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Abstract. W e are giv en a graph with edge w eigh ts, that represen ts the

metric on the v ertices in whic h the distance b et w een t w o v ertices is the

total w eigh t of the lo w est-w eigh t path b et w een them. Consider the prob-

lem of represen ting this metric using as few edges as p ossible, pro vided

that new \steiner" v ertices (and edges inciden t on them) can b e added.

The compression factor ac hiev ed is the ratio k b et w een the n um b er of

edges in the original graph and the n um b er of edges in the compressed

graph. W e obtain appro ximation algorithms for unit w eigh t graphs that

replace cliques with stars in cases where the cliques so compressed are

disjoin t, or when only a constan t n um b er of the cliques compressed meet

at an y v ertex. W e also sho w that the general unit w eigh t problem is es-

sen tially as hard to appro ximate as graph coloring and maxim um clique.

1 In tro duction

Supp ose w e are giv en a �nite metric space, represen ted as a graph G = ( V ; E ) on

n no des, with p ositiv e edge w eigh ts l ( e ). W e wish to �nd a graph G

0

= ( V

0

; E

0

),

where V � V

0

, suc h that j E

0

j is substan tially smaller than E while ensuring

that the metric is preserv ed exactly (i.e., pairwise distances for the v ertices in

V remain the same). The compression ac hiev ed b y an algorithm is the ratio

k = j E j = j E

0

j . If V

0

is constrained to b e exactly V (i.e., if w e are not allo w ed

to add an y v ertices), w e can �nd the edge-minima l graph in p olynomial time.

If w e are allo w ed to add new v ertices, the problem b ecomes more complex. W e

giv e p olynomial-tim e algorithms whic h �nd graphs that are appro ximately edge-

minim al .
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Main T e chniques The k ey to ol in our algorithms is the follo wing. Consider the

case in whic h w e are giv en a collection of w eigh ted graphs H

i

called compressions,

where distinct H

i

ma y only share v ertices in G . The candidate w eigh ted graphs

G

0

for the compression problem describ ed ab o v e are obtained b y selecting some

of the compressions H

i

, taking their union, and adding some edges from G itself.

W e sho w that if some suc h G

0

ac hiev es a compression ratio k , then w e can �nd

one suc h G

0

ac hieving compression ratio at least k = log k .

Supp ose w e are giv en a graph G in that has unit edge w eigh ts. W e sho w that

w e ac hiev e the b est compression b y replacing cliques b y stars | the v ertices of

eac h replaced clique b ecome the lea v es of a star whose cen ter is a new v ertex,

and eac h edge has w eigh t 1 = 2. In general, it is hard to select an appropriate

collection of stars H

i

to whic h to apply the compression algorithm. W e sho w

that this can b e done if G satis�es certain degree constrain ts. W e also study the

case where G is w eigh ted and sparse, and the H

i

are trees.

Summary of R esults The unit w eigh t problem v aries in hardness dep ending on

whether w e consider v ery sp ecial optima and solutions or more general ones. W e

summarize the results that w e ha v e obtained. A t one end of the sp ectrum, when

w e consider the compression of a single clique, w e obtain constan t factor p ositiv e

and negativ e appro ximation results. A t the other end of the sp ectrum, where w e

are considering the compression of an arbitrary n um b er of cliques that in tersect

arbitrarily , w e cannot hop e to obtain appro ximation algorithms, since the prob-

lem is essen tially as hard to appro ximate as graph coloring and maxim um clique.

Three in termediate lev els exhibit in termediate hardness in appro ximation: With

resp ect to an optim um that compresses arbitrarily man y disjoin t cliques, the ap-

pro ximation factor ac hiev ed is the logarithm of the optim um compression; for the

compression of t w o cliques that are not necessarily disjoin t, the appro ximation

factor ac hiev ed is the square ro ot of the optim um compression; and with resp ect

to an optim um that compresses arbitrarily man y cliques that are not necessarily

disjoin t but where eac h clique compressed meets only a constan t n um b er of the

other cliques compressed, the appro ximation factor ac hiev ed exceeds the square

ro ot of the optim um compression b y a logarithm. Th us �v e lev els of generalit y

in the problem giv e �v e lev els of hardness of appro ximation.

W e describ e the results in more detail no w. In the unit w eigh t case, w e lo ok

for algorithms that p erform w ell relativ e to an optimal solution in whic h the

cliques corresp onding to the H

i

share no v ertices. F or the problem of �nding a

single clique, w e giv e a linear-time 2-appro ximate algorithm, and sho w that the

problem is as hard to appro ximate as v ertex co v er, hence hard to appro ximate

within 7 = 6 b y the result of H � astad [15] and within 1 : 3606 b y the result of Din ur

and Safra [8]. More generally , if some r disjoin t cliques ac hiev e compression ratio

k , then w e can �nd n cliques suc h that some r of them ac hiev e compression ratio

at least k = 3. The earlier algorithm applied to these n cliques ac hiev es compression

at least k = (3 log k ).

