 1
T — oo — 1 — 1 1
Symbol ™ B w = ¥ ik
A 1 1 1 1 1 1
) c 4 1 1 4 4 1
Profile G 1 4 1 4 1 4
T 1 1 4 1 4 4
a 9 69 69 —1.33 —1.33 —1.33
Weight c 69 ~1.32 ~1.32 .69 .69 _1.32
8 Pe: _1.32 .69 _1.32 .69 _1.32 .69
T _1.32 _1.32 69 —1.32 .69 .69

Figure 2: A simple discrete information content alphabet containing 21 symbols.
canonical 1 position profile and its corresponding weight matrix is shown.

For each symbol, the
For each base, there are two

symbols, the capital letter (A) represents a completely conserved position while the lowercase level (a)
represents a position which tolerates some mismatches. For each TUPAC symbol for degenerate positions
of 2 bases, the capital letter (K) represents a position that only allows the 2 bases while a lowercase letter

represents (k) represents a position that prefers the

two bases but allows the other bases. The N symbol

represents unconserved positions. The weight matrices for each symbol are computed assuming a uniform

background distribution.

constructing such a partition. Given any partition, At can
be set large enough to satisfy this condition. For example,
the partition consisting of the symbols from Figure 2 with
At = .58 partitions the complete space of profiles.

Intuitively, partitions with many symbols, will have small
values of At to satisfy the condition. However, partitions
with many symbols increase the number of PSSM subspaces
and the size of the branch and bound search. A direction
for future research is to design partitions with low A¢ which
have few symbols.

5. MAXIMUM SCOREOF A PROFILE

Given a subspace of profiles § and a pattern P such that
for all S € §, Ws C Wp, we know that the instances
of the pattern I(Wp,D) are a superset of the instances
of the profile I(S,D). This implies that score(S,D) =
score(S,I(Wp,D)). Using this fact, we can derive an up-
per bound on the score of the best scoring profile S € S,
score(S, D). The maximum score will be achieved for some
profile $* and subset I' C I(Wp, D) where each instance in
the subset is positive scoring with respect to S*. We denote
|[I'| = N'.

We can derive an upper bound on the score of the pro-
file S* by considering each position independently. We first
consider the case where the threshold ¢ is the same for ev-
ery substring and later extend this to the case where there
is a different threshold ¢; for every substring x;. At each
position, we choose a subset of the instances and the profile
entries for the position to maximize our score. The best scor-
ing profile will score lower than this construction because we
are not constrained to pick the same subset of instances at
each position. We denote the set of nucleotides at position %

as I''. Note that the size of I'® is constant for each position
|I'"| = N'.

Out of a set of |I| nucleotides we pick a subset I'. Without
loss of generality, we denote the counts of the nucleotides in
I' as N, Ni, N, N, counts in the subset I' as n'y, ng, ng, n'r
and background probabilities ba, bc, bg, br where Y ez Mo =
[I'"| = N', ni. < Ni. We need to pick n’. and s, to maximize
the score

! i
S wl log(Z—:) —tN' (6)

i=1c0€X
with constraint ) .y s, =1and Y .yn, = N'.

LeEMMA 3. For any choice of nt., Equation (6) is mazi-
ni
Yoennk

mized if st =
PROOF. Since n’ have been chosen in advance, we only

need to choose values of s} to maximize Equation (6). We

only need to consider the first part of the equation since

the second is constant given n’. We can show this by using

Lagrange multipliers with a single constraint ) . st =1.
Using Lagrange multipliers we have
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From Equation (7) s; = s,/ .

o i
o!

Plugging this into the

constraint we get for sy =1— S -E{C,G.T} shy ——:Z’ which sim-
.G, A
plifies to the form of Lemma 3. [

Since we now have s; in terms of n), our maximization
problem reduces to finding the set n, that maximizes

ZZn log (b Ea GE )—tN’ (8)

i=1c€X

subject to 0 < nf. < N{ and > ex Mo = = N'. Unfortunately,
Equation (8) is difficult to maximize because the constraint
that the sum of nf at each position must be equal causes a
dependency between all of the n! . Since the maximum with
this constraint must be smaller than the maximum without
the constraint, we can maximize the following

Z(Zn tog (s E;gn )- Zn) 9)

i=1 \oc€X O'EE

The advantage of maximizing Equation (9) is that we can
consider each position independently.

