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Abstract

We present a novel method for approximateinferencein Bayesianmod-
els andregularizedrisk functionals. It is basedon the propagationof
meanandvariancederived from the Laplaceapproximationof condi-
tional probabilities in factorizing distributions, much akin to Minka’s
ExpectationPropagation. In the jointly normal case,it coincideswith
thelatterandbeliefpropagation, whereasin thegeneralcase,it provides
anoptimizationstrategy containing Support Vectorchunking, theBayes
CommitteeMachine,andGaussianProcesschunking asspecialcases.

1 Introduction

Inferencevia Bayesianestimationcanleadto optimization problems over rather large data
sets.Exactcomputation in thesecasesis oftencomputationallyintractable, which hasled
to many approximationalgorithms,suchasvariational approximation [5], or loopy belief
propagation. However, mostof thesemethodsstill rely on the propagation of the exact
probabilities(upstreamanddownstreamevidencein thecaseof beliefpropagation), rather
thanan approximation. This approach becomes costly if the random variables are real
valuedor if thegraphicalmodelcontainslargecliques.

To fill this gap,methods suchasExpectationPropagation (EP) [6] have beenproposed,
with explicit modificationsto dealwith larger cliquesandreal-valuedvariables. EPworks
by propagating thesufficientstatisticsof a normal distribution, thatis, meanandvariance,
betweenvarious factors of theposterior.1 This is anattractivechoiceonly if weareableto
computetherequiredquantitiesexplicitly, i.e. weneedto solveanintegral in closedform.

Furthermorecomputationof themodeof theposterior(MAP approximation)is alegitimate
task in its own right — Support VectorMachines(SVM) fall into this category. In the
followingwedevelopacheapversionof EPwhichrequiresonly theLaplaceapproximation
in eachstepandshow how this canbeappliedto SVM andGaussianProcesses.

Outline of the Paper We describe the basicideasof LP in Section2, show how it ap-
pliesto GaussianProcesses(in particulartheBayesCommitteeMachine[9]) in Section3,
prove thatSVM chunking is a specialcaseof LP in Section4, andfinally demonstratein
experimentsthefeasibilityof LP (Section5).

1An obvious generalizationof EP andLP is to usesufficient statisticsof othermembersof the
exponential family ratherthanthenormaldistribution.



Algorithm 1 LaplacePropagation

Input: quadratic approximations ���� of
���

.
repeat

pick set ��� �
	
�
�
������� � andfor each�����
solve ����������� "!$#&%(') � �+* �
,.-0/�213 � ��4� * �
, for all ����� .

update �� � * �
, � � � * � �� ,5- * �76�� �� ,98 �;:� * � �� ,5- 	< * �76=� �� ,�8 �;: :� * � �� , * �76�� �� ,
update all other ��4� (optional)

until converged

2 Laplace Propagation

Suppose we want to perform Maximum a Posteriori(MAP) estimationby minimizing6?>A@ !+B * �DC E=, . Here E is a setof observationsand � is anunknown parameter. This can
becomputationallyexpensive. However, if B * �DC E�, hasspecialstructure,suchasbeingthe
product of severalsimpleterms,possiblyeachof themdependentonly on a smallnumber
of variablesatatime,computationalsavingscanbegained. Thissituationcanbedescribed
astheproblem of minimizinga function� * �
, �GF/ � � � * �H, �
composedof the sumover many terms

� � * �
, , which may have particularlysimpleprop-
erties. The key observation of this paperis that Algorithm 1 can be usedto minimize�

. Moreover, several well-known optimizationproceduresin graphical modelsandkernel
methods canbeseenasspecialcasesof it.

Our strategy relies on the assumptionthat if we succeedin finding successively better
approximations of eachof the terms

�I� * �H, by ��4� * �
, closeto the minimum of
�

, we will
obtainbetterandbetterapproximateminimizer �� of

�
by minimizing �� * �
, �J�LK F� �� � * �
, .