The problem where the cliques for the optimal c hoice of H

i

ma y share v ertices

is harder to appro ximate. If compressing t w o cliques ac hiev es ratio k , then w e can

�nd t w o cliques that giv e compression

p

k = 4. W e lo ok for algorithms that p erform



w ell relativ e to an optimal solution in whic h eac h clique compressed meets at

most r of the other cliques compressed; call suc h a solution an r -sp arse solution.

If an r -sparse solution with r constan t ac hiev es compression ratio k , then w e

�nd a solution ac hieving compression at least

p

k =c log k , where c dep ends on r .

W e then consider a related problem, where G is bipartite, and the stars

H

i

m ust ha v e lea v es forming a complete bipartite subgraph of G . F eder and

Mot w ani [10] considered this problem for dense graphs and ac hiev e compression

factor log n= log ( n

2

=m ) on graphs with n v ertices and m edges. The case of

a single star H

i

again has a 2-appro ximati on algorithm, this time based on

parametric 
o ws. Here also, if disjoin t stars ac hiev e compression k , then w e �nd

a collection of stars con taining a subset ac hieving ratio k = 3, and w e can then �nd

a subset ac hieving ratio k = (3 log k ). With resp ect to an optimal r -sparse solution

with r constan t, w e also get an algorithm with compression at least

p

k = ( c log k )

in the bipartite case.

Finally , w e sho w that the unit w eigh t compression problem is hard to ap-

pro ximate within a factor n

1

2

� �

on instances with optim um compression at most

n

1

2

for an y constan t � > 0 unless NP=ZPP , and for � = 1 = (log n )




for some

constan t 
 > 0 unless NP � ZPTIME (2

(log n )

O (1)

).

Related W ork. In 1964, Hakimi and Y au [14] de�ned the optimal r e alization

of a distance matrix | a graph that preserv es shortest-path distances while

minim i zing the total sum of e dge weights . They giv e a solution in the case where

the optimal realization is a tree. Since then, there has b een substan tial w ork on

this problem [4, 9, 17, 18], and Althofer [1] has established the NP-hardness of

�nding the optimal realization if the matrix en tries are in tegral. Ch ung et al . [6]

giv e an algorithm to �nd a graph that is appro ximately optimal in the ab o v e

sense, and in whic h the shortest-path distances are no shorter than in the giv en

distance matrix.

Under the mo del of Ary a et al . [2], Das et al . [7], and Rao and Smith [19],

the v ertices are p oin ts in Euclidean space, and the goal is to �nd sp anners |

subgraphs of the complete Euclidean graph that appro ximately preserv e short-

est path distances and ha v e appro ximately minim al total w eigh t (i.e., the sum

of w eigh ts of edges in the subgraph). In a similar v ein, Gupta [13] sho ws that

some v ertices can b e remo v ed with only constan t distortion to distances on the

remaining v ertex set. Other related w ork includes that of Bartal [3], who in tro-

duces the idea of probabilistically appro ximating metric spaces b y distributions

o v er sets of other metric spaces, and of Charik ar et al . [5], who derandomize this

algorithm.

2 Generic Compression Algorithm

A weighte d gr aph is a graph G with a p ositiv e w eigh t on eac h edge. The distance

d ( x; y ) b et w een t w o v ertices x; y in G is the minim um o v er all paths p from x

to y in G of the sum of the w eigh ts on p . If for three distinct v ertices x; y ; z w e

ha v e d ( x; y ) = d ( x; z ) + d ( z ; y ), then the edge ( x; y ) is redundan t and can b e

remo v ed from the graph. If G is initially a complete graph on n v ertices, and G

0



is obtained from G b y remo ving redundan t edges so that G

0

has only m edges,

then w e can obtain G

0

from G in O ( n ( m + n log n )) time.

A c ompr ession for G is a w eigh ted graph H suc h that V = V ( G ) \ V ( H )

is nonempt y , with d

H

( x; y ) � d

G

( x; y ) for all x; y in V , and suc h that H do es

not ha v e an edge ( x; y ) with b oth x; y in V . W e sa y that G

0

is the w eigh ted

graph obtained b y applying compression H to G if G

0

is obtained from G [ H b y

remo ving all edges ( x; y ) in G with b oth x; y in V suc h that d

H

( x; y ) = d

G

( x; y ).

Let C b e a set of compressions for G . W e can obtain a w eigh ted graph G

0

b y

successiv ely applying eac h of the compressions in C , starting with G . W e sa y

that C compresses m to m=k if j E ( G ) j = m and j E ( G

0

) j = m=k . W e also sa y

that C has c ompr ession factor k .

Supp ose w e are giv en a set C of candidate compressions, and supp ose that

some subset of C has compression factor k . Theorem 1 establishes that w e can

�nd a subset of C with compression factor at least k = (1 + log k ). The next step

is to determine whic h w eigh ted graphs H should b e used as compressions. W e

fo cus on the unit weight case, where ev ery edge of G has w eigh t 1. Theorem 2

sho ws that w e can assume without loss of generalit y that H is a star with edges

of w eigh t 1 = 2 whose lea v es form a clique in G .

