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Abstract. We are given a graph with edge weights, that represents the
metric on the vertices in which the distance between two vertices is the
total weight of the lowest-weight path between them. Consider the prob-
lem of representing this metric using as few edges as possible, provided
that new “steiner” vertices (and edges incident on them) can be added.
The compression factor achieved is the ratio k between the number of
edges in the original graph and the number of edges in the compressed
graph. We obtain approximation algorithms for unit weight graphs that
replace cliques with stars in cases where the cliques so compressed are
disjoint, or when only a constant number of the cliques compressed meet
at any vertex. We also show that the general unit weight problem is es-
sentially as hard to approximate as graph coloring and maximum clique.

1 Introduction

Suppose we are given a finite metric space, represented as a graph G = (V| F') on
n nodes, with positive edge weights {(e). We wish to find a graph G' = (V' E),
where V' C V') such that |E’| is substantially smaller than E while ensuring
that the metric is preserved exactly (i.e., pairwise distances for the vertices in
V remain the same). The compression achieved by an algorithm is the ratio
k = |E|/|E'|. f V' is constrained to be exactly V (i.e., if we are not allowed
to add any vertices), we can find the edge-minimal graph in polynomial time.
If we are allowed to add new vertices, the problem becomes more complex. We
give polynomial-time algorithms which find graphs that are approximately edge-
minimal.
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Main Techniques The key tool in our algorithms is the following. Consider the
case 1n which we are given a collection of weighted graphs H; called compressions,
where distinct H; may only share vertices in G. The candidate weighted graphs
G’ for the compression problem described above are obtained by selecting some
of the compressions H;, taking their union, and adding some edges from G itself.
We show that if some such G’ achieves a compression ratio k, then we can find
one such G’ achieving compression ratio at least k/log k.

Suppose we are given a graph G in that has unit edge weights. We show that
we achieve the best compression by replacing cliques by stars — the vertices of
each replaced clique become the leaves of a star whose center is a new vertex,
and each edge has weight 1/2. In general, it is hard to select an appropriate
collection of stars H; to which to apply the compression algorithm. We show
that this can be done if G satisfies certain degree constraints. We also study the
case where (G is weighted and sparse, and the H; are trees.

Summary of Results The unit weight problem varies in hardness depending on
whether we consider very special optima and solutions or more general ones. We
summarize the results that we have obtained. At one end of the spectrum, when
we consider the compression of a single clique, we obtain constant factor positive
and negative approximation results. At the other end of the spectrum, where we
are considering the compression of an arbitrary number of cliques that intersect
arbitrarily, we cannot hope to obtain approximation algorithms, since the prob-
lem 1s essentially as hard to approximate as graph coloring and maximum clique.
Three intermediate levels exhibit intermediate hardness in approximation: With
respect to an optimum that compresses arbitrarily many disjoint cliques, the ap-
proximation factor achieved is the logarithm of the optimum compression; for the
compression of two cliques that are not necessarily disjoint, the approximation
factor achieved is the square root of the optimum compression; and with respect
to an optimum that compresses arbitrarily many cliques that are not necessarily
disjoint but where each clique compressed meets only a constant number of the
other cliques compressed, the approximation factor achieved exceeds the square
root of the optimum compression by a logarithm. Thus five levels of generality
in the problem give five levels of hardness of approximation.

We describe the results in more detail now. In the unit weight case, we look
for algorithms that perform well relative to an optimal solution in which the
cliques corresponding to the H; share no vertices. For the problem of finding a
single clique, we give a linear-time 2-approximate algorithm, and show that the
problem is as hard to approximate as vertex cover, hence hard to approximate
within 7/6 by the result of Hastad [15] and within 1.3606 by the result of Dinur
and Safra [8]. More generally, if some r disjoint cliques achieve compression ratio
k, then we can find n cliques such that some r of them achieve compression ratio
at least k/3. The earlier algorithm applied to these n cliques achieves compression
at least k/(3logk).

The problem where the cliques for the optimal choice of H; may share vertices
is harder to approximate. If compressing two cliques achieves ratio &, then we can
find two cliques that give compression \/E/4 We look for algorithms that perform



well relative to an optimal solution in which each clique compressed meets at
most r of the other cliques compressed; call such a solution an r-sparse solution.
If an r-sparse solution with r constant achieves compression ratio k, then we
find a solution achieving compression at least \/E/clog k, where ¢ depends on r.

