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Abstract

We presehanove methal for appoximateinferencein Bayesiarmod
els andreguarizedrisk functiorals. It is basedon the propaation of
meanand variancederived from the Laplaceappioximation of cond-

tional prokabilities in factorizirg distributions, much akin to Minka’s
Expectation Propagtion. In the jointly nomal case,it coincideswith
thelatterandbelief propagatio, whereasn thegenerakasejt provides
anoptimizationstratey containirg Suppaet Vectorchunkng, the Bayes
CommitteeMachire, andGaussiarProceshurking asspecialcases.

1 Introduction

Inferencevia Bayesiarestimationcanleadto optimizatian problens over rathe large data
sets.Exactcompuationin thesecaseds often computationallyintractatbe, which hasled
to mary approxmationalgoritims, suchasvariatioral appoximatian [5], or loopy belief
propagation However, mostof thesemethodsstill rely on the propagatio of the exact
prokabilities (upstreamanddownstreamevidencein the caseof belief propagatia), rather
thanan apprximation This apprachbecones costly if the rancdm variables are real
valuedor if thegraghical modelcortainslargecliques.

To fill this gap, methals suchas Expectation Propagtion (EP) [6] have beenproposed,
with explicit modficationsto dealwith larger cliquesandreal-valuedvarialles. EP works
by propagatimy the sufiicient statisticsof a nomal distribution, thatis, meanandvariane,
betweervariots factos of the posteria.! Thisis anattractize choiceonly if we areableto
computetherequred quantitiesexplicitly, i.e. we needto solve anintegral in closedform.

Furthemorecompuationof themock of theposteriof MAP apprximation)is alegitimate
taskin its own right — Suppat Vector Machines(SVM) fall into this category. In the
following we develop acheaprersionof EPwhichrequresonly the Laplaceappioximatian
in eachstepandshav how this canbeappliedto SVM andGaussiarProcesses.

Outline of the Paper We descrile the basicideasof LP in Section2, shov how it ap-
pliesto GaussiarProcesseén particularthe BayesCommitteeMachine[9]) in Section3,
prove that SVM churking is a specialcaseof LP in Section4, andfinally demorstratein
expetimentsthe feasibility of LP (Sectionb).

1An obvious generalizatiorof EP and LP is to usesufiicient statisticsof othermembersof the
exponential family ratherthanthe normaldistribution.



Algorithm 1 LaplacePropagton

Input: quadatic appoximatians f; of f;.
repeat

picksetS C {1,...,m} andfor eachn € S

sohveb;, := argmin f,,(6) + »_ f;(6) foralln € S.

0 “
i#£n
r3 * * * 1 * * *

updae all other f; (optioral)

until corverged

2 Laplace Propagation

Suppae we want to perfam Maximum a Posteriori(MAP) estimationby minimizing
—logp(6]X). Here X is a setof obseraionsandé is anunknown paramete This can
becomputationallyexpersive. However, if p(6]X') hasspecialstructure suchasbeingthe
product of severalsimpleterms,possiblyeachof themdepenéntonly onasmallnumter
of varidblesatatime, computationalsavingscanbegained This situationcanbedescribe
astheprodem of minimizing a function

1) =3 1:(6).

commsedof the sumover mary terms f;(4), which may have particularly simple prop
erties. The key obsenation of this paperis that Algorithm 1 can be usedto minimize
f. Moreover, severd well-knovn optimization proceluresin graphcal modelsandkernel
method canbeseenasspecialcasef it.

Our stratgyy relies on the assumptiorthat if we succeedn finding successiely better
appraimatiors of eachof the terms f;(6) by f;(8) closeto the minimum of f, we will

obtainbetterandbetterappoximateminimizer f of f by minimizing f(8) := 37" fi(6).
Key is agodd appraimationof eachof the f;(6) attheminimum of f(6). Thisis achieved
by 6, asdescribedn Algorithm 1. Thefollowing lemmashaws thatthe strat@y is valid:

Lemma 1 (Fixed Point of Laplace Propagation) Thefixedpoint of algorithm 1 satisfies
thesecondrder condtionson f. Henceit is alocal minimumor a saddlgointof f(0).