Theorem 1 Assume G has arbitr ary weights, and let C b e a given set of c andi-

date c ompr essions. Supp ose that some subset of C c ompr esses m to m=k . Then

we c an �nd in p olynomial time a subset of C that c ompr esses m to at most

m

k

(1 + log k ) .

Pro of Sk etc h: Eac h compression H

i

w e apply replaces �

i

p

i

edges with p

i

new

edges, for some �

i

> 1.

1

Let r b e the n um b er of edges from G that w e do not

replace in this w a y . Then the original graph G has r +

P

i

�

i

p

i

= m edges, while

the graph G

0

obtained b y applying the compressions H

i

has r +

P

i

p

i

= m

0

edges.

The algorithm is greedy: Rep eatedly select the compression H

i

with �

i

> 1

largest. De�ne the compression factor of an edge e in G to b e the v alue s ( e ) =

1 =�

i

when the algorithm uses a compression H

i

to replace �

i

p

i

edges including

e with just p

i

edges; let s ( e ) = 1 otherwise. In the end, the n um b er of edges in

G

0

will b e

P

e 2 E

s ( e ) .

When s > m=k edges remain that ha v e not b een remo v ed b y applying a

compression, since the optimal solution compresses them to at most m=k edges,

the compression factor for the edges replaced when the next H

i

is applied b y

the algorithm is at most m= ( k s ). Therefore

P

e

s ( e ) �

m

k

+

P

m

k

<s � m

m

k s

=

m

k

(1 + H

m

� H

m

k

) �

m

k

(1 + log k ) : ut

The follo wing theorem implies that the question, \Can w e reduce the n um b er

of edges b y p b y adding a new v ertex?" is NP-complete.

Theorem 2 In the unit weight c ase, one c an assume without loss of gener ality

that e ach c ompr ession H use d is a star with e dges of weight 1 = 2 whose le aves

form a clique in G .

1

Note that if w e use t w o compressions H

i

and H

j

that w ould b oth replace a common

edge e , and w e apply H

i

�rst, then w e will credit only H

i

for the replacemen t of e .



Pro of Sk etc h: Let H b e a compression for G . Supp ose H has an edge ( x

0

; y )

with x

0

in G and d

H

( x

0

; y ) < 1 = 2. Then there is no v ertex x 6= x

0

in V ( G ) \ V ( H )

suc h that d

H

( x; y ) � 1 = 2; otherwise w e w ould ha v e d

G

( x

0

; x ) � d

H

( x

0

; x ) < 1.

Consequen tly , if d

H

( x

0

; y ) + d

H

( x

00

; y ) = 1 for some x

0

; x

00

in G , suc h that the edge

( x

0

; x

00

) can b e remo v ed from G , then one of x

0

; x

00

m ust b e x

0

. W e can obtain a

smaller H

0

b y remo ving y and its inciden t edges ( y ; y

0

) from H and adding edges

( x

0

; y

0

) for eac h suc h y

0

6= x

0

, with d

H

0

( x

0

; y

0

) = d

H

( x

0

; y ) + d

H

( y ; y

0

).

Therefore, w e can assume that if H has an edge ( x; y ) with x in G , then

d

H

( x; y ) � 1 = 2. An edge ( x

0

; x

00

) in G can th us only b e remo v ed if x

0

and x

00

ha v e a common neigh b or y in H ( y 62 V ) with d

H

( x; y ) = d

H

( x

0

; y ) = 1 = 2. That

is, the compression H is a union of stars with edges of w eigh t 1 = 2 whose lea v es

form a clique in G . ut

3 Compression and the Disjoin t Optim um

W e con tin ue to assume our graph G has unit w eigh ts. W e ha v e seen that in

this case w e can assume that eac h compression corresp onds to a clique in G .

It remains to determine whic h cliques should b e c hosen for compression. W e

consider here a comparision with a compression that compresses either a single

clique or disjoin t cliques.

Theorem 3 In the unit weight c ase, c ompr ession by sele cting a single clique has

a 2-appr oximation algorithm that runs in O ( m ) time.

Pro of Sk etc h: W e consider the unit w eigh t case with a single additional v ertex,

and giv e a 2-appro ximation algorithm. If the maxim um clique has size k , then the

optimal compression is from m to m + k �

�

k

2

�

= �

�

k

2

�

. With no compression, w e

ha v e m � ( � + 1)

�

k

2

�

edges, for an appro ximation factor of ( � + 1) =� = 1 + 1 =� ,

giving the result for � � 1. W e no w fo cus on the case � < 1.

