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Abstract of this problem called théccess Network Desigroblem,
where all demands need to be routed to a central core net-
We consider the problem of incrementally designing a work and there are some natural restrictions on the costs of
network to route demand to a single sink on an underly- the pipes. They show applications of this problem in de-
ing metric space. We are given cables whose costs per unisigning telephone and data networks. We will focus on this
length scale in a concave fashion with capacity. Under problem in this paper.
certain natural restrictions on the costs (called thecess An important consideration in provisioning networks is
Network Desigrconstraints), we present a simple and effi- that it must be donscrementally New demand constantly
cient randomized algorithm that is competitive to the min- arrives, and the existing infrastructure needs to be uggrad
imum cost solution when the demand points arowdine to cope with the larger demand. The goal now is to con-
In particular, if the order of arrival is a random permu-  struct a network and provision cables so that each exist-
tation, we can prove &(1) competitive ratio. For the  ing demand point has a valid path to the sink at all instants
fully adverserial case, the algorithm 3(K)-competitive, of time. Additinally, the path of an existing demand point
where K is the number of different pipe types. Since the should not change because of new arrivals. We are allowed
value of K is typically small, this improves the previous to buy more cables on existing paths to route new demand,
O(log nloglogn)-competitive algorithm which was based but we are not allowed to remove cables we already laid, or
on probabilistically approximating the underlying methig re-route demand paths. In other words, the algorithm must
a tree metric. Our algorithm also improves the best known be online, and competitive against the optimal solution on
approximation ratio and running time for the offline version the existing subset of demand points at every time instant.
of this problem. We present a simple randomized algorithm for the on-
line version of the Access Network Design problem. This
algorithm is constant-competitive if the demand points ar-
1 Introduction rive in random order (implying any permutation is equally
likely), andO(K') competitive for adverserial arrival of de-

The problem of designing networks using trunks to Mand points, wherd< is the number of pipe types (this

route demands has received considerable attention. In thifUmber is typically small). This algorithm improves the
problem, commonly known aBuy-at-Bulk Network De- ~ P€st known online algorithm for this problem both in terms
sign [14, 3, 2, 13], we are given demands at nodes in a ©f @PProximation ratio and running time. .

network which have to be routed to their respective desti- N addition, the offline version of this algorithm has a
nations using pipes of certain capacities and costs per uni€tter approximation ratio and running time than the best
length. The costs obey economies of scale, in the sense thadfnown algorithm for Access Network Design due to Guha
it is cheaper to buy a pipe of larger capacity than many pipes€t @l [10], which was based on facility location techniques.
(which sum to the same capacity) of a smaller capacity. TheThe most compllcgted sub-routine in our algorithm is find-
goal is to optimize the total cost of the pipes we buy to route INd the nearest neighbor.

the demands. Andrews and Zhang [2] define a special caséackground: The problem obuy-at-bulknetwork design
was first defined in [14]. Awerbuch and Azar [3] obtain an
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routed to a single "sink” node), Salman et al [14] show a for both the offline and online cases — it is just the analy-

constant approximation when there is only a single pipe sis which gets weaker as we move from the offline case to
type. Their method is based on the technique of balanc-the online cases. The key technique in the analysis is to
ing Steiner and shortest path trees [4, 12]. For arbitrary construct a routing scheme of low cost on the optimal tree
pipe types, Guha et al [10] obtained’q1) combinatorial using our assignment of pipe types. We then bound the cost

approximation. Meyerson et al [13] provide &Hlogn) of our routing in terms of the cost of the new routing on
approximation to single sink network design without the as- the optimal tree. The precise routing scheme on the optimal
sumption that all pipe types are available on all edges. tree depends on the version of the problem — we can con-

In this paper, we consider a restricted version of the sin- struct better schemes for the offline version compared to the
gle sink buy-at-bulk problem, called th&ccess Network  online version.
Designproblem, defined by Andrews and Zhang [2]. They
proyided a0(K) approgimation using_ LP roqnding_, where 2 preliminaries
K is the number of pipe types (which typically is small
number). Guha et al [9] give 85 approximation to this
problem using facility location techniques, with a running
time of O(Kn?logn). The approximation ratio was im-
proved to81 in [10], while keeping the running time and
basic technique the same.