Key is agood approximationof eachof the
� � * �H, at theminimum of

� * �H, . This is achieved
by � �� , asdescribedin Algorithm 1. Thefollowing lemmashows thatthestrategy is valid:

Lemma 1 (Fixed Point of Laplace Propagation) Thefixedpoint of algorithm1 satisfies
thesecondorderconditionson

�
. Henceit is a local minimumor a saddlepointof

� * �
, .
Proof Forasecondordermethodnottoproceedfurther, secondorderoptimalityconditions
needto besatisfied.Denote by � � the fixedpoint. A fixedpoint implies that

�I�
satisfies

thesecondorder conditions. At convergencewe know (since �� � is a secondorder Taylor
approximationof

� � ) that the first andsecondderivativesof
�

matchwith thoseof
�;�

at� � . Hencealso
�

satisfiesthesecondorderconditions. Clearly it is a local minimumor a
saddlepoint.

Notethatthelemmadoesnot guaranteeconvergencein general. It only impliesthatif the
algorithm convergesthefixedpoint is a local minimumof

�
. It only guaranteesdesirable

propertiesof thefixedpointof Algorithm 1, should suchapointexist.

If weexponentiate
� * �
, weobtainanalgorithm applicableto productsof probabilities.The

Taylor-approximationof
� � thenbecomesthe Laplace approximation. Hencethename

Laplace propagation. Hereweuse:MON4P )RQ SUTWV �4XZY �� "!$#[�4\ ) 6?>(@ !+B * �DC E�, �]�_^� (1)`7acbRN4P )RQ SUTWV �4XZY d;e) V 6?>(@ !+B * �DC E�,fX�C ) 3hg) (2)



This approximation is exact for normal distributions andworks bestif � is strongly con-
centratedaround its mean.

Thenext stepis to establishmethods for updatingtheapproximations �� � of
� �

. Oneoption
is to perform suchupdatessequentially(that is, we chooseC �OC � 	

), therebyimproving
only one �� � at a time. This is advantageous if we canprocessonly oneapproximationat a
time,in achunking-likefashion.For parallelprocessing,however, wewill perform several
operations at a time, that is, recomputeseveral �� � * �H, andmerge the new approximations
subsequently. We will seehow theBCM is a one-stepapproximationof LP in theparallel
case,whereasSV chunking is anexactimplementationof LP in thesequential case.

2.1 Message Passing

It is sometimesconvenient to reformulateAlgorithm 1 in termsof probabilities. This sim-
ply meansthatwe exponentiateall terms

� � * �
, to obtainB � * �
, �ji
\ck * 6 � � * �
,9, . Obviously
sucha substitutionis only justifiedif

���
actuallycorresponds to a valid log-probability. In

this context LaplacePropagationmeansthatwe perform a Gaussianapproximationto all
conditional probabilities at thecurrently optimal setof parametersandusethisapproxima-
tion for theremaining calculations. Let usnow studyanapplicationof theexponentiated
approach:

Messagepassing[7] hasbeenwidely successfulfor inferencein graphical models.Assume
that we cansplit � into a (not necessarilydisjoint) setof coordinates,say �;l+m ���
�
�
� �4lon ,
suchthat B * �
, �qpr� 3.s�t p * � lou , � (3)

Thenthegoalof computingaLaplaceapproximation of �B � reducesto computing aLaplace
approximation for thesubsetof variables� lDu , sincethesearetheonly coordinates

�v�
de-

pends on.

Notethatanupdatein �Hl u meansthatonly termssharingvari-
ableswith � lou areaffected. Fordirectedgraphical models,these
aretheconditional probabilitiesgoverningtheparents andchil-
drenof �
l u . Hence,to carryout calculations we only needto
considerlocal informationregarding �� � * �4l u , .

� ewx y y y y� s{z| }}}} �4~ z| }}}}wx y y y y �4��R�
In theexample above � ~ depends on * � s � � e , and * � � � � � , areconditionally independentof� s and � e , given �$~ . Consequently, wemaywrite B * �H, asB * �
, ��B * � s , B * � e , B * �4~
C � s � � e , B * ���HC �4~�, B * �4��C �4~�, � (4)

To find theLaplaceapproximation corresponding to the termsinvolving � ~ we only need
to consider B * � ~ C � s � � e , itself andits neighbors“upstream” and“downstream”of � ~ con-
taining � s � � e � � ~ in their functional form.