We then consider a related problem, where (' is bipartite, and the stars
H; must have leaves forming a complete bipartite subgraph of G. Feder and
Motwani [10] considered this problem for dense graphs and achieve compression
factor logn/log (n?/m) on graphs with n vertices and m edges. The case of
a single star H; again has a 2-approximation algorithm, this time based on
parametric flows. Here also, if disjoint stars achieve compression k, then we find
a collection of stars containing a subset achieving ratio k/3, and we can then find
a subset achieving ratio k/(3log k). With respect to an optimal r-sparse solution
with r constant, we also get an algorithm with compression at least v/k/(clog k)
in the bipartite case.

Finally, we show that the unit weight compression problem is hard to ap-
proximate within a factor nZ~¢ on instances with optimum compression at most
nz for any constant ¢ > 0 unless NP=ZPP, and for ¢ = 1/(logn)” for some

constant v > 0 unless NP C ZPTIME(?(IOgn)O(l)).

Related Work. In 1964, Hakimi and Yau [14] defined the optimal realization
of a distance matrix — a graph that preserves shortest-path distances while
minimizing the total sum of edge weights. They give a solution in the case where
the optimal realization is a tree. Since then, there has been substantial work on
this problem [4,9,17,18], and Althofer [1] has established the NP-hardness of
finding the optimal realization if the matrix entries are integral. Chung et al. [6]
give an algorithm to find a graph that is approximately optimal in the above
sense, and in which the shortest-path distances are no shorter than in the given
distance matrix.

Under the model of Arya et al. [2], Das et al. [7], and Rao and Smith [19],
the vertices are points in Euclidean space, and the goal is to find spanners —
subgraphs of the complete Euclidean graph that approximately preserve short-
est path distances and have approximately minimal total weight (i.e., the sum
of weights of edges in the subgraph). In a similar vein, Gupta [13] shows that
some vertices can be removed with only constant distortion to distances on the
remaining vertex set. Other related work includes that of Bartal [3], who intro-
duces the idea of probabilistically approximating metric spaces by distributions
over sets of other metric spaces, and of Charikar et al. [5], who derandomize this
algorithm.

2 Generic Compression Algorithm

A weighted graph is a graph G with a positive weight on each edge. The distance
d(z,y) between two vertices z,y in G is the minimum over all paths p from =
to y in G of the sum of the weights on p. If for three distinct vertices z,y, z we
have d(z,y) = d(x,z) + d(z,y), then the edge (z,y) is redundant and can be
removed from the graph. If G is initially a complete graph on n vertices, and G’



is obtained from G by removing redundant edges so that G’ has only m edges,
then we can obtain G’ from G in O(n(m 4+ nlogn)) time.

A compression for GG is a weighted graph H such that V = V(G) NV (H)
is nonempty, with dg(z,y) > dg(x,y) for all z,y in V, and such that H does
not have an edge (#,y) with both z,y in V. We say that G’ is the weighted
graph obtained by applying compression H to GG if G/ is obtained from G'U H by
removing all edges (#,y) in G with both z,y in V such that dg(z,y) = dg(z,y).
Let C' be a set of compressions for G. We can obtain a weighted graph G’ by
successively applying each of the compressions in (', starting with . We say
that C' compresses m to m/k if |E(G)| = m and |E(G")| = m/k. We also say
that C' has compression factor k.

Suppose we are given a set C' of candidate compressions, and suppose that
some subset of C' has compression factor k. Theorem 1 establishes that we can
find a subset of C' with compression factor at least /(1 + log k). The next step
is to determine which weighted graphs H should be used as compressions. We
focus on the unit weight case, where every edge of G has weight 1. Theorem 2
shows that we can assume without loss of generality that H is a star with edges
of weight 1/2 whose leaves form a clique in G.

Theorem 1 Assume G has arbitrary weights, and let C' be a given set of candi-
date compressions. Suppose that some subset of C' compresses m to m/k. Then
we can find in polynomial time a subset of C' that compresses m to at most

(14 logk).

Proof Sketch: Each compression H; we apply replaces A;p; edges with p; new
edges, for some \; > 1. ! Let r be the number of edges from G that we do not
replace in this way. Then the original graph G has r+ 3", A\jp; = m edges, while
the graph G’ obtained by applying the compressions H; has v + >, p; = m’
edges.