W e rep eatedly remo v e v ertices of degree at most k � 2, un til ev ery v ertex has

degree at least k � 1. There are m �

�

k

2

�

= �

�

k

2

�

� k edges not in the clique of

size k . If there are v v ertices not in the clique, then the n um b er of edges not in

the clique is at least ( k � 1) v = 2, whic h giv es v � � ( k � 1). The n um b er of edges

not in the clique is also at least ( k � 1) v �

�

v

2

�

. The inequalit y ( k � 1) v �

�

v

2

�

�

�

�

k

2

�

� k yields v � ( k � 1) +

1

2

�

q

((1 � � )( k � 1)

2

+ (3 � � )( k � 1) + 9 = 4) ;

whic h implies v � (1 �

p

1 � � )( k � 1). The v v ertices form a v ertex co v er in

the complemen t graph. Since v ertex co v er has a 2-appro ximation algorithm b y

means of a maximal matc hing, w e can obtain a v ertex co v er with at most 2 v

v ertices, and the v ertices not in the v ertex co v er giv e a clique in the original graph

with l � k � v v ertices. Compressing this clique, the resulting n um b er of edges

is m + l �

�

l

2

�

= ( � + 1)

�

k

2

�

� k + l �

�

l

2

�

� ( � + 1)

�

k

2

�

�

�

l

2

�

� 2 �

�

k

2

�

. This last

inequalit y follo ws from the equiv alen t inequalit y

�

l

2

�

� (1 � � )

�

k

2

�

, since l � 1 �

p

1 � � ( k � 1) and l �

p

1 � � ( k ).

The algorithm is as follo ws:



1. Find a sequence of graphs G

t

, where G

1

= G , and if v

t

is a v ertex of minim um

degree d

t

in G

t

, then G

t +1

= G

t

n f v

t

g is obtained b y remo ving v

t

and its

inciden t edges from G

t

.

2. Find a maxima l matc hing M

t

in the complemen t graph G

t

for eac h t . A

maxim al matc hing M

t

in G

t

can b e obtained from a maximal matc hing

M

t +1

in G

t +1

b y letting M

t

= M

t +1

[ f ( v

t

; u ) g if v

t

has a neigh b or u in G

t

suc h that u is not in an edge of M

t +1

; otherwise M

t

= M

t +1

.

3. The v ertices in G

t

not inciden t to an edge of M

t

form a clique Q

t

| compress

the largest suc h clique Q

t

.

ut

Theorem 4 If c ompr ession by sele cting a single clique has an � -appr oximation

algorithm with � < 2 , then vertex c over has an ( � + � ) -appr oximation algorithm

for al l � > 0 .

Pro of Sk etc h: Let G b e an instance of v ertex co v er with n v ertices and mini-

m um v ertex co v er of size b . W e can assume b > 1 =� , since otherwise the minim um

v ertex co v er can b e found b y considering all subsets of size b . Let G

0

b e the graph

on N v ertices obtained b y adding at least n=� v ertices to G , with no new edges.

Consider the complemen t graph G

0

as an instance of the single clique prob-

lem. The maxim um clique in G

0

has size N � b , and after compressing this clique

w e ha v e OPT � N ( b + 1) edges in the compressed graph.

Use the � -appro ximati on algorithm to �nd a solution that compresses a clique

of size N � a , th us giving a v ertex co v er of size a in the original graph. W e ha v e

� OPT � SOL � ( N � a � 1)( a � b ) + OPT ; implying that ( N � a � 1)( a � b ) �

( � � 1)OPT � ( � � 1) N ( b + 1) : This giv es ( N � a ) a � �N ( b + 1), implying that

a �

1+

1

b

1 �

a

N

�b �

1+ �

1 � �

�b � (1 + 3 � ) �b: W e ha v e an � + �

0

appro ximation if w e let

� = �

0

= (3 � ). ut

Theorem 5 In the unit weight c ase, supp ose r disjoint cliques c ompr ess m to

m=k . Then we c an �nd n cliques such that some r of them c ompr ess m to at

most 3 m=k .

Pro of Sk etc h: Consider the r disjoin t cliques Q

i

of size q

i

. Let d

i

+ q

i

� 1 b e

the minim um degree of a v ertex in Q

i

. Then there are at least d

i

q

i

edges coming

out of Q

i

so

m

k

�

P

i

d

i

q

i

2

. If d

i

� q

i

, then not compressing Q

i

costs at most

�

q

i

2

�

�

d

i

q

i

2

extra edges. Supp ose next d

i

< q

i

. Let v

i

b e a v ertex of degree

d

i

+ q

i

� 1 in Q

i

. Let G

i

b e the graph induced b y v

i

and its neigh b ors. The

complemen t graph G

i

has a v ertex co v er of size d

i

consisting of the d

i

v ertices

not in Q

i

. W e can �nd a maxima l matc hing M

i

on G

i

. The matc hing M

i

will

ha v e at most d

i

edges, and in v olv e at most d

i

v ertices in Q

i

. The v ertices of G

i

not inciden t to an edge of M

i

giv e a clique R

i

that has at least q

i

� d

i

v ertices

in Q

i

. Compressing R

i

lea v es at most d

i

( q

i

� 1) edges of Q

i

not compressed.