The only previously known result for thenline buy-at-
bulk problem isO(log n loglogn) competitive, and works
as follows. We embed the underlying metric into a tree

using the results in [5, 6, 7, 8]. Whenever a new source- capacity. The cost of placing a pipe of fixed cogtand

sink pair arrives, we route it along the tree, and map the . .
path onto the graph. We note that this method requires acapacnyuk along a path of lengtih. will be o L. The cost

computationally expensive tree embedding to be performed.zf r(.)"uttr']ng iema;galong thd's distance using pipes of type
The online single-sink buy-at-bulk problem with just one will theretore Ok [ﬁ]'

pipe type has a lower bound on the competitive ratio of

Q(log n), which follows easily from the lower bound foron- 2.1 The Incremental Cost Model

line Steiner trees [1, 11]. Therefore the online algorithen v

tree embeddings is almost optimal in terms of competitive =~ We will use an alternate formulation of this problem, in-
ratio. However, the lower bound does not apply to Access troduced by Andrews and Zhang. Instead of each pipe hav-
Network Design, and we will actually show an algorithm ing a capacityu, the pipes will have incremental cost de-
that does better for this case. fined byd;, = Z—f This represents the per-unit-flow cost of
Our Results: We present a much simpler randomized al- the pipe. If we transpowt units of demand along a path of
gorithm for the Access Network Design problem using an length.L using pipek, we will pay a total ofL (o4 + dxd).
entirely different approach. The algorithm simply assigns The contributiono}, is termed thé-ixed Costand the con-
each arriving demand point a pipe type according to a cer-tribution L d is termed théncremental Costlt is not hard

tain probability distribution. We then use this assignquepi 10 see that a solution under this formulation costs at least a
type to send demand from this node to the closest existingmUCh as the same solution under the capacitated model, and

We are asked to construct a network on an underlying
graph of distances. We are given a Sedf demand nodes
and a single sink. Each demand node € S needs to
transport some amount of demadigto the sink. We are
asked to buy a set of pipes as cheaply as possible so as to
route all demands to the sink. We are allowed to buy multi-
ple copies of a pipe along the same link.

We are giverK types of pipes each with a fixed cost and

point with a higher assigned pipe type. at most twice as much as the solution under the capacitated
For the offline case, our algorithm runs in tinikn?) model. o . _
and achieves an expected approximation rati6®f The If we number the pipes in increasing order of capacity,

most interesting feature of our algorithm is that it is cotape  the concavity of the cost function gives us the following
itive when the demand points arrive online. The competitive conditionsioy < gy < --- < ok, andd, > dy > -~ >
ratio we can show is different depending on whether the or- Oxc.
der of arrival israndomor adverserial For random order
of arrivals, we show an expected competitive rati@)st ), 2.2 The Access Network Design Problem
with O(n) processing time per demand point. Against ad-
verserial arrival of the demand points, we show an expected The Access Network Design problem is a special case
competitive ratio ofO(K). These results improve the best with additional restrictions on the costs of the pipe types.
known competitive ratio of)(lognloglogn) mentioned  The main restriction is that a type pipe is cheaper only
above for small values dk . when it routes significant demand. Formally, the restritio

It is interesting to note that our algorithm is the same can be stated as follows:



1. While the amount of demand is less than,, it is 1. We first eliminate some pipe types so that the incre-

cheaper to use a pipe of tyge— 1 compared to a mental costs scale by at exacgly By the Lemma 2.1,
pipe of typek. For2 < k < K, if d < wy, then this can be done at a fact8rincrease in incremental
ddp_1 + or_1 < dbj, + 0. cost. The details are similar to the scaling in [9] and