LEmMMA 4. The mazimum of Equation (9) occurs on the
boundaries of the constraints, i.e. either n; =0 orn, = NE.

PROOF. We show this for each n? independently and with-
out loss of generality for o = A. Let f(n A) be a function we
wish to maximize in terms of ni, where nt, o # A are fixed.

Let ¥ = {A,C,G,T}.

fli) = Sonitog () 50w
cEX b; E ’EEn a—ez
= an, log(nt) — Z n’ log (Z nf,:)
cED o”EE o'ex
- Zn log(bs Zn
=) aez
roiN 1 i
t
—log(ba) — 7

; 1 1 1
nYy D™ logZ
Since f’(ni) > 0 for 0 < ni < Nf, the function is con-

vex and the maximum must be achieved on one of the end
points. [

By direct application of these two Lemmas we obtain the
following Theorem.

THEOREM 1. Given a collection of instances C with maz-
imum nucleotide counts N, N&, N& and Ni.. Given back-
ground probabilities ba, bc, bg and br, the mazimum of
Equation (6) depends only on nl and at each position i,
the mazimum occurs at one of 16 points corresponding to
choices of whether ni =0 ornt = N:. The mazimum
score at position i for collection C, M'(C), is

M 2:17,log<bZ )—%an,

n
gEYD 'ex geEY

We use M(C) = S!_, M(C) to denote the maximum
score of the collection. We note that this theorem can be
extended in a straightforward manner to incorporate con-
straints on s, such as those that come from the subspace of
profiles which gives a tighter bound. We omit this extension
for simplicity of presentation.

We now show how to modify Theorem 1 to take into ac-
count k sets of instances, each with a different threshold
constant t;. In each set of instances, the total number of
symbols at a position in a set are N2 and the total number
of instances from each set at the maximum is N'/. We wish
to maximize

k 1 o E-ni'j ) )
il J - y N]
Z (Zzn % (b zo’ 'ex ZJ’:ln ’

j=1 i=1c€ex
(10)

subject to 0 < nl¥ < N»J and Y es nid = NI,

Using the same technique as above, we can bound the
maximum of Equation (10) by relaxing the constraint the
all of the n%Y must sum to the same value at each position

and maximize
tj Y
_ 2N »J
l )

1 k ..
i,j Ej"fr’]
35 (o ()
(11)

1j=1 \cexn

subject to 0 < n%¥ < N»J and EUEE b= N

Using the same analysis as in Lemma 4, the maximum
value for each position occurs on the boundary. That is,
the maximum occurs when n%/ = N2 or nfd = 0. Un-
fortunately, while previously there were only 16 cases, in
this case there are 2*F possibilities. To check all of them is
impractical.

If we sort the substrings with respect to ¢; such that ¢t; >
tj+1 we can make the following observation.

LemMMA 5. At the mazimum of Equation 11, if n Tl =0
then n? = 0.

ProoOF. We will show this by contradiction. Assume that
at the maximum point n& ! = 0 and n’Y = N27. Consider
the second point just as the previous except that n, Litl =1
and n% = NI —1. This point is also within the constraints.
For both points, the first term in Equation 11 will be equal.
The second term will be greater by % Since t; > tj41
the second point will be higher than the maximum which
gives a contradiction. [

Using this Lemma, we can describe the n’’ for a fixed i and
o as being in one of k + 1 cases. Either they are all 0 or the
k greatest of them are equal to N*/ and the remaining are
0. For each position this gives a total of (k+1)* possibilities
which is feasible to exhaustively check. We can approximate
this value by merging close t; together and using only the
smallest t;.

By direct application of these results above we obtain the
following Theorem.