F urthermore R

i

has at most d

i

more v ertices than Q

i

, so the total extra cost is

at most d

i

( q

i

� 1) + d

i

� d

i

q

i

extra edges. The total extra cost for the en tire

graph is therefore at most

P

i

d

i

q

i

� 2 m=k extra edges. ut

The next result follo ws immediately from Theorems 1 and 5.



Theorem 6 In the unit weight c ase, supp ose r disjoint cliques c ompr ess m to

m=k . Then we c an �nd a c ompr ession fr om m to at most 3 m=k (1 + log ( k = 3)) .

4 Compression and the NonDisjoin t Optim um

It is more di�cult to obtain algorithms that p erform as w ell with resp ect to the

optim um whic h can compress cliques that are not necessarily disjoin t.

Theorem 7 In the unit weight c ase, supp ose two (not ne c essarily disjoint) cliques

c ompr ess m to m=k . Then we c an �nd two cliques that c ompr ess m to at most

4 m=

p

k .

Pro of Sk etc h: Supp ose the t w o cliques Q

1

and Q

2

ha v e a v ertices in common,

and are of size a + b

1

and a + b

2

resp ectiv ely , with b

2

� b

1

. Let r b e the n um b er

of edges not in the t w o cliques, and write r = d

1

b

1

= d

2

b

2

.

Supp ose �rst d

2

� b

2

. Then d

1

� b

1

as w ell. F or i = 1 ; 2 ; some v ertex v

i

out

of the b

i

v ertices in clique Q

i

but not in the other clique has at most d

i

edges

inciden t to v

i

and not in Q

i

.

As in the pro of of Theorem 5, w e can �nd a clique R

i

con tained in the graph

induced b y v

i

and its neigh b ors, so that when w e compress it, the extra n um b er

of edges is at most d

i

( a + b

i

). The total n um b er of edges after b oth R

1

and R

2

are compressed is th us at most

m

k

+ d

1

( a + b

1

) + d

2

( a + b

2

) � 3

m

k

+ 2 d

2

a with

( d

2

a )

2

= d

2

2

a

2

� r (2 m ) �

2 m

2

k

; so that d

2

a �

p

2 m

p

k

: Supp ose next d

2

> b

2

. If w e

only compress Q

1

, the total n um b er of edges resulting is at most

m

k

+ b

2

( a + b

2

) �

2

m

k

+ b

2

a with ( b

2

a )

2

= b

2

2

a

2

� r (2 m ) �

2 m

2

k

; so that b

2

a �

p

2 m

p

k

. W e can �nd

a 2-appro ximation to compressing Q

1

b y Theorem 3.

In b oth cases, the b ound is at most 4

m

k

+

2

p

2 m

p

k

= (2

p

2 +

4

p

k

)

m

p

k

:

If k � 16, then the m original edges giv e a 4 m=

p

k b ound; if k � 16 then the

ab o v e b ound is at most (2

p

2 + 1) m=

p

k and the result follo ws. ut

Consider a solution in v olving some l compressed cliques H

i

, suc h that eac h

H

i

in tersects at most r other H

i

, for constan t r . Supp ose this solution has

compression factor k . W e de�ne se ctors so that t w o v ertices are in the same

sector if and only if the set of H

i

to whic h they b elong is same. The n um b er of

sectors within a clique H

i

is at most s for some s � 2

r

. W e de�ne an asso ciate d

gr aph whose v ertices are the sectors S

j

; t w o sectors are adjacen t if they b elong

to the same clique H

i

for some i . The max-degree in the asso ciated graph is

d � r s .

Theorem 8 Ther e is a c onstant c such that we c an �nd a c ol le ction of at most

n

b d= 2 c +1

cliques c ontaining a sub c ol le ction of at most l s

2

cliques that achieve

c ompr ession factor at le ast

p

k = ( cd

4

) .

Pro of Sk etc h: Consider t w o adjacen t sectors S

1

and S

2

, and allo w S

1

= S

2

.

Consider the sector S

3

adjacen t to b oth S

1

and S

2

that has the largest n um b er v

of v ertices in it; w e allo w S

3

to b e S

1

or S

2

as w ell. Supp ose the n um b er of edges



joining S

1

to S

2

is at most v

2

=

p

k . W e c harge these edges to the v

2

= 2 edges of

S

3

. The sector S

3

will b e so c harged at most d

2

times, so the total c harge is at

most md

2

=

p

k .

Con v ersely , supp ose the n um b er of edges joining S

1

to S

2

is at least v

2

=

p

k .