The algorithm is greedy: Repeatedly select the compression H; with A; > 1
largest. Define the compression factor of an edge e in G to be the value s(e) =
1/A; when the algorithm uses a compression H; to replace A;p; edges including
e with just p; edges; let s(e) = 1 otherwise. In the end, the number of edges in
G' will be ) s(e).

When s > m/k edges remain that have not been removed by applying a
compression, since the optimal solution compresses them to at most m/k edges,
the compression factor for the edges replaced when the next H; is applied by
the algorithm is at most m/(ks). Therefore )" s(e) < Tt + Z%<s<m n =
T4+ Hpy — He) < 2(1+ logk). O

The following theorem implies that the question, “Can we reduce the number
of edges by p by adding a new vertex?” is NP-complete.

Theorem 2 In the unit weight case, one can assume without loss of generality
that each compression H used is a star with edges of weight 1/2 whose leaves
form a clique in G.

! Note that if we use two compressions H; and H; that would both replace a common
edge e, and we apply H; first, then we will credit only H; for the replacement of e.



Proof Sketch: Let H be a compression for (. Suppose H has an edge (zo,y)
with 2 in G and dg (2o, y) < 1/2. Then there is no vertex x # x¢ in V(G)NV(H)
such that dg(x,y) < 1/2; otherwise we would have dg(zg, ) < dp(xo,2) < 1.
Consequently, if di (', y)+dp (2", y) = 1 for some #’, 2" in G, such that the edge
(z',2") can be removed from G, then one of 2/, 2’ must be z5. We can obtain a
smaller ' by removing y and its incident edges (y, ¢') from H and adding edges
(zg,y’) for each such ¢ # xg, with dg (20, y') = du(zo,y) + duly, v').
Therefore, we can assume that if A has an edge (#,y) with # in G, then
d(z,y) > 1/2. An edge (2/,2") in G can thus only be removed if #’ and z”
have a common neighbor y in H (y ¢ V) with dg(z,y) = dg(«’,y) = 1/2. That
is, the compression H is a union of stars with edges of weight 1/2 whose leaves
form a clique in G. a

3 Compression and the Disjoint Optimum

We continue to assume our graph G has unit weights. We have seen that in
this case we can assume that each compression corresponds to a clique in G.
It remains to determine which cliques should be chosen for compression. We
consider here a comparision with a compression that compresses either a single
clique or disjoint cliques.

Theorem 3 In the unit weight case, compression by selecting a single clique has
a 2-approzimation algorithm that runs in O(m) time.

Proof Sketch: We consider the unit weight case with a single additional vertex,
and give a 2-approximation algorithm. If the maximum clique has size k, then the
optimal compression is from m to m + k — (g) = a(g). With no compression, we
have m < (a4 1) (g) edges, for an approximation factor of (a4 1)/a = 1+ 1/«
giving the result for o > 1. We now focus on the case oo < 1.

We repeatedly remove vertices of degree at most k — 2, until every vertex has
degree at least k — 1. There are m — (g) = a(g) — k edges not in the clique of
size k. If there are v vertices not in the clique, then the number of edges not in
the clique is at least (k — 1)v/2, which gives v < a(k — 1). The number of edges

not in the clique is also at least (k — 1)v — (3). The inequality (k — 1)v — (}) <

a(g) — k yields v < (k—1) + % — \/((1 —a)(k— 1)2 + (B —a)k—1)+9/4),
which implies v < (1 —+/1 — a)(k — 1). The v vertices form a vertex cover in
the complement graph. Since vertex cover has a 2-approximation algorithm by
means of a maximal matching, we can obtain a vertex cover with at most 2v
vertices, and the vertices not in the vertex cover give a clique in the original graph
with [ > k — v vertices. Compressing this clique, the resulting number of edges
s+ 1 () = (a+ D) —k+1- () < (a+ D) — () < 2(). This las
inequality follows from the equivalent inequality (2) > (1—a) (2), since [ — 1 >
VI—ak—=1)and | > /1 — «a(k).

The algorithm is as follows:




1. Find asequence of graphs Gy, where (G; = (G, and if v; 1s a vertex of minimum
degree d; in Gy, then Gyy1 = Gy \ {v} is obtained by removing v, and its
incident edges from Gt.