) ) are therefore omitted.
2. The smallest demand is at least the smallest pipe ca-

pacity. 2. Forevery node, we choose a pipe of typewith prob-
i ability p(i) = min{1, L }. We will compute the exact
3. The fixed costs scale, that s, 0, < 0. value ofy later. Note that we may be choosing multi-
- _ B ple pipes at a location. We will retain the largest pipe
Note that the above conditions imply thgt=—"271 > w type, and discard the rest.
amount of demand is required before it becomes cheaper to
use pipe typé than typet — 1. 3. We consider nodes in increasing order of pipe types we
We will analyse the case when all demands are unit, and assigned. For every vertexwith pipe typei, we send
u; = 1 This assumption is for simplifying the proof and its demand (and the demand routed to it) to the closest
can be done away with easily, without affecting either the nodew with a pipe of larger type. We will use pipes of
running time or the approximation ratio. Details are onditte types to route fromv to w. Note that the pipes along
from this extended abstract. any path to the sink will be of increasing types.
2.3 Layered Structure of Optimum Solution 3.2 Analysis

Andrews and Zhang [2] showed that there exists a near- The basic technique in the analysis is to take the opti-
optimal (within a constant multiplier on the cost) solution mal tree and assign the same pipe types to the nodes as we
which is a tree satisfying the following properties: assigned in our solution. We then construct a routing on

this tree using these pipe type so that every demand point is
1. Each demand is routed through pipes of consecutiverouted to a point with larger type. We then argue that the ex-
types, i.e. types,2,... k. (k < k). pected cost of this scheme is not much worse than the cost
of the optimal solution. Finally, we show that our algorithm
cannot be more than constant factor away from the cost of
our routing scheme on the optimal solution.

Let the fixed cost of the optimal solution B¢, the in-

cremental cost bé*, and the total cost b€*. Note that

. . * < I*. After scaling the pipe types in Step (1), our in-
We can therefore compare ourselves against the Opt'malgremental cost increasesid” .

solution that satisfies the above mentioned properties. The
Access Network restrictions immediately show this impor-
tant property about the incremental costs:

2. For all pipe typeg, any pipe of that type has at least
up = ‘g—: amount of demand flowing through it. This
implies that along any edge, the fixed cost of routing is
at most the incremental cost.

A subtree of typé is a subtree of the optimum solution
such that no pipes of type+ 1 appear within the subtree,
but the pipe exiting the root of the subtree has typel.
Lemma 2.1. Foranyk > 1, 8,1 < 20y. The total demand in any such subtree of tyfs at least
- uiy1. LetT] represent thg’th subtree of type.
Proof. ﬁ > up = k. O
3.2.1 Routing Scheme on Optimal Solution

3 The Offline Algorithm . : :
We now show a routing scheme on the optimal tree which,

given our pipe type assignments, always routes from a node
to a node with larger pipe type, and argue that this scheme
has low cost. Suppose we are routing demand from a node

The algorithm is very simple to describe — for every de- ,, - 7 which was assigned a pipe of type< i. We do the
mand point, we assign a pipe type at random, and use tha?ollovjing:

pipe type for routing demand from that node to the closest
node with larger pipe type. As we mentioned in the previous 1 7 T7, wherev € T}".
section, we assume all demands are unit,@nek 1. 2.1z +1. '

1For this to make any physical sense, we would actually reqlik 3.If E.Iw € T of typer, routev to w using pipe of typer.
ﬂ‘g—: for somegs < 1. Since it will affect only the constants in our proof, Exit.
we will simplify our notation by assuming = 1. 4. Else

3.1 Description




(a) If r = K, routew to the sink using a pipe of type We now compute the total incremental cﬁfg’tof going