Then b oth S

1

and S

2

ha v e at least v =

p

k v ertices. Let Q b e a maxim al clique

in the asso ciated graph con taining S

1

; S

2

; S

3

, suc h that eac h sector in Q has at

least v =

p

k v ertices. F or eac h sector S

i

in Q , let u

i

b e the v ertex in S

i

that has

the smallest n um b er t

i

of edges inciden t to it going to v ertices in sectors S

j

suc h

that S

i

and S

j

are not adjacen t. Let H b e the induced subgraph whose v ertices

are all the v ertices w that are either equal to some u

i

or adjacen t to all u

i

.

W e can �nd a single clique that giv es a 2-appro ximation in H as in Theorem 5.

The b ound on the n um b er of edges of Q not compressed plus the n um b er of

additional edges in the compression is f q , where f is the n um b er of v ertices in

H that are not in Q , and q is the size of Q . W e b ound f and q . Clearly q � dv .

There are at most d sectors adjacen t to all sectors in Q but not in Q , and eac h

suc h sector has at most v =

p

k v ertices, for a total of dv =

p

k v ertices. Multiplying

this quan tit y b y q giv es at most d

2

v

2

=

p

k edges, whic h can b e c harged again to

the v

2

= 2 edges of S

3

. The sector S

3

will b e so c harged at most d

2

times, so the

total c harge is at most md

4

=

p

k .

The remaining t v ertices ha v e at least one neigh b or u

i

suc h that their edge to

u

i

is not compressed in the optim um. Th us, t � dt

i

for some d ; m ultiplyi ng this

quan tit y b y q giv es at most d

2

v t

i

edges, whic h can b e c harged to the

v

p

k

t

i

edges

not compressed coming out of S

i

. Again S

i

will b e c harged at most d

2

times,

for a total c harge of d

4

p

k p er edge not compressed in the optim um . Since the

n um b er of edges not compressed in the optim um is at most

m

k

, the total c harge

is at most

md

4

p

k

.

Finally , eac h v ertex is in v olv ed in at most d

2

cliques Q , giving at most

nd

2

�

md

2

k

new edges.

The algorithm is th us as follo ws: F or eac h c hoice of at most d v ertices u

i

forming a clique, �nd a single clique in the graph of the common neigh b ors of

the u

i

as in Theorem 5. W e can reduce the n um b er of c hosen v ertices to b d= 2 c + 1

as follo ws. Either Q has at most this man y sectors, or the n um b er of sectors not

in Q adjacen t to a c hosen sector in Q is at most d d= 2 e � 1. W e will need to

c ho ose at most d d= 2 e � 1 extra sectors in Q to rule out the neigh b or sectors that

are not common neigh b ors of all sectors in Q , for a total of d d= 2 e � b d= 2 c + 1

c hosen v ertices. ut

Theorem 9 follo ws immediately from Theorems 1 and 8.

Theorem 9 We c an �nd a c ol le ction of cliques achieving c ompr ession factor

p

k = ( cd

4

log k ) .

In general, it is not p ossible to �nd all the cliques and apply the generic

compression algorithm. Ho w ev er, this can b e done if all v ertices ha v e degree

O (log n ), or for slighly smaller cliques in a graph of a slighly larger degree. W e

consider again the sequence of graphs G

t

, where G

1

= G , and if v

t

is a v ertex

of minim um degree d

t

in G

t

, then G

t +1

= G

t

n f v

t

g is obtained b y remo ving v

t



and its inciden t edges from G

t

. Ev ery clique in G is a clique con taining v

t

in G

t

for some t .

Theorem 10 If v

t

has de gr e e d

t

� f

t

log n in G

t

, then we c an �nd the p olyno-

mial ly many cliques c ontaining v

t

in G

t

of size O (log n= log f

t

) . These ar e al l

the cliques if d

t

is O (log n ) .

In the w eigh ted case, for a v ertex v and a constan t c , w e denote b y N

c

( v )

the set of v ertices joined b y a path with at most c edges to v in G . A go o d

c ompr ession H has all its v ertices from G inside N

c

( v ) for some v .

Theorem 11 In the weighte d c ase, ther e ar e p olynomial ly many go o d c ompr es-

sions by tr e es of size O (log n= log log n ) in a gr aph of maximum de gr e e O (log

d

n ) ,

and these c an b e found in p oly-time.

5 Bipartite Compression

Consider the follo wing situation. W e ha v e iden ti�ed t w o cliques R

1

; R

2

to b e

compressed, and ev ery additional clique Q that w e ma y compress has v ertices

in either R

1

or R

2

. W e ma y assume V ( R

1

) \ V ( R

2

) = ; and V ( R

1

) [ V ( R

2

) =

V ( G ). Then G

0

= G n ( R

1

[ R

2

) is a bipartite graph G

0

= ( V ( R

1

) ; V ( R

2

) ; E ).

Compressing a clique Q in G corresp onds to compressing a complete bipartite

subgraph of G

0

, whic h w e refer to as a bi-clique .