Proof Forasecondrdermethal notto proceedfurther, secondrderoptimality condtions
needto be satisfied. Dende by 68* the fixed point. A fixed pointimpliesthat f; satisfies
the secondorder conditins. At convergencewe know (since f,, is a secondorder Taylor
apprximationof f,,) thatthe first and secondderivativesof f matchwith thoseof f; at
6*. Hencealso f satisfiesthe secondordercondtions. Clearlyit is alocalminimumor a
saddlepnt. |

Notethatthelemmadoesnot guaanteecorvergencein geneal. It only impliesthatif the
algorithm corvergesthe fixed point is a local minimumof f. It only guaanteedlesirable
propertiesof thefixedpoint of Algorithm 1, shoud sucha pointexist.

If we exponentiatef () we obtainanalgoiithm applicableto productsof probabilities. The
Taylor-approximation of f,, thenbecanesthe L aplace approximation. Hencethe name
L aplace propagation. Herewe use:

Ep01x) (6]
Varp(gp() [9]

~

argmax, —logp(8|X) =: 0 (1)
85 [~ 1ogp(01X)]l5_; @

Q
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This appraximationis exad for normd distributions andworks bestif @ is strondy con-
centratechrourd its mean

Thenext stepis to establisimethod for updatingthe appoximatians f; of f;. Oneoption
is to perfom suchupdatessequentially(thatis, we choose|S| = 1), therebyimpraving
only one f; atatime. Thisis advaentageos if we canprocesonly oneapproxmationata
time, in achunkng-like fashion.For parallelprocessinghowever, we will perfam several
operdions at a time, thatis, reconpute several fi(e) andmerge the new apprximations
subseqgantly. We will seehow theBCM is a onestepapproxmationof LP in the parallel
casewhereasSV churking is anexactimplenmentationof LP in the sequetial case.

2.1 Message Passing

It is sometimegorvenien to reformulateAlgorithm 1 in termsof probabilities. This sim-

ply meanghatwe exponentiateall termsf;(6) to obtainp;(8) = exp(—f;(6)). Obviously
sucha substitutionis only justifiedif f; actuallycorrespondto avalid log-probaility. In

this context LaplacePropayationmeansthatwe perform a Gaussiarappraimationto all

condtional probailities atthecurrerly optimd setof parametesandusethis appraima-

tion for the remainng calculatiors. Let usnow studyanapplicationof the exporentiated
apprach:

Messaggassind7] hasbeenwidely successfulor inferercein graphcal models.Assume

thatwe cansplit 6 into a (not necessarilydisjoint) setof coodinates,sayéc,,...,0cy,
suchthat
N
p(®) = [] tn0c.)- (3)
=1

Thenthegoalof computinga Laplaceappoximatian of 5 ; reduceso compuing aLaplace
appraximation for the subsetf variablesd ¢;, sincethesearethe only coordnatesf; de-
pendon.

Notethatanupdatein 6, meanghatonly termssharingvari- @ @
ableswith ., areaffected For directal graplical mockls,these

arethecondtional probabilitiesgaverningthe parens andchil- @
drenof 6¢,. Hence,to carry out calculatiors we only needto
considerocalinformationregading f;(f¢,). @ @

In theexanple above 83 depend on (61, 62) and (64, 85) arecondtionally indepeilentof
6; andd,, givenfs. Consequsetly, we maywrite p() as

p(0) = p(01)p(62)p(05|61,02)p(64|05)p(6503)- (4)

To find the Laplaceappioximatian corresponéhg to the termsinvolving 8 3 we only need
to corsiderp(f3|6:,6-) itself andits neigtbors“upstreani and“downstream”of 63 con-
taining#f,, 62, 03 in their funcional form.

This mears that LP canbe usedasa dropin replacenentof exad inferen@ in message
passingalgotithms. Themaindifferencebeing thatnow we arepropagatingmeanandvari-
ancefrom the Laplaceapprximationratherthantrue probabilities (asin messag@assing)
or truemeansandvariance (asin expectatio propagatia).

3 Bayes Committee Machine

In this sectionwe shav thatthe BayesCommitteeMachire (BCM) [9] correspadsto one

stepof LP in conjunctionwith a particularinitialization, namely f; = const. As aresult,
we exterd BCM into aniterative methodfor improved precisionof theestimates.