THEOREM 2. Given k collections of instances C' = UC}
with mazimum nucleotide counts Ny’ , N&’, Ng' and Np’
and thresholds t; such that t; > tj11. Given background
probabilities ba, bc, ba and br, the mazimum of Equation
(11) depends only on ni? and at each position i, the mazi-
mum occurs at one of (k-+1)* points corresponding to choices
of whether n%¥ = 0 or n% = N2 and if n29 T = 0 then



nf,’ = 0. The mazimum score at position i for collection C,
M*(C), is

M'(C) = Z Z n¥ log <_ba ;J,ne; nw) _ tTJ Z ny’

j=loc€x cEeD

6. MITRA-PSSM

Efficient algorithms for discovering consensus patterns take
advantage of the fact that the majority of the space of pat-
terns does not contain patterns of interest. Algorithms such
as SPELLER([16] and MITRA[8] are branch and bound al-
gorithms that attempt to rule out large portions of the space
of patterns by ruling out prefixes of patterns that can not
lead to patterns of interest.

This idea can be applied to our search for profiles. Instead
of ruling out one profile subspace at a time, we attempt to
rule out many profile subspaces at the same time. Given a
prefix of a discrete information content pattern, we attempt
to rule out all of the profile subspaces that correspond to pat-
terns that contain that prefix. We use the notation AAA???
to represent the prefix pattern which corresponds to the set
of patterns with prefix AAA. Members of this set include
AAAAAA, AAAAAC, AAACAA, etc. We define the set of
instances of a prefix pattern as the union of the instances
of each pattern contained in the pattern. We can compute
the upper bound described in Section 5 on the scores of
the union of the subspaces of profiles corresponding to the
pattern prefix. If the upper bound of the score of profiles
pattern AAA??? is below the minimum signal threshold, we
can rule out all of the corresponding subspaces.

Pattern with mismatches algorithms like SPELLER[16]
and MITRA([8] efficiently keep track of how many mismatches
were observed between each substring in the data and the
prefix of the pattern space. The key idea behind MITRA-
PSSM is that we apply the analogous idea to compute the
discrete information content score between the pattern pre-
fix and each instance in the data. We then incorporate these
scores when we compute the upper bound on the profile
scores using the same upper bound described in Section 5.

6.1 Review of SPELLER Algorithm

In this section we provide a short overview of the major
ideas behind the SPELLER algorithm and focus on what
is common between this algorithm and MITRA-PSSM in
some cases changing the terminology to be consistent with
MITRA-PSSM. The SPELLER algorithm is presented in
detail in Sagot, 1998[16] and is currently the best exhaustive
algorithm for finding pattern with mismatches. SPELLER
efficiently solves the (I, m) —k pattern search where the goal
is to recover all patterns of length I, with m mismatches that
occurs k times in the data.

SPELLER performs the search for patterns with mismatches
by operating on two data structures: a data trie that con-
tains the data and a pattern trie that represents the pat-
terns. SPELLER initially creates a data trie for the data.
At each node in the data trie, SPELLER stores the number
of substrings in the subtree rooted at the node.

The (I, m)-pattern search is performed by building the
pattern trie in a depth first fashion. The path from the
root to a node in the pattern trie represents the prefix of
the pattern space. Essentially, SPELLER is “spelling out”

the patterns on this trie. At each node in the pattern trie,
SPELLER keeps pointers to the valid nodes in the data
trie. That is, at each node in the pattern trie at depth
d, SPELLER keeps a pointers the nodes of the data trie
at depth d where the prefix of the pattern matches the
path from the root of the data trie with less than m mis-
matches. As the pattern prefix space gets explored and
the corresponding depth first search of the pattern trie pro-
ceeds, SPELLER efficiently updates the set of pointers to
the valid nodes by only considering the set of pointers of
the parent node in the trie. At every node in the pattern
trie, SPELLER sums the number of instances of the nodes
pointed to in the data trie. This gives an upper bound to
the number of instances of any pattern in the pattern prefix
space. If this number is below k, SPELLER can rule out
the pattern prefix space which corresponds to backtracking
in the depth first search. On the other hand, if SPELLER
reaches a depth of [ and there are more than k instances at
this depth, then SPELLER, outputs the pattern.

6.2 The MITRA-PSSM Algorithm

MITRA-PSSM is similar to the SPELLER algorithm, how-
ever, MITRA-PSSM is optimized for ruling out profile sub-
spaces corresponding to patterns.