This means that LP canbe usedasa drop-in replacementof exact inference in message
passingalgorithms.Themaindifferencebeing, thatnow wearepropagatingmeanandvari-
ancefrom theLaplaceapproximationratherthantrueprobabilities(asin messagepassing)
or truemeansandvariances (asin expectation propagation).

3 Bayes Committee Machine

In this sectionweshow thattheBayesCommitteeMachine (BCM) [9] correspondsto one
stepof LP in conjunctionwith a particularinitialization, namely �� � ��� @ 'I��� � As a result,
we extend BCM into aniterativemethodfor improvedprecisionof theestimates.



3.1 The Basic Idea

Let us assumethat we are given a set
of setsof observations,say, � s �
���
��� � p ,
which are conditionally independentof
eachother, given a parameter � , as de-
pictedin thefigureontheright.

��� � � � � � � � � � � � � � � � ��� � � � � � � � �� ��������� s � e ���
� � p
Repeatedapplication of Bayesruleallowsusto rewrite theconditional density B * �DC ��, asB * �oC ��,�� B * �]C �H, B * �
, ��B * �
, pr� 3.s B * � � C �
,�� B s�� p * �
, pr� 3.s B * �oC � � , � (5)

Finally, Trespandcoworkers[9] find Laplaceapproximationsfor B * �DC � � ,�� B * � � C �
, B * �
,
with respectto � . Theseresultsare thencombined via (5) to come up with an overall
estimateof B * �DC E �9� , .
3.2 Rewriting The BCM

Therepeatedinvocationof Bayesrule seemswasteful,yet it wasnecessaryin thecontext
of the BCM formulation to explain how estimatesfrom subsetscould be combined in a
committeelike fashion. To show the equivalenceof BCM with onestepof LP recall the
third termof (5). We haveB * �oC ��, � ����B * �H,� ��� �� 3+ f¡�¢5�;£�¤ P )"T pr� 3.s B * � � C �
,� ��� �� 3+ f¡�¢5�;£ u P )"T � (6)

where � is a suitablenormalizing constant.In Gaussianprocesses,we generally assume
that B * �
, is normal, hence

�H¥ * �
, is quadratic. This allows us to statetheLP algorithmto
find themodeandcurvatureof B * �DC �h, :
Algorithm 2 IteratedBayesCommitteeMachine

Initialize �� ¥�¦ �2B * �
, and �� � * �
, ¦ � @ 'I�§� �
repeat

Computenew approximations �� � * �H, in parallelby finding Laplaceapproximations to6?>(@ ! �B � , asdefinedin Algorithm 1. Since
� ¥

is normal, �� ¥ * �
, � � ¥ * �H, . For ¨h©��ª we
obtain

�B � �«i�\ck ¬­ 6 � � * �
,_6 p/® 3 ¥
¯ ® 13 � �� � * �H,2°± ��B * �
, B * � � C �
, pr® 3.s ¯ ® 13 � i�\ck 6 �� � * �
, � (7)

until Convergence
Return�� "!$#&%(' ) � ¥ * �
,5- K p� 3.s �� � * �
, .

Note that in thefirst iteration(7) canbewritten as �B � � B * �H, B * � � C �H, , sinceall remaining
terms ���� areconstant. This meansthatafterthefirst update ��4� is identicalto theestimates
obtained from theBCM.

WhereastheBCM stopsatthispoint,wehavetheliberty tocontinuetheapproximationand
alsotheliberty to choosewhether weuseaparallelor asequentialupdateregime,depend-
ing on the numberof processingunitsavailable. As a side-effect,we obtaina simplified
proof of thefollowing:

Theorem 2 (Exact BCM [9]) For normaldistributionstheBCM is exact,that is, theIter-
atedBCM convergesin onestep.



Proof For normal distributions all �� � areexact,henceB * �
, � r � i�\ck 6 � � * �
, � r � i�\ck 6��� � * �
, � �B * �H, , whichshows that �B²��B .

Note that [9] formulatesthe problem asoneof classificationor regression,that is � �* E �9� , , wherethe labels
�

areconditionally independent, given E andtheparameter� .
This,however, doesnotaffect thevalidity of our reasoning.

4 Support Vector Machines

The optimization goalsin Support VectorMachines (SVM) arevery similar to thosein
GaussianProcesses:essentiallythenegative log posterior6³>(@ !+B * �DC ��, correspondsto the
objective functionof theSV optimization problem.