W e consider here the case where G

0

has a collection of r bi-cliques sharing no

v ertices giving a compression factor k , and obtain three results analogous to the

three results in Section 3. W e consider then the optim um where ev ery bi-clique

compressed meets at most a constan t n um b er of the other bi-cliques compressed,

and has compression k . W e obtain results analogous to those in Section 4.

Theorem 12 Compr ession by a single bi-clique has a 2-appr oximation algo-

rithm.

Pro of Sk etc h: Supp ose the optimal bi-clique Q has q

1

v ertices in R

1

and q

2

v ertices in R

2

. The optimal compression is th us from m to m + q

1

+ q

2

� q

1

q

2

.

Let v

1

b e a v ertex in Q \ R

1

of minim um degree q

2

+ d

2

, and let v

2

b e a v ertex in

Q \ R

2

of minim um degree q

1

+ d

1

. The n um b er of edges not compressed inciden t

to Q is at least s = q

1

d

2

+ q

2

d

1

. Let

^

G b e the subgraph induced b y the q

1

+ d

1

neigh b ors of v

2

and the q

2

+ d

2

neigh b ors of v

1

.

W e consider �rst the case where q

1

= q

2

= q . Find a maxim al matc hing M

in the bipartite complemen t of

^

G . The v eritces not in M form a bi-clique T in

^

G . Note that M has at most d

2

v ertices in Q \ R

1

and at most d

1

v ertices in

Q \ R

2

. Th us the n um b er of edges in Q but not in T is at most q d

2

+ q d

1

= s .

This giv es a 2-appro ximati on when w e compress T instead of Q .

When q

1

and q

2

are not necessarily equal, w e can de�ne

^

G

0

obtained from

^

G b y making q

2

copies of eac h v ertex in

^

G \ R

1

and q

1

copies of eac h v ertex in

^

G \ R

2

. No w Q giv es a bi-clique Q

0

in G

0

with q

1

q

2

= q

2

q

1

= q v ertices in eac h

side.



A maxim al matc hing M

0

in the complemen t of

^

G

0

has at most d

2

q

1

v ertices

in Q

0

\ R

0

1

and at most d

1

q

2

v ertices in Q

0

\ R

0

2

. The v ertices not in M

0

form a bi-

clique T

0

in

^

G

0

. The n um b er of edges in Q

0

but not in T

0

is at most q d

2

q

1

+ q d

1

q

2

=

q s . W e can add v ertices to T

0

un til the v ertices not in T

0

form a minim al v ertex

co v er in the complemen t of

^

G

0

. Then T

0

will ha v e either all or none of the q

2

copies of a v ertex in R

1

, and either all or none of the q

1

copies of a v ertex in R

2

,

so T

0

corresp onds to a bi-clique T in

^

G , and the n um b er of edges in Q but not

in T is at most s .

W e ma y th us try all p ossible pairs of v alues q

1

; q

2

. Alternativ ely , w e can

�nd minim um instead of minima l v ertex co v ers in the complemen t of

^

G . F or a

parameter 0 < � < 1, assign w eigh t � to the v ertices in R

1

and w eigh t 1 � � to

the v ertices in R

2

. W e can �nd a collection of at most 1 + min ( j

^

G \ R

1

j ; j

^

G \ R

2

j )

w eigh ted minim um v ertex co v ers o v er all v alues of � , b y a parametric 
o w [12].

One of these w eigh ted minim um v ertex co v ers will corresp ond to q

1

=q

2

= (1 �

� ) =� . ut

Theorem 13 Supp ose r disjoint bi-cliques c ompr ess m to m=k . Then we c an

�nd at most n

3

bi-cliques such that some r of them c ompr ess m to at most 3 m=k .

Theorem 14 Supp ose r disjoint bi-cliques c ompr ess m to m=k . Then we c an

�nd a c ompr ession fr om m to at most 3

m

k

(1 + log

k

3

) .

Consider a solution in v olving some l compressed bi-cliques H

i

, suc h that

eac h H

i

in tersects at most r other H

i

, for constan t r . Supp ose this solution has

compression factor k . W e de�ne se ctors so that t w o v ertices in the same R

p

( p = 1 ; 2) are in the same sector if and only if the set of H

i

to whic h they b elong

is the same. The n um b er of sectors within a bi-clique H

i

and in the same R

p

is

at most s for some s � 2

r

. W e de�ne an asso ciate d gr aph whose v ertices are the

sectors S

j

, where t w o sectors are adjacen t if they b elong to the same clique H

i

for some i and they are in di�eren t R

p

. The max-degree in the asso ciated graph

is d � r s .

Theorem 15 Ther e is a c onstant c such that we c an �nd a c ol le ction of at most

n

d +2

bi-cliques c ontaining a sub c ol le ction of at most l s

2

bi-cliques that achieve

c ompr ession factor at le ast

p

k = ( cd

4

) .

Theorem 16 follo ws from Theorem 15 b y the algorithm of Theorem 1.

Theorem 16 We c an �nd a c ol le ction of bi-cliques achieving c ompr ession factor

p

k

cd

4

log k

.