2. Find a maximal matching M; in the complement graph G; for each t. A
maximal matching M, in G; can be obtained from a maximal matching
M1 in Gigq by letting My = M;yq U {(ve, w)} if v, has a neighbor v in G,
such that u is not in an edge of M;41; otherwise My = Myyq.

3. The vertices in (G} not incident to an edge of M; form a clique (; — compress
the largest such clique ;.

O

Theorem 4 If compression by selecting a single clique has an a-approrimation
algorithm with o < 2, then vertex cover has an (a + €)-approzimation algorithm
for all e > 0.

Proof Sketch: Let (G be an instance of vertex cover with n vertices and mini-
mum vertex cover of size b. We can assume b > 1/¢, since otherwise the minimum
vertex cover can be found by considering all subsets of size b. Let G’ be the graph
on N vertices obtained by adding at least n/¢ vertices to G, with no new edges.

Consider the complement graph G as an instance of the single clique prob-
lem. The maximum clique in G has size N — b, and after compressing this clique
we have OPT < N(b+ 1) edges in the compressed graph.

Use the a-approximation algorithm to find a solution that compresses a clique
of size N — a, thus giving a vertex cover of size @ in the original graph. We have
aOPT > SOL > (N —a—1)(a — b) + OPT, implying that (N —a—1)(a —b) <
(a—1)OPT < (= 1)N(b+1). This gives (N —a)a < aN(b+1), implying that
a < 111—2 ab < %ab < (14 3¢)ab. We have an o + ¢ approximation if we let
e=¢€/(3a). O

Theorem 5 In the unit weight case, suppose r disjoint cliques compress m to
m/k. Then we can find n cliques such that some r of them compress m to at
most 3m/k.

Proof Sketch: Consider the » disjoint cliques @; of size ¢;. Let d; + ¢; — 1 be
the minimum degree of a vertex in ;. Then there are at least d;q; edges coming
out of @; so 7>, %. If d; > q;, then not compressing J; costs at most
(‘12’) < d—’z‘]—’ extra edges. Suppose next d; < ¢;. Let v; be a vertex of degree
di +q; — 1 1n @Q;. Let GG; be the graph induced by v; and its neighbors. The
complement graph G; has a vertex cover of size d; consisting of the d; vertices
not in ;. We can find a maximal matching M; on G;. The matching M; will
have at most d; edges, and involve at most d; vertices in ;. The vertices of ;
not incident to an edge of M; give a clique R; that has at least ¢; — d; vertices
in ;. Compressing R; leaves at most d;(¢; — 1) edges of @; not compressed.
Furthermore R; has at most d; more vertices than );, so the total extra cost 1s
at most d;(q; — 1) + d; < d;q; extra edges. The total extra cost for the entire
graph is therefore at most ), diq; < 2m/k extra edges. O
The next result follows immediately from Theorems 1 and 5.



Theorem 6 In the unit weight case, suppose r disjoint cliques compress m to
m/k. Then we can find a compression from m to at most 3m/k(1 + log (k/3)).

4 Compression and the NonDisjoint Optimum

It is more difficult to obtain algorithms that perform as well with respect to the
optimum which can compress cliques that are not necessarily disjoint.

Theorem 7 In the unit weight case, suppose two (not necessarily disjoint) cliques
compress m to m/k. Then we can find two cliques that compress m to al most

4m/\/E

Proof Sketch: Suppose the two cliques ()1 and @) have a vertices in common,
and are of size a + by and a + by respectively, with b5 < by. Let r be the number
of edges not in the two cliques, and write r = d1b; = d2bs.

Suppose first do < bs. Then dy < by as well. For ¢ = 1,2, some vertex v; out
of the b; vertices in clique @; but not in the other clique has at most d; edges
incident to v; and not in Q);.

As in the proof of Theorem 5, we can find a clique R; contained in the graph
induced by v; and its neighbors, so that when we compress it, the extra number
of edges is at most d;(a + b;). The total number of edges after both Ry and Rs
are compressed is thus at most 7+ + di(a 4 b1) + da(a + by) < 37 + 2dza with

(dza)2 =dZa® <r(2m) < Zki, so that doa < % Suppose next dy > bo. If we

only compress @1, the total number of edges resulting is at most 2t +b3(a+b2) <

250 4 boa with (bza)2 = b3a? < r(2m) < Zki, so that bsa < % We can find

a 2-approximation to compressing ()1 by Theorem 3.