Exit. fromri~" to ri. This process involves traveling frory '
(b) LetT C T};,. SetT « T7,. to ri along edge:i !, and from there, possibly going to a
©)r«r+1. node of typei + 1 in T, and back up ta} along a pipe
5. Goto Step (3). of typei + 1. Let!; denote the average I]ength of the sub-

We first estimate the probability that there is at least one treesT ! (including the e,dgei 1)_’ andd(77) d?‘”‘)‘e the
pipe of typei + 1in T?. Let us call the lower bound on this ~ 8Verage length of the tréff (including the edges).
probability . Lemma 3.3. 3, 5, E[V/] < 32%22[*.
Lemma3.1. a > 1—e~7. Alternatively,y > —In(1 — a).

Proof. With probabilitya’ > «, we route fromri~! to a
' randomly chosen node of typet 1 in T]’ using pipes of

expected incremental costd;, and from there t@; using

pipes of type +1. With the remaining probability, we travel

Proof. Let D be the amount of demand in the subtree
whereD > u;11.

~ D alonge; using pipes of expected incremental cosY;. Let
a 2 1- <1 T i > D' denote the demand if/.
> 1—e First, note tha ", >~ d(T})diy1 < 3 - 3I*. This fol-

lows from the analysis in [9]. The additional factor »fs
| because of scaling the pipe types in Step (1). Therefore,
usingd; 1 = 34;, we obtain:

3.2.2 Bounding the Incremental Cost

We will now inductively bound the expected incremental V}i / 1
. : ) E[—=] < cc10; i+ a i - d(T
cost we pay in the above routing scheme. Consider subtree [D;.] < ab-adiclital-di - d(T)
i—1 i i—1 i—1 i
T, CTj.Letr, " denotetherootof} " andr; denote +(1-a') - ed; - (d(T) - 1;)

the root ofI'!. Letej " denote the edge connecting ' to
r; Note that the optimal solution was using an edge of type
i anngef;], and therefore was paying an incremental cost
per unit demand per unit length &f

In our routing scheme on the optimal tree, denote the
incremental cost per unit demand per unit length to route

IN

a - d(Tji)(c1 0i + dit1)
—(2/ = 1) - 18- (d(T)) — 1)

We now sum this expression up, and note that the maxi-

alongei~! asUi~!. Inductively assum&[Ui '] < ¢;0;, ~ Mumvalueis attained wherl = a, ande; = 5.
for all treesT?—'.
Lemma 3.2. U!] < 7-250;41. YSTEW]] < o3I (Lsa+3ai(Lha + 1 — 2a))
. . i
Proof. Consider the tre&’! and the edge’.. We are inter- 902
ested in the expected incremental cost paid along this edge. 3 : 5 *
o —

With probabilitya’ > «, there exists at least one node of
typei+ 1in T¢, in which case, the incremental cost per unit O
demand per unit length alorg is §; 1.

With probability1 — o', we will not find any such node, 35 3 Bounding the Fixed Cost
in which case the expected incremental cost is at m@st
by induction. Also, the expected value depends only on We now compute the expected fixed cost per unit demand

pipes of typed, 2, ... ,i presentin the subtree, and is inde- of the routing scheme.' We denote the fixed cost per unit
pendent of the presence of a pipe of type 1. Therefore, demand to route alongj; by the variableV’;. Inductively
assume thag[Wi!] < ¢s6;.
ElU] < (- 0/)3a — 2571 +a'dip Lemma 3.4. EW}] < %6”1.
< a 0it1 Proof. Assume that the amount of demandﬁ}ﬁ isD >
3 — 2«

u;+1. First, we observe that if there is at least one pipe of
The final inequality uses the fact that= 36,1 because  typei + 1 within the subtree, the expected fixed cost per
of scaling. O unit demand will be proportional to the expected number of