This gives hope that LP can be adaptedto SVM. In the following we show that SVM
chunking [4] andparallelSVM training[2] canbefound to bespecialcasesof LP.

4.1 Chunking

To show thatSV chunkingis equivalentto LP in logspace, webriefly review thebasicideas
of chunking. ThestandardSVM optimization problemis#&%('v%(#´%(µ
i) ¯ ¶ · * � �"¸ , ��� 	<º¹ � ¹ e -¼» F/ � 3½s � *¿¾ � ��À � � � *¿¾ � ,�,�9ÁvÂcÃ§iR���½� @ � *¿¾ � , �ÅÄ � �WÆ *¿¾ � ,�Ç5- ¸ (8)

Here
Æ *¿¾ , is the map into feature spacesuch that È *É¾ � ¾ : , � Ä Æ *É¾ , �WÆ *¿¾ : ,9Ç and� *¿¾ ��À;� � *É¾ ,9, is a loss function penalizingthe deviation betweenthe estimate

� *É¾ , and
theobservation

À
. Wetypically assumethat � is convex. For therestof thedeviationwelet� *¿¾ ��À;� � *É¾ ,9, �j#[�4\ * ª �
	 6 À � *¿¾ ,9, (theanalysisstill holdsin thegeneral case,however it

becomesconsiderably moretedious). Thedualof (8) becomes#&%A'v%(#&%Aµ�iÊ 	< F/�¿¯ ® 3.svË � Ë ® À � À ®�Ì � ® È *É¾ � � ¾ ® ,_6 F/ � 3.s.Ë � � � � � F/ � 3.s À � Ë � ��ª and Ë � � V ª � »�X (9)

Thebasicideaof chunking is to optimizeonly oversubsetsof thevector Ë ata time.

Denoteby �.Í thesetof variablesweareusingin thecurrent optimizationstep,let Ë Í bethe
corresponding vector, andby Ë £ thevariableswhich remainunchanged.Likewisedenote

by
À Í �9À £ thecorresponding partsof

À
, andlet Î �qÏ Î&Í+Í Î´Í £Î £ Í Î £�£�Ð bethequadraticma-

trix of (9), againsplit into termsdepending on Ë Í and Ë £ respectively. Then(9), restricted
to Ë Í canbewrittenas[4]#&%('v%(#´%(µ
iÊ
Ñ 	< Ë 8Í Î Í+Í Ë Í - Ë 8£ Î £ Í Ë Í 6 /�¿Ò
Ó Ñ Ë � � � � ��À 8Í Ë Í - À 8£ Ë £ ��ª � Ë � � V ª � »�X (10)

4.2 Equivalence to LP

Wenow show thatthecorrection termsarisingfrom chunking arethesameasthosearising
from LP. Denoteby � s �
���
��� � p a partition of

�H	$���
�
�2� � anddefine· ¥ * � �"¸ , ��� 	< ¹ � ¹ e and · � * � �W¸ , �J� »L/® Ò
Ó u � *¿¾ ® �9À ® � � *¿¾ ® ,�, � (11)



Then �· ¥ � · ¥ , since · ¥ is purelyquadratic, regardlessof wherewe expand · ¥ . As for · �
(with ¨h©�«ª ) we have�· � � /® Ò
Ó u À ®�Ôv® Ä Æ *¿¾ ® , � �
Ç5-Õ/® Ò
Ó u À ®
Ôc® ¸ �ÖÄ � � � �HÇ5- ¸ � ¸ (12)

where ÔI® ��» � : *É¾ ® �9À ® � � *¿¾ ® ,9, , � � ��� K ® Ò
Ó u À ®
Ôc® Æ *É¾ ® , , and
¸ � �J� K ® Ò
Ó u À ®
Ôc® .2 In this

caseminimizationover · � * �
,5- K ® 13 � �· ® * �
, amounts to minimizing	< ¹ � ¹ e�-�»L/® Ò
Ó u � *É¾ ® ��À ® � � *¿¾ ® ,9,5-�»�/®$×Ò
Ó u V Ä � ® � �
Ç5- ¸ ® ¸ X s.t.
� *É¾ ® , �ÖÄ � ��Æ *É¾ ® ,�Ç5- ¸��

Skipping technical details,thedual optimizationproblemis givenby#&%('v%(#´%(µ
iÊ 	< /® ¯ ØÙÒ
Ó u Ë ® Ë Ø À ® À Ø È *É¾ ® � È Ø ,_6L/® Ò
Ó u Ë ® 6 /® Ò
Ó u ¯ Øf1Ò
Ó u Ë ® Ô Ø À ® À Ø È *É¾ ® � È Ø ,
subjectto Ë ® � V ª � »�X and K ® Ò
Ó u À ® Ë ® 6 K ® 1Ò
Ó u À ® Ô ® �jª � (13)

The latter is identicalto (10), the optimization problem arisingfrom chunking, provided
thatwe perform thesubstitutionË ® � 6 Ôc® for all Ú�©�?� � .
To show this laststep,notethatatoptimalitynull hasto beanelement of thesubdifferential
of · � * �H, with respectto � �W¸ . Takingderivativesof · � - K ® 13 � �· � implies�&�=6h» /® Ò
Ó u � : *É¾ ® ��À ® � � *É¾ ® ,9,_6�» / ® 13 � � ® � (14)

Matchingup termsin theexpansionof � weimmediatelyobtain Ôº® � 6 Ë ® .
Finally, to starttheapproximationschemeweneedto consideraproper initializationof �· � .
In analogy to theBCM settingwe use �· � ��ª , which leadspreciselyto theSVM chunking
method, whereoneoptimizesover onesubsetat a time (denotedby � � ), while the other
setsarefixed,takingonly their linearcontribution into account.

LP doesnotrequire thatall theupdatesof �� � (or �· � ) becarriedoutsequentially. Instead, we
canalsoconsider parallelapproximationssimilar to [2]. Theretheoptimizationproblemis
split into several small partsandeachof themis solved independently. Subsequently the
estimatesarecombinedby averaging.

This is equivalent to one-stepparallel LP: with the initialization �· � �Ûª for all ¨�©�Ûª
and �· ¥ � · ¥ � se ¹ � ¹ e we minimize · � - K ® 13 � �· ® in parallel. This is equivalent to
solving the SV optimization problem on the corresponding subset� � (aswe saw in the
previoussection).Hence,thelinearterms� � �W¸ � arisingfrom theapproximation �· � * � �W¸ , �» Ä � � � �
Ç.-�» ¸ � ¸ leadto theoverall approximation�· * � �W¸ , � / � �· � * � �"¸ , � 	<�¹ � ¹ e�-0/ � Ä � � � �
Ç � (15)

with thejoint minimizer beingtheaverage of theindividual solutions.

5 Experiments

To testour ideaswe performeda setof experimentswith the widely availableWeb and
Adult datasetsfrom theUCI repository [1]. All experimentswereperformedona2.4MHz

2Notethatwehadto replacetheequalitywith setinclusiondueto thefactthat Ü is noteverywhere
differentiable,hencewe usedsub-differentials instead.



Intel Xeonmachine with 1 GB RAM usingMATLAB R13. We useda RBF kernel withÝ e � 	 ª [8], to obtaincomparableresults.

We first testedthe performanceof Gaussianprocesstraining with Laplacepropogation
usinga logistic lossfunction. Thedatawaspartitionedinto chunksof roughly 500samples
eachand the maximum of columns in the low rank approximation [3] was set to 750.
We summarizethe performanceof our algorithm in Table1. ÞOßRà9áfâäã9å refersto the time
(in seconds) for computing the low rank factorization while ÞOæ åÉà"ç è denotesthe training
time for theGaussianprocess.We empirically observed thaton all datasetsthealgorithm
convergesin lessthan3 iterationsusingserialupdatesandin lessthan6 iterationsusing
parallelupdates.