3.1 TheBasicldea

Let us assumethat we are given a set e
of setsof obsenations,say 71, ..., Zy,
which are corditionally indeendentof : :

eachother, given a paraméer 0, asde- @
pictedin thefigureontheright.
Repeatedpplicaion of Bayesrule allows usto rewrite the conditinal dersity p(6|Z) as

N N
p(612) o p(Z10)p(8) = p(6) [ ] p(Zil6) o< p* ¥ (6) [] p(6]Z:). ()
=1 i—
Finally, Trespandcoworkers[9] find Laplaceappraimationsfor p(6|Z ;) « p(Z;|0)p(6)
with respectto §. Theseresultsare then combned via (5) to come up with an overall
estimateof p(0|X,Y).

3.2 Rewriting The BCM

Therepegedinvocationof Bayesrule seemsawvasteful,yetit wasnecessaryn the context
of the BCM formuation to explain how estimatefrom subsetscould be combnedin a
committeelike fashion To shaw the equ'valenceof BCM with onestepof LP recallthe
third termof (5). We have

p(0|Z) = c-p(9) p(Zi|9) (6)
v =1
:=exp —fo(6) :=exp — f;(0)

wherec is a suitablenomalizing constant.In Gaussiarproesseswe genertly assume
thatp(8) is nomal, hencef, () is quadatic. This allows usto statethe LP algorithmto
find themodeandcunveture of p(6| Z):

Algorithm 2 IteratedBayesCommitteeMachire

Initialize fo < ¢p(6) and f;(6) < const.

repeat
Computenew appraimatiors fi(Q) in parallelby finding Laplaceappraimatiors to
—log p;, asdefinedin Algorithm 1. Sincef, is normal, fo(8) = fo(6). Fori # 0 we
obtain

Di —eXp< Z fz ) = Z|0 H exp fz (7)

J=0,j#1i J=1,5#1

until Corvergerce )
Returnargmin, fo(9) + Zfil fi(8).

Notethatin thefirst iteration(7) canbe written asp; o< p(6)p(Z;|6), sinceall remainirg

termsf; areconstah This meanshatafterthefirst upcate f; is identicalto the estimates
obtainel from the BCM.

WhereasheBCM stopsatthis point,we have theliberty to continte theappoximationand
alsotheliberty to choosenvhethe we usea parallelor a sequentialipdateregime, depend-
ing on the number of processingunits available. As a side-efect, we obtaina simplified
prod of thefollowing:

Theorem 2 (Exact BCM [9]) For normaldistributionsthe BCM s exact,thatis, thelter-
atedBCM corvergesin onestep.



Proof For normal distributions all f; areexact hene
HGXP fi(0 HeXP fi(6) = p(#), whichshavsthatp = p. ]

Note that [9] formuatesthe prodem as one of classificationor regression,thatis Z =
(X,Y), wherethe labelsY arecondtionally independen, given X andthe parametef.
This, however, doesnot affect thevalidity of ourreasonig.

4 Support Vector Machines

The optimization goalsin Suppat Vector Machires (SVM) are very similar to thosein
GaussiarProcessesssentiallythe negative log posterior— log p(6| Z) correspondgo the
objectie function of the SV optimizatian prablem.

This gives hope that LP can be adaptedto SVM. In the following we shov that SVM
churking [4] andparallelSVM training[2] canbefound to bespecialcasef LP.

4.1 Chunking

To showv thatSV chunkingis equivalentto LP in logspacewe briefly review thebasicideas
of churking. The standardsVM optimizatian problemis

o L . A\
mlngl’rguze 7(0,b) == §||9|| +CZC($i;yi;f($i))

- (8)
subject to  f(z;) = (0, ®(x;)) + bz_1

Here ®(z) is the map into featue spacesuch that k(z,z') = (®(z),®(z')) and
¢(z,y, f(z)) is aloss function penalizingthe deviation betweenthe estimatef(z) and
theobserationy. We typically assumehatc is corvex. For therestof thedeviationwe let
c(z,y, f(z)) = max(0,1 — yf(z)) (theanalysisstill holdsin the geneal case however it
beconesconsideraly moretediols). Thedualof (8) becanes

o m m m
mlnbmlze 5 ‘.Zl aiajyiyjKijk(wi,xj) — Zl a; S.t. Zl Yo = 0 andai € [0, C] (9)
1,j= = =

Thebasicideaof chunkng is to optimizeonly over subset®f thevecta « atatime.