6 Hardness of appro ximation

W e establish the follo wing result and its corollary .



Theorem 17 Finding an (

r

4+log

p

n

) -appr oximation for the unit weight c ompr es-

sion pr oblem, on instanc es with n

2

vertic es and optimum c ompr ession factor at

most n , is as har d as �nding an indep endent set of size n=r p in a p -c olor able

gr aph with n vertic es, wher e r , p may dep end on n .

Pro of Sk etc h: Let G b e a p -colorable graph where w e wish to �nd an inde-

p enden t set of size n=r p . W e assume n = pq , where p and q are prime n um b ers.

W e de�ne a graph H with n

2

v ertices of the form ( x; y ; z ), where 0 � x < n ,

0 � y < p , and 0 � z < q . W e view x; y ; z as in tegers mo dulo n; p; q resp ectiv ely .

The graph H has all the edges b et w een t w o v ertices ( x; y ; z ) and ( x

0

; y

0

; z

0

)

suc h that x 6= x

0

and y 6= y

0

. The n um b er of suc h edges is M

1

= n ( n �

1) p ( p � 1) q

2

= 2. In addition, H has all the edges b et w een t w o v ertices ( x; y ; z )

and ( x

0

; y ; z ) suc h that x 6= x

0

and ( x; x

0

) is not an edge in G . The n um b er of

suc h edges is at most M

2

= n ( n � 1) pq = 2.

W e exhibit a compression of H , using the fact that G is p -colorable. W e shall

not compress the M

2

edges, although these edges ma y b elong to compressed

cliques. Note that M

2

�

1

( p � 1) q

M

1

.

Let R b e the clique consisting of the n v ertices ( x; y ; 0) suc h that v ertex x

in G has color y in the p -coloring. F or 0 � i < p , 1 < j < p , and 0 � k ; l < q ,

let R

ij k l

b e the clique consisting of the n v ertices ( x; i + j y ; k + l y ) suc h that

( x; y ; 0) is in R . These p ( p � 1) q

2

cliques compress all the edges b et w een t w o

v ertices ( x; y ; z ) and ( x

0

; y

0

; z

0

) with x 6= x

0

and y 6= y

0

and suc h that x and x

0

ha v e di�eren t colors in the p -coloring, and in tro duce np ( p � 1) q

2

�

2

n � 1

M

1

new

edges.

It remains to compress the edges b et w een t w o v ertices ( x; y ; z ) and ( x

0

; y

0

; z

0

)

with x 6= x

0

and y 6= y

0

and suc h that x and x

0

ha v e the same color d in the

p -coloring. Let s

d

b e the n um b er of v ertices of color d , so that

P

0 � d<p

s

d

= n .

There exist d log

p

s

d

e p -colorings of the s

d

v ertices suc h that ev ery pair of distinct

v ertices among the s

d

v ertices gets di�eren t colors in at least one suc h p -coloring.

Using the previous argumen t, w e �nd p ( p � 1) q

2

d log

p

s

d

e cliques of size s

d

for

the v ertices ( x; y ; z ) with x of color d . The n um b er of new edges in tro duced is

P

d

s

d

p ( p � 1) q

2

d log

p

s

d

e � np ( p � 1) q

2

d log

p

n e �

2 d log

p

n e

n � 1

M

1

: Th us, w e ha v e a

compression factor k suc h that

1

k

�

1

( p � 1) q

+

2

n � 1

+

2 d log

p

n e

n � 1

�

6+2 log

p

n

n � 1

: Supp ose

w e can �nd a compression of H with compression factor l . Then the compression

includes a clique with s v ertices in H suc h that ( s � 1) = 2 � l . This clique giv es

is a p -coloring of s v ertices of G , and hence an indep enden t set of size at least

s=p in G . If this indep enden t set is of size smaller than n=r p , then s � n=p and

l � n= 2 r � (

4+log

p

n

r

) k . ut

F eige and Kilian [11] pro v e that c hromatic n um b er is hard to appro ximate

within factor n

1 � �

for an y constan t � > 0, unless NP=ZPP . This implies that it

is also hard to �nd an indep enden t set of size

n

�

p

for an y constan t � > 0, where p

is the c hromatic n um b er of the graph; otherwise w e could rep eatedly select large

indep enden t sets and get a coloring with pn

1 � �

log n colors. Since the graphs in

the preceding theorem ha v e size n

2

, setting r = n

1 � �

giv es the follo wing.



Theorem 18 The unit weight c ompr ession pr oblem is inappr oximable in p oly-

nomial time within factor n

1

2

� �

on instanc es with optimum c ompr ession factor

at most n

1

2

for any c onstant � > 0 , unless NP = ZPP.

Khot [16] impro v es the c hromatic n um b er result to � =

1

(log n )




for a constan t


 > 0, if it is not the case that NP � ZPTIME (2

(log n )

O (1)

). This can b e carried

o v er to the ab o v e theorem as w ell.
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