points of typei + 1, and this cost i1 + 7(f—:)) e Proof. Since we always route to the closest pipe of higher
(1+7)0is1. ' type, our fixed cost cannot be more than the fixed cost of the
If the probability of a pipe of typé+ 1 is exactlya’ > a, routing scheme on the optimal tree described above. There-
using the same technique as for the incremental cost, wefore, the first claim follows. To prove the second claim, we
have: use induction starting from the largest pipe type. Clearly,
the claim holds for the largest pipe type. Consider a node
EWi] < (1-d) a(l+9) 5 + o' (1470511 of typei. Suppose we were sending it to a nadelistance
- 3o — 2 dy away, while the routing scheme described above on the
a(l+7) Sist optimal tree was sending it a distanée > d; away to a

- 3-2a nodez. Let the optimal routing cost for node be I (w).
Clearly,lo(z) < 6i+] (d] + dz) + Io(w).

Denote the routing cost for in our solution bylg(z).
By induction,Is(z) < 3Ip(z). Combining this withd, >
dy andé; 41 = 2, we derive:

O

We now compute the total fixed cogt;? to route from
ri~! to 4. This will involve going up tor} along edge
ei~!, and possible map back to a node of type 1 within
T} and from there up te! using a pipe of typé + 1. Is(v) = dy-d; +Is(2)

, < dy 6+ Is(2)
Lemma 3.5. Y, 3, E[Zi] < (%) I, < dy -6+ 3I0(2)
Proof. We use exactly the same arguments as for the incre- < di -6+ 3(20i41dh + To(w))
mental cost. Let’ denote the probability of a pipe of+ 1 < 3(dy -6 + To(w))
existing in the subtree. = 3Ilo(v)
O
Zi _
E[ZL] < a'-edi-li+a G (1+7) - d(Ty) Therefore, we have:
bi 1. E[Fs] < (M) I,
+(1 — ()A,) . (32(51' . (d(T7) — ]1) T 3a—2
< a' - d(Ty)(e2bi + (14 7)0i11) 2. E[Is] < ( 270’ ) I~

: (3a-2)

—(2a' — 1) - c36; - (d(T?) — I . .
(207 =1) - e20i - (d(T}) = L) Wheny = 2, thena = 1 — e~ = (.865. Plugging this

value in, we have &7.95 approximation. We can improve

W thi : d note that th . this constant slightly by a more careful scaling and choice
€ now sum fhis expression up, and note that the maxi- ¢ ~. We omit the computation from this abstract.

mum value is attained whes = «, ande, = 211
4 Online Algorithm for Non-Adverserial In-
D> ODCEZ] < 3I7(15(1+7) + 3c2(Lba+ 1 - 2a)) puts
902(1 4 7) . We now assume that the points arrive online, but in ran-

dom order (meaning that each permutation of the points is
equally likely). We wish to lay pipes in such a fashion that
O we never remove a pipe we already laid, and all existing
points have a path to the sink. The goal is to construct a
solution which isO(1)-competitive to the optimal solution
at every step.
Denote the expected fixed and incremental costs of the rout- The algorithm is almost the same as before. When a new
ing scheme on the optimal tree described abové®yand demand point is added, it is assigned a random pipe type.
Io respectively; and the same for our solution By and Using this pipe type, it is then connected to the closast
Is. The following lemma is based on the observation that isting point of greater pipe type. It is easy to see that the
our algorithm routes every point to a closer point than the resulting structure is a tree. Note however that when we
routing scheme outlined above. add a new demand point, we may have to buy extra capac-

ity along every link on its path to the sink. This gives a
Lemma 3.6. HFs|Fo] < Fo andE[Is|Io] < 3lo. running time ofO(n) per addition.

3a—2

3.2.4 Final Analysis



4.1 Routing Scheme on Optimal Solution 4.2 Bounding the Fixed Cost

_ _ As before, consider an edgg ! of the optimal solution,
Consider any stage of the algorithm where we have which connects?; ' tori. Let the total demand traversing

added a seP of points. First, we can convert the optimal this edge beDi~!, and let the length of this edge big !
solution at any stage into a tree that satisfies the Access NetThe fixed costnﬁas three components:

work conditions at a constant factor loss in cost. Consider
the optimal solutio¥™ on this set.