Denoteby S,, thesetof variablesve areusingin thecurrert optimization stepJet o, bethe
correspndirg vector andby a ¢ thevariableswhich remainunchaged. Likewise dende
wa Hu)f :

Hpw Hjy bethequadaticma-
trix of (9), againsplit into termsdepenthg ona,, anda ¢ respectiely. Then(9), restricted
to a,, canbewritten as[4]

by yw,ys thecorrespondig partsof y, andlet H = [

1
m1n1m1ze2a waaw+af Hyyou,— E a; s.t. ywaw+yf ay =0, a; €[0,C] (10
(627
1€S,

4.2 EquivalencetoLP

We now shaw thatthe correctian termsarisingfrom chunkng arethe sameasthosearising
from LP. Denoteby 5S4, ..., Sy apartition of {1,...m} anddefine

m0(6,b) == —||0||2 andr; (0,b) := C Y _ c(zj,y;, f(x;))- (11)

JES;



Thenwg = mg, Sincemg is purelyquadatic, regardlessof wherewe expard 7q. As for 7;
(with ¢ # 0) we have

fi= Y yiBi(®(z;),0) + Y y;Bb = (6:,6) +bid (12

JES; JES:

whereg; € Cc'(xj,y5, f(25)), 0i := e, 3B ®(x;), andb; := 3 g y;6;.% In this
caseminimizationoverm;(0) + >, 7;(¢) amours to minimizing

SI6IP +C 3 ey, u 1)) + C 3 1(65,6) + byb] S (z5) = (6, 8(a,) +b.
JES; Jj¢Si

Skippirg techrical details,thedud optimizationprablemis givenby

minimize a;o k(zj, ki) Qa; a;Biyiyik(z;, k
it ZZ jauy;yik(z;, ki Z = Z | iB1yiyik(x, ki) 13
) €s; JES; JES; IES;
subjectto  «; € [0,C] and Zjesi Y05 — ngsi y;iB; = 0.
The latteris identicalto (10), the optimization prodem arisingfrom churking, provided
thatwe perfam thesubstitutionn; = —3; forall j € .S;.

To show thislaststep,notethatat optimality null hasto beanelemenmof thesubdiferential
of 7;(¢) with respecto 6, b. Takingdervativesof r; + 3., #; implies

0€-C> d(x,y;flx;) —C_0; (14

JES; VE
Matchingup termsin the expansionof § we immediatelyobtaing; = —a;.

Finally, to startthe appoximationschemeawe needto considera progerinitialization of 7 ;.
In analoy to theBCM settingwe user; = 0, whichleadspreciselyto the SVM churking
method whereone optimizes over onesubsefat a time (deroted by S ;), while the other
setsarefixed,takingonly their linearcontritution into accoun.

LP doesnotrequre thatall theupdatesof f; (or 7;) becarriedoutsequentiallylnsteadwe
canalsoconside parallelappoximatiors similarto [2]. Therethe optimizationprodemis
split into severd small partsandeachof themis solved independently Subseqantly the
estimatesarecombnedby averagng.

This is equivalert to one-stepparallel LP: with the initialization 7; = 0 for all ¢ # 0
andfo = m = 1[|0||> we minimize r; + > ;i 7 in parallel. This is equvalentto
solving the SV optimization problem on the correspading subsetS; (aswe saw in the
previoussection).Hence thelineartermsé;, b; arisingfrom theappraimation;(8,b) =
C{8;,6) + Cb;bleadto theoverallapproxmation

. 1
b) = #i(6,0) = SlI6]° + 3 _6:.6), (19
with thejoint minimizer beingthe averag of theindividual solutiors.

5 Experiments

To testour ideaswe performeda setof expaimentswith the widely available Web and
Adult dataset$rom the UCI repositoy [1]. All expelimentswereperformedona?2.4MHz

2Notethatwe hadto replacetheequalitywith setinclusiondueto thefactthatc is noteverywhere
differentiable hencewe usedsub-diferertialsinstead.



Intel Xeon machire with 1 GB RAM usingMATLAB R13. We useda RBF kernd with
0% = 10 [8], to obtaincompaableresults.

We first testedthe perfamanceof Gaussiamprocesstraining with Laplacepropogation

usingalogisticlossfunction. Thedatawaspartitioredinto chunks of roughly 500samples
eachand the maximum of columrs in the low rank appoximatian [3] was setto 750

We summarizethe perfamanceof our algoithm in Table 1. T'g.ci0r refersto the time
(in secong) for computing the low rank factorizdion while T'1,;, denotesthe training
time for the Gaussiarprocess.We empitically obsenred thaton all datasetshe algorithm

convergesin lessthan3 iterationsusingserialupdatesandin lessthan6 iterationsusing
parallelupdates.