: m Zﬂm _ 4 m
In both cases, the bound is at most 47> + =(2V2+ ﬁ)ﬁ

Vk
If £ < 16, then the m original edges give a 4m/\/z bound; if £ > 16 then the
above bound is at most (2\/5—1— 1)m/\/z and the result follows. a

Consider a solution involving some [ compressed cliques H;, such that each
H; intersects at most r other H;, for constant r. Suppose this solution has
compression factor k. We define sectors so that two vertices are in the same
sector if and only if the set of H; to which they belong is same. The number of
sectors within a clique H; is at most s for some s < 2. We define an assoctated
graph whose vertices are the sectors S;; two sectors are adjacent if they belong
to the same clique H; for some ¢. The max-degree in the associated graph is
d<rs.

Theorem 8 There is a constant ¢ such that we can find a collection of at most
nld/2141 cliques containing a subcollection of at most ls® cliques that achieve
compression factor at least \/E/(cd‘l).

Proof Sketch: Consider two adjacent sectors S; and Ss, and allow S1 = 5.
Consider the sector S3 adjacent to both 57 and S; that has the largest number v
of vertices in 1t; we allow S35 to be S or S as well. Suppose the number of edges



joining S; to Sy is at most v?/v/k. We charge these edges to the v?/2 edges of
S3. The sector S5 will be so charged at most d? times, so the total charge is at
most md?/\Vk.

Conversely, suppose the number of edges joining S to S» is at least vz/\/E.
Then both S; and S5 have at least v/\/z vertices. Let ) be a maximal clique
in the associated graph containing 51,5, S3, such that each sector in @ has at
least v/\/z vertices. For each sector S; in @), let u; be the vertex in S; that has
the smallest number ¢; of edges incident to it going to vertices in sectors S; such
that S; and S; are not adjacent. Let H be the induced subgraph whose vertices
are all the vertices w that are either equal to some u; or adjacent to all u;.

We can find a single clique that gives a 2-approximationin H asin Theorem 5.
The bound on the number of edges of () not compressed plus the number of
additional edges in the compression is fq, where f is the number of vertices in
H that are not in @, and ¢ is the size of ). We bound f and ¢. Clearly ¢ < dwv.

There are at most d sectors adjacent to all sectors in () but not in @, and each
such sector has at most v/\/z vertices, for a total of dv/\/z vertices. Multiplying
this quantity by ¢ gives at most d%z/ﬁ edges, which can be charged again to
the v?/2 edges of S3. The sector Sz will be so charged at most d? times, so the
total charge is at most md4/\/E.

The remaining ¢ vertices have at least one neighbor u; such that their edge to
u; 1s not compressed in the optimum. Thus, ¢ < d¢; for some d; multiplying this
quantity by ¢ gives at most d?vt; edges, which can be charged to the LEU edges
not compressed coming out of S;. Again S; will be charged at most d? times,
for a total charge of d*V/k per edge not compressed in the optimum. Since the
number of ed%es not compressed in the optimum is at most 7+, the total charge
is at most 2L

Finally, each vertex is involved in at most d? cliques @, giving at most
nd? < % new edges.

The algorithm is thus as follows: For each choice of at most d vertices wu;
forming a clique, find a single clique in the graph of the common neighbors of
the u; as in Theorem 5. We can reduce the number of chosen vertices to |d/2|+1
as follows. Either () has at most this many sectors, or the number of sectors not
in @ adjacent to a chosen sector in @ is at most [d/2] — 1. We will need to
choose at most [d/2] — 1 extra sectors in @ to rule out the neighbor sectors that
are not common neighbors of all sectors in @, for a total of [d/2] < [d/2]+ 1
chosen vertices. a

Theorem 9 follows immediately from Theorems 1 and 8.

Theorem 9 We can find a collection of cliques achieving compression factor

Vk/(cd*logk).

In general, it is not possible to find all the cliques and apply the generic
compression algorithm. However, this can be done if all vertices have degree
O(logn), or for slighly smaller cliques in a graph of a slighly larger degree. We
consider again the sequence of graphs Gy, where 1 = G, and if v; is a vertex
of minimum degree d; in Gy, then Gy = G \ {v:} is obtained by removing v;



and 1ts incident edges from G;. Every clique in G 1s a clique containing v; in Gy
for some ¢.