MITRA-PSSM also preprocesses the data by construct-
ing a data trie. At each node of depth d in the data trie,
MITRA-PSSM computes | —d vectors of counts correspond-
ing to the occurrences of each symbol at each level of the
subtree rooted at the node. These counts will be used by a
variant of Theorem 1 to obtain an upper bound on profile
scores.

MITRA-PSSM builds a pattern trie out of the discrete
information content alphabet and keeps pointers to the “rel-
evant” nodes in the data trie. The score of a data trie node
of depth d with respect to the pattern prefix, s, is defined as
the discrete information content computed from the pattern
prefix and the path from the root to the node. Let wmaz
be the maximum weight in any position in the discrete in-
formation content alphabet. The maximum possible score
for any pattern in the prefix space and any substring rooted
at the trie node is s + (I — d)wmae. If the maximum score
is less than ¢ — [At then this substring is not valid for the
pattern prefix. This is the analogous condition to having
m + 1 mismatches with pattern prefixes in SPELLER.

Since each pointer has a different corresponding path to
the root, it has a different value for the discrete information
content of its prefix. If we have k pointers, we now have k
sets of instances (each corresponding to a node in the data
trie) each with a discrete information content k; depending
on the prefix of the pattern and the path to the root of the
data trie. Each node also stores the value for the substring
with the minimum threshold ¢;. If we set t; = k; + ¢;, we
can apply Theorem 2 to compute an upper bound on the
information content of any profile in the subspace and can
eliminate the entire subspace if it is below our threshold.

6.3 Local Search in Profile Subspace

For the candidate subspaces, we perform a local search
within the profile subspace over the instances of the pattern.
We apply the EM algorithm[5] which is the same algorithm
used in MEME for this local search. As described above, the
EM algorithm gives no guarantees on discovering the highest
scoring profile. However, our search is only performed in the



profile subspace and only over the instances of the pattern
which significantly reduces the search space and the chance
of converging to a local minimum. In addition, since the
search is restricted to the profile subspace, the problem of
a strong signal masking other signals is avoided since the
search will only converge to profiles in the subspace.

Various tricks have been applied to improve the perfor-
mance of the EM algorithm for motif finding. Since each of
our searches is in a small subspace and in the course of motif
finding we must apply the local search many times, we use
a very simple and efficient version of EM.

The algorithm iterates between two steps until it con-
verges. The first step computes a profile from the set of
instances (initially this is the complete set of instances of

the corresponding pattern). The profile S is computed us-
. i n’

ing 8o = & S0, T
Lemma 3 with the addition of a smoothing factor a. The
smoothing factor helps the search to avoid local optima. If
st is outside of the profile subspace, we set si to the bound-
ary and adjust the remaining probabilities accordingly. The
second step computes the set of instances from the profile.
We compute the weight matrix Ws from profile S as de-
scribed above. For each instance z; € I(P), if Ws(z;) > 0
then the instance is included in our set of signal instances
and omitted otherwise. After iterating through the algo-
rithm several times, the set of instances will stop changing
which cause the algorithm to converge to a final profile and
a set of instances. If the score of the final profile is above
our threshold we report the signal.

This version of the algorithm returns at most 1 profile for
each subspace in the partition. However, we can easily mod-
ify this algorithm by partitioning (and re-partitioning) the
subspaces that contain valid profiles to obtain more profiles
and further refine our solutions.

+ a which is the optimal profile by

6.4 Multiple Sequerces

For simplicity in presentation, in Section 2 we considered
that our sample consisted of a long sequence. In the more
common formulation of the motif finding problem, the sam-
ple consists of many sequences and the motif occurs at most
once in each each of the sequences. Since the majority of
the framework is unchanged, we point out only how our
approach needs to be modified to discover motifs in this
problem formulation.

In Section 2, the main difference is that now we restrict
the set of hidden variables that describe whether a substring
x; was generated by the motif or by the background sample
g; such that only one of the variables can be non-zero in a
sequence. If two substrings have positive scores for the pro-
file, we only set the hidden variable with the maximum value
to 1 and the remaining to 0. Similarly, when we compute
the information content, only the maximum positive scoring
substring per sequence contributes to the score. When we
perform the local search, we take this into account and only
include the highest scoring substring from each sequences in
the second step of the local search algorithm.