Dataset TFactor TSerial TParallel Dataset TFa,ctor TSeria,l TPa,rallel
Adultl 16.83 25.72 53.9 | Webl 2038 34.3 93.47
Adult2 20.0/r 33.@ 75.% | Web2 36.27 6/.60 88.3/
Adult3 244 47.6 106.8 | Web3 37r.® 923 21204
Adult4 36D 757 202.8 | Web4 69.9 168.8 25192
Adult5 56.2 97.57 169.@ | Web5 68.15 225183 24915
Adulté 89.8 23246 348.0 | Webb6 129.% 261.3 66307
Adult7 1193 293.4 559.8 |Web7 21351 4832 83836

Tablel: Gaussiarproesstraining with serialandparallelLaplacepropagation

We condicteda secondsetof experimentsto testthe speedug obtainedby seedingSMO
with values of o obtainedby perfaming one iteration of Laplae propayation on the
dataset.As befae we useda RBF kernelwith 02 = 10. We partitiored the Adultl and
Web1 datasetsnto 5 churks eachwhile the Adult4 and Web4 datasetsvere partitionel
into 10 chunls each. The freely available SMOBR packag@ was modified and usedfor
our experiments.For simplicity we usethe C-SVM andvary thereguarizationparaneter
Tparanels Tserial @aNdTNoMod referto thetimesrequred by SMO to converge whenusing
oneiterationof parallel/serial/n LP onthedataset.

Adultl Adult4
C  Tpaatet  TSeriatl INoMod | € Tparalel  TSeriat  INoMod
0.1 2.4 2.04 7.650( 0.1 20.& 1326 59.9135
0.5 5.57 3.9 9.215| 0.5 46.9 4082 63.645
1.0 5.48 7.5 10.885 | 1.0 80.3 6437 107.475
5.0 10737 11007 307.135 | 5.0 192119 150042 1427.925

Table2: Perfomanceof SMO Initialization onthe Adult dataset.

Web1l Web4
C  Tparantet Tseria INoMod | € Tparalet  TSeriat  INoMod
0.1 21.36 1565 27.34 | 0.1 63.16 77.05 95.10
0.5 34.64 3566 60.122 | 0.5 140.6 14980 156525
1.0 61.15 3856 63745|1.0 254.81 29859 232120
5.0 22415 6241 51967 |5.0 199.08 318875 2223.25

Table3: Performanceof SMO Initialization on the Web dataset.

As canbe seenour initialization significantly speedsup the SMO in mary casessome-
timesache&ing upto4 timesspeedup. Although in somecaseqespfor large valuesof C)
our methodseemso slow down corvergenceof SMO. In genera serialupdatesseemto
perfam betterthanparallelupddes. This is to be expectedsincewe usethe information



from otherblocksassoonasthey becone availablein caseof theserialalgoithm while we
competely ignore the otherblocksin the parallelalgorithm.

6 Summary And Discussion

Laplacepropagationfills the gapbetweenExpectatio Propag#on, which requiresexact
computation of first and secondorder moments, and messagepassingalgorithnms when
optimizing structurel densityfundions. Its main adwantageis thatit only requiles the
Laplaceappoximatian in eachcomputationalstep,while beingapplicableto awide range
of optimization tasks. In this sense,it comgementsMinka’s Expectatim Propagton,
wheneer exactexpressionsarenotavailable.

As a side effect, we shaved that Tresps BayesCommitteeMachire and Suppot Vector
Chunkng methodsarespecialinstance®f this strateyy, which alsosheddight onthefact
why simpleaveragng scheme for SVM, suchasthe oneof ColobertandBengioseemto
work in practice.

Thekey pointin our proofs wasthatwe split thedatainto disjoint subsetsBy theassump-
tion of indepedentandidenticallydistributeddatait followedthatthevariableassignments
are conditianally indepemnlentfrom eachother given the paraméer 8, which led to a fa-
vorable factorizatim propertyin p(6|Z). It shouldbe notedthatLP allows oneto perform
churking-styleoptimizationin GaussiarProcessesyhich effectively putsanupper bourd
ontheamouwnt of memay requiredfor optimizatian purposes.
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