As before, we will construct a routing scheme on the op-
timal tree given the order of arrival of the points and the 2. F; of pipes of typei + 1 placed inT;' in traveling to
random assignments of pipe types, and argue that this rout- ¢
ing has low cost. Each demand point will be routed to an J' ,
existing point with larger type in this scheme. Whenevera 3. Z;, ' of pipes of typej < i in traveling fromr? to a
new pointv arives, we will assign a random pipe type to point of type larger thasj in 7.
it. Suppose we assigned it a pipe of type The routing i1 i1 4 i1
scheme, which is slightly different from the offline case, is Lemma 4'1', BWa 1 < (6470 o1 < 5(647)0: D5,
as follows: Proof. Let nj, denote the number of demand points of type

k traversinge!—!. Note that we will use a pipe of type
on this edge iff no existing point withi#! ~! was assigned

1. Wit of pipes of typej < i travelinge!, ! fromri 1
tori.
J

1.T « TF, wherev € T}, a pipe of type at least + 1. Therefore,E[n}] < =+
2.1« x4+ 1. The expected fixed cost paid by these points is therefore at
3. If 3w e T with pipe typez < y < r which previously mostdruk+1 = 3ok+1. Therefore, the total expected cost is

arrived: at most6o; by the assumptionthgt, _; o, < ;. The ex-

(a) Find such av with the largest pipe type. pected cost paid by points of types at most’-u;o; = yo;.

(b) Routev to w using pipe of type:. Exit. The second part of the lemma follows from the observation
4.Else thatDj * > . O

a) If r = K, routew to the sink using a pipe of t , , ,

( )E;t v g apipe otype Lemma 4.2. EFi] < ~6;Ditd(Tir ).

(b)LetT C T SetT « T.. Lemma4.3. B2} '] < 3d(T}) - (6 + ) - 6; DL, "

C)r«r+1.

Proof. Consider any demand point of tyge < i that ar-
rives atr} from treeT)’'. In the worst case, it could be
sent to a point chosen uniformly at random from a different
subtree froni}"'. Since no subtree can have more tHan
added a seP of points. Consider the optimal solutic of the total demand, the expected distance travelled by this

on this set. As before, I&tF*, I*) be the fixed and incre- demand is at moxd(7}). The expected fixed cost paid per

mental cost of this optimal solution. Note that < 7*. Let ~ unitdemand is at mosf(6 + ), and this value is indepen-
C* = F* + I*. Note that the points in s have arrived ~ dentof what points are chosen in the other subtrees ]

5. Goto Step (3).

Consider any stage of the algorithm where we have

in random order. We now compute the total fixed cost paid by the de-

Assume as before that we can scale the pipe types so thamnands. Let the total fixed cost be denofesl
the incremental costs scale by exagtly- % The scaling of .
the incremental costs causes the incremental cost to becomléemma 4.4. BFo] < (96 +20.57)1".

3I*. We also note that this procedure ensurgs > 3u;. Proof.
We first change the optimal tree so that every tT?'é] Fo = Z 4Fji n Z W; I Z Z]’f
has betweeA: and2% demand. Furthermore, if there are i ig i

at least two subtrees within a trégf, no subtree has more ; B
than half the total demand in the parent tree. This increases Ve Note thab ;> >, 20, d(Tj)or < 531", Here, the
the fixed cost, but leaves the incremental cost unchangedfaCtor of 3 is from the scaling of the mcremel;]tal costs.
We just split the tree to ensure this condition. The split can |nerefore, the total fixed cost is at m@st+ ) - (5 * 3 +

. 3 8Y . 7% 3. *
always be performed, as the demand in tféeis at least 2 * 3x3) I+ 5307 .

w1, Which in turn, is at leasdu,. In our online solution, the total expected fixed cost of
We use the routing scheme on the optimal solution out- the edges we lay is at mosp, as we route to the closest
lined in Section 4 existing point with larger pipe type.