The only other major difference in our approach is that
in Section 5, we compute the upper bound in a different
manner. When we consider the 16 possible points for each
position where the maximum can occur, we can only use 1
substring from each sequence. This reduces the number of
instances and reduces the upper bound.

7. BIOLOGICAL EXPERIMENTS

To validate our approach, we analyze promoters from E.
Coli prepared identically to the samples in Eskin et. al,
2003[7]. The sample contains close to 250, 000 nucleotides
and we know that there are many different strong signals in
this sample. The goal of this validation is to demonstrate
that MITRA-PSSM is efficient enough to use in practice and
can process a large sample.

We consider patterns of length 8. Since we know the
patterns contain two conserved regions separated by un-
conserved spacing we perform a preprocessing step to the
substrings extracted by a sliding window described in [8] to
remove the spacers. The background probabilities for the
sample are: (A = 0.26,C = 0.22,G = 0.23,T = 0.27) and
we apply a third order Markov background model to the
sample. We use the discrete information content alphabet
from the Figure 2 using the symbols
Yprc = {4,C,G,T,a,c,g,t, M,R,W,S,Y, K, N} giving us
a total of 15 symbols for our patterns. A pattern corresponds
to a subspace of profiles as follows. We use a threshold of
9.229 which corresponds to P(S) = 1&5. In our partition,
we use At = .5 which is enough to cover the space of profiles.

The sample was processed in a about 65 minutes using
MITRA-PSSM on a 750MHz computer. Although this is
slower than a traditional profile algorithm, we have some
guarantees that the signal is the strongest signal. The al-
gorithm discovered many strong signals. The top scoring
signal is shown in Table 2 which corresponds to the most
significant biological signal in E. Coli, the CRP signal.

Organism Discrete IC Number of | Discrete IC
Pattern Instances Score
E. Coli | TGAt-4-aTCA | 465.588 206

Table 2: Top scoring profile of length 8 based af-
ter iterating over possible separation distances for
E. Coli. The discrete information content pattern
is shown for the signals (due to space limitations)
although MITRA-PSSM recovered a profile.

Unlike previous algorithms for generating profiles, these
signals are guaranteed to be close to the actual highest scor-
ing signals. Furthermore, a single run of MITRA-PSSM re-
covered all of the signals as opposed to other algorithms that
must mask each strong signal and reapply the algorithm to
obtain the next signals.

8. CONCLUSION

We have presented a unified framework for motif finding
which represents patterns as discrete approximations of pro-
files. The main advantage of our framework is that it moti-
vates the MITRA-PSSM algorithm which uses a consensus
patterns approach to discover profiles, taking advantage of
the efficiency and guarantees of the discrete consensus pat-
tern algorithms while preserving the expressiveness of the
representation of profiles. MITRA-PSSM has the additional
advantage that it can find multiple strong profiles and the
strongest profiles do not mask the remaining strong signals.

However, the algorithms presented in this paper are merely
the first steps in taking advantage of the framework. The
framework opens the door for research in many directions.
‘We highlight several of the promising directions below.

The current framework uses an underlying maximum like-



lihood model. One direction of future work is to extend
the framework to handle mazimum aposteriori (MAP) like-
lihood and Bayesian priors.

A promising direction is to design approximation algo-
rithms in the style of [4] within the discrete information
content framework. The analysis presented here gives a
new angle for analyzing an approximation algorithm for this
problem.

Another direction is to devise alternative methods for par-
titioning the space of profiles. If we can reduce the number
of subspaces, we can significantly improve our algorithms.
Similarly, we may want to introduce a hierarchical parti-
tioning scheme which potentially allows us to rule out larger
subspaces yet focus more narrowly where signals are likely
to occur. Another direction is to explore partitioning based
on other criteria than patterns with mismatches such as ran-
dom projections [4].

Finally, we can take into account more constraints when
computing the upper bounds on the scores of profiles. This
will give tighter upper bounds on the scores and allow more
aggressive pruning increasing the efficiency of the algorithm.

MITRA-PSSM is available for public use via webserver at
http://www.calit2.net/compbio/mitra/.
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