Theorem 10 If v; has degree dy < filogn in Gy, then we can find the polyno-
mially many cliques containing v in Gy of size O(logn/log fi). These are all

the cliques if d; is O(logn).

In the weighted case, for a vertex v and a constant ¢, we denote by N¢(v)
the set of vertices joined by a path with at most ¢ edges to v in G. A good
compression H has all its vertices from G inside N¢(v) for some v.

Theorem 11 In the weighted case, there are polynomially many good compres-
sions by trees of size O(logn/loglogn) in a graph of mazimum degree O(logd n),
and these can be found in poly-time.

5 Bipartite Compression

Consider the following situation. We have identified two cliques Ri, R to be
compressed, and every additional clique ) that we may compress has vertices
in either Ry or Ry. We may assume V(Ry) NV (Rz2) = 0 and V(R1) UV (R2) =
V(G). Then G = G\ (R1 U Ry) is a bipartite graph G/ = (V(Ry), V(R2), E).
Compressing a clique @ in G corresponds to compressing a complete bipartite
subgraph of G’, which we refer to as a bi-clique.

We consider here the case where GG’ has a collection of 7 bi-cliques sharing no
vertices giving a compression factor k, and obtain three results analogous to the
three results in Section 3. We consider then the optimum where every bi-clique
compressed meets at most a constant number of the other bi-cliques compressed,
and has compression k. We obtain results analogous to those in Section 4.

Theorem 12 Compression by a single bi-clique has a 2-approrimation algo-
rithm.

Proof Sketch: Suppose the optimal bi-clique @ has ¢ vertices in Ry and g5
vertices in Rs. The optimal compression is thus from m to m 4+ g1 + ¢2 — q1¢2.
Let vy be a vertex in QN Ry of minimum degree g5+ d2, and let vy be a vertex in
@ N Ry of minimum degree ¢; 4+ d;. The number of edges not compressed incident
to Q is at least s = q1do + ¢2dp. Let G be the subgraph induced by the ¢; + d;
neighbors of vy and the g2 + ds neighbors of vy.

We consider first the case where ¢ = g2 = ¢. Find a maximal matching M
in the bipartite complement of (. The veritces not in M form a bi-clique 7" in
(. Note that M has at most dy vertices in @ N Ry and at most d; vertices in
@ N Ry. Thus the number of edges in ) but not in 7" is at most gds + qd; = s.
This gives a 2-approximation when we compress 7" instead of Q.

When ¢; and g2 are not necessarily equal, we can define G’ obtained from
G by making g2 copies of each vertex in G N R, and g1 copies of each vertex in
G N Ry. Now Q gives a bi-clique @’ in G’ with q192 = ¢2q1 = ¢ vertices in each
side.



A maximal matching M’ in the complement of G’ has at most daqq vertices
in @' NRY and at most dy g2 vertices in @' N RY. The vertices not in M’ form a bi-
clique 7" in /. The number of edges in )’ but not in 7” is at most ¢daq1+qdigs =
qs. We can add vertices to T” until the vertices not in 77 form a minimal vertex
cover in the complement of G’. Then T’ will have either all or none of the ¢-
copies of a vertex in Ry, and either all or none of the ¢; copies of a vertex in Rs,
so T” corresponds to a bi-clique 7" in (7, and the number of edges in ¢ but not
in 7T is at most s.

We may thus try all possible pairs of values ¢q,¢2. Alternatively, we can
find minimum instead of minimal vertex covers in the complement of G. For a
parameter 0 < A < 1, assign weight A to the vertices in Ry and weight 1 — X to
the vertices in Ry. We can find a collection of at most 14+min(|G N R, |, |GN Ry|)
weighted minimum vertex covers over all values of A, by a parametric flow [12].
One of these weighted minimum vertex covers will correspond to ¢1/¢2 = (1 —

A)/A. 0

Theorem 13 Suppose r disjoint bi-cliques compress m to m/k. Then we can
find at most n3 bi-cliques such that some r of them compress m to at most 3m/k.

Theorem 14 Suppose r disjoint bi-cliques compress m to m/k. Then we can
find a compression from m to at most 37-(1 + log %)

Consider a solution involving some [ compressed bi-cliques H;, such that
each H; intersects at most r other H;, for constant r. Suppose this solution has
compression factor k. We define sectors so that two vertices in the same R,
(p = 1,2) are in the same sector if and only if the set of H; to which they belong
is the same. The number of sectors within a bi-clique H; and in the same R, is
at most s for some s < 27. We define an assoctated graph whose vertices are the
sectors S;, where two sectors are adjacent if they belong to the same clique H;
for some ¢ and they are in different R,. The max-degree in the associated graph
1sd <rs.