Dataset Þ ßRà9áfâ¿ã"å Þ+é   å¿ç à"ê Þ;ë à9åÉà"ê ê   ê Dataset Þ ßRà"áfâ¿ã9å Þ;é   åÉç à9ê Þoë à"åÉà9ê ê   ê
Adult1 16.38 25.72 53.90 Web1 20.33 34.33 93.47
Adult2 20.07 33.02 75.76 Web2 36.27 67.65 88.37
Adult3 24.41 47.05 106.88 Web3 37.09 92.36 212.04
Adult4 36.29 75.71 202.88 Web4 69.9 168.88 251.92
Adult5 56.82 97.57 169.79 Web5 68.15 225.13 249.15
Adult6 89.78 232.45 348.10 Web6 129.86 261.23 663.07
Adult7 119.39 293.45 559.23 Web7 213.54 483.52 838.36

Table1: Gaussianprocesstraining with serialandparallelLaplacepropogation.

We conducteda secondsetof experimentsto testthespeedups obtainedby seedingSMO
with values of Ë obtainedby performing one iteration of Laplace propagation on the
dataset.As before we useda RBF kernelwith Ý e � 	 ª . We partitioned the Adult1 and
Web1datasetsinto 5 chunks eachwhile the Adult4 andWeb4datasetswerepartitioned
into 10 chunks each. The freely availableSMOBR package wasmodifiedandusedfor
our experiments.For simplicity we usetheC-SVM andvary theregularizationparameter.Þ ë à"åÉà"ê ê   ê , Þ é   åÉç à"ê and Þ+ì;ãWí�ã�î refer to the timesrequired by SMO to converge whenusing
oneiterationof parallel/serial/no LP on thedataset.

Adult1 Adult4
C Þ ë à9å¿à9ê ê   ê Þ é   åÉç à9êïÞ;ì;ãWí�ã�î C Þ ë à9åÉà"ê ê   ê Þ é   åÉç à"ê Þ;ìoãWí�ã�î
0.1 2.84 2.04 7.650 0.1 20.42 13.26 59.935
0.5 5.57 3.99 9.215 0.5 46.29 40.82 63.645
1.0 5.48 7.25 10.885 1.0 80.33 64.37 107.475
5.0 107.37 110.07 307.135 5.0 1921.19 1500.42 1427.925

Table2: Performanceof SMOInitializationon theAdult dataset.

Web1 Web4
C Þoë à9åÉà"ê ê   ê Þ+é   åÉç à"ê Þ ìoãWí�ã�î C Þoë à"åÉà9ê ê   ê Þ+é   å¿ç à"ê Þ ì;ã"í�ã�î
0.1 21.36 15.65 27.34 0.1 63.76 77.05 95.10
0.5 34.64 35.66 60.12 0.5 140.61 149.80 156.525
1.0 61.15 38.56 63.745 1.0 254.84 298.59 232.120
5.0 224.15 62.41 519.67 5.0 1959.08 3188.75 2223.225

Table3: Performanceof SMO Initializationon theWebdataset.

As canbe seenour initialization significantlyspeedsup the SMO in many casessome-
timesacheving upto4 timesspeedup. Although in somecases(espfor largevaluesof » )
our methodseemsto slow down convergenceof SMO. In general serialupdatesseemto
perform betterthanparallelupdates. This is to beexpectedsincewe usethe information



from otherblocksassoonasthey becomeavailablein caseof theserialalgorithm while we
completely ignore theotherblocksin theparallelalgorithm.

6 Summary And Discussion

Laplacepropagationfills thegapbetweenExpectation Propagation, which requiresexact
computation of first and secondordermoments,and messagepassingalgorithms when
optimizing structured densityfunctions. Its main advantageis that it only requires the
Laplaceapproximation in eachcomputationalstep,while beingapplicableto awide range
of optimization tasks. In this sense,it complementsMinka’s Expectation Propagation,
wheneverexactexpressionsarenotavailable.

As a sideeffect, we showed that Tresp’s BayesCommitteeMachine andSupport Vector
Chunking methodsarespecialinstancesof this strategy, which alsoshedslight on thefact
why simpleaveraging schemes for SVM, suchastheoneof ColobertandBengioseemto
work in practice.

Thekey point in ourproofswasthatwesplit thedatainto disjointsubsets.By theassump-
tionof independentandidenticallydistributeddatait followedthatthevariableassignments
areconditionally independentfrom eachother, given the parameter � , which led to a fa-
vorable factorization propertyin B * �DC ��, . It shouldbenotedthatLP allows oneto perform
chunking-styleoptimizationin GaussianProcesses,whicheffectively putsanupperbound
on theamount of memory requiredfor optimization purposes.
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