Theorem 15 There ts a constant ¢ such that we can find a collection of at most
n®t? bi-cliques containing a subcollection of at most Is® bi-cliques that achieve
compression factor at least \/k/(cd*).

Theorem 16 follows from Theorem 15 by the algorithm of Theorem 1.

Theorem 16 We can find a collection of bi-cliques achieving compression factor

_VE
cd*logk ”
6 Hardness of approximation

We establish the following result and its corollary.



Theorem 17 Finding an ( -approzimation for the unit weight compres-

oz, )
sion problem, on instances with n? vertices and optimum compression factor at
most n, is as hard as finding an independent set of size n/rp in a p-colorable
graph with n vertices, where r, p may depend on n.

Proof Sketch: Let G be a p-colorable graph where we wish to find an inde-
pendent set of size n/rp. We assume n = pq, where p and ¢ are prime numbers.
We define a graph H with n? vertices of the form (z,y,2), where 0 < z < n,
0<y<p,and 0 <z < q. We view z, y, z as integers modulo n, p, ¢ respectively.

The graph H has all the edges between two vertices (#,y, z) and (2',¢/, z')
such that + # 2’ and y # y'. The number of such edges is M; = n(n —
Dp(p — 1)¢%/2. In addition, H has all the edges between two vertices (z,y, 2)
and (2',y, z) such that  # 2’ and (z, ') is not an edge in GG. The number of
such edges is at most My = n(n — 1)pq/2.

We exhibit a compression of H | using the fact that (G is p-colorable. We shall
not compress the M> edges, although these edges may belong to compressed
cliques. Note that My < li.

Let R be the clique consisting of the n vertices (#,y,0) such that vertex
in G has color y in the p-coloring. For 0 < < p, 1 < j < p, and 0 < k1 < ¢,
let R;;i; be the clique consisting of the n vertices (z,¢+ jy, k + ly) such that
(x,9,0) is in R. These p(p — 1)¢? cliques compress all the edges between two
vertices (z,y,z) and («',y,7’) with # # 2’ and y # ¥’ and such that » and 2’
have different colors in the p-coloring, and introduce np(p — 1)¢? < nleMl new
edges.

It remains to compress the edges between two vertices (z,y, z) and (2', ¢/, ')
with  # 2’ and y # ¥ and such that « and &’ have the same color d in the
p-coloring. Let s; be the number of vertices of color d, so that 20§d<p Sq = n.
There exist [logp s4| p-colorings of the sq4 vertices such that every pair of distinct
vertices among the s; vertices gets different colors in at least one such p-coloring.
Using the previous argument, we find p(p — l)qz[logp sq| cliques of size s4 for
the vertices (z,y,z) with z of color d. The number of new edges introduced is
> g sap(p — l)qz[logp sq|l < np(p— l)qz[logp n] < %Ml. Thus, we have a

2[log, n] < 6+2log, n
n—1 — n—1
we can find a compression of H with compression factor {. Then the compression
includes a clique with s vertices in I such that (s — 1)/2 > [. This clique gives
is a p-coloring of s vertices of (G, and hence an independent set of size at least
s/pin G. If this independent set is of size smaller than n/rp, then s < n/p and
[ <nf2r < (BBl O

Feige and Kilian [11] prove that chromatic number is hard to approximate
within factor n'=¢ for any constant ¢ > 0, unless NP=ZPP. This implies that it
is also hard to find an independent set of size = for any constant ¢ > 0, where p
is the chromatic number of the graph; otherwise we could repeatedly select large
independent sets and get a coloring with pn'~=¢logn colors. Since the graphs in
the preceding theorem have size n?, setting r = n'~¢ gives the following.

compression factor k such that % < m + % +

. Suppose



Theorem 18 The unit weight compression problem s tnapprorimable in poly-
nomial time within factor nz=¢ on instances with optimum compression factor
at most n% for any constant € > 0, unless NP=ZPP.

Khot [16] improves the chromatic number result to € = D for a constant

1
logn
v > 0, if it is not the case that NP C ZPTIME(2(gn)”"
over to the above theorem as well.

). This can be carried
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