4.3 Bounding the Incremental Cost

Consider the edge;, !. Let us find the expected demand
originating in7}:.! and traversing this edge using a pipe of
typek < i. Letel,' € T;. Let the incremental cost due to
all such demand b&’/ 1. Let the demand along this edge
be D! 1, and let the length of this edge Hg!.

Lemma4.5. HX,, '] < (1+2)-4;Dj, "

Proof. Letn denote the amount of demand using a pipe of
typek < i. E[ni] < “’“% and the expected incremental
cost per unit length paid by this demand is at mQsE[n],
which is at mosB”’“—;‘. This summed over < k < i gives

an incremental cost of at mo%tn < %(SiD;:*l. Even if we
assume all demand uses pipes of typthis contributes at
mostéiD;f] to the expected incremental cost. O

1. E[Fs] < (96 + 20.5y)T*.
2. E[ls] <84(2 + 11"

For~ = 4, we have an expected competitive ratiol08.
This gives us the following theorem:

Theorem 4.1. There is a constant competitive algorithm
for Access Network Design with the arrival pattern being
a random permutation of the demand points.

5 Online Algorithm for Adverserial Inputs

The algorithm is slightly different from the online non-
adverserial case. We will construct an acyclic graph inktea
of a tree. However, we will not re-route any demand, and
always send a node to one or more nodes of larger type.
Let Typgv) denote the assigned pipe type for vertexet

We now add the worst possible incremental cost that this P(v) denote the current parent ofin the graph. Initially,

demand traveling upwards aloafj ! could encounter. This
demand could be sent fronj to a node of larger type in
T; — T, " and from there back up to, along this larger
pipe type. Let ;! denote the incremental cost paid by this
demand atr;: when it is mapped back and again up along a
pipe of larger type. LeD: ! denote the total demand in
this subtree, and(T]?) denote the average distance in this
subtree.

Lemma 4.6. BY,) '] < Hd(T)) - (£ +1) -4

Proof. The proof is exactly the same as for the fixed cost,

and is therefore omitted. Note that since the demand is

P(v) = sforall v.

1. For a new point, assign random pipe type as before.
2. w + Closest existing point te with Type(w) > Typegwv).
3. If dist(v, w) < 2dist(v, P(v)), setP(v) « w.

4. Route new demand fromto P(v) with pipes Typév).
5.v « P(v).

6. If v # s, goto Step (2).

We will use a different analysis from the non-adverserial
case. In fact, we will use different routing schemes to ac-
count for the fixed and incremental costs.

As before, the optimal solution on the getof arrived

mapped both downward and back up along a larger type,points can be converted into a tree satisfying the Access

we double the distance traveled. O

We now compute the total fixed cokb paid by the de-
mands.

Lemma4.7. Hlo] < 28(2 + 1)I*.

Proof.

Io = ZX; + ZYJZ
ij i

Now, >, s 25 d(T))d, < 331*. Here, the factor
of 3 is from the scaling of the incremental costs. Therefore,
i i 4 3 16 * _
the total fixed cost s at mo$§+1)-(§*3+§*3*?) g =
28(2 + 1)I*.

4.4 Final Analysis

Let the fixed cost of our algorithm &g, and the incre-
mental cost bds. From Lemma 3.6, since we connect to
the closest point of the larger typE[Fs|Fp] < Fp, and
E[Is|Io] < 31p. Therefore, we have:

Network constraints with a constant factor loss in cost. Let
T* denote the optimal tree 0A. We scale the pipe types
so that the incremental costs scale by factors of exactly
We also change the optimal tree so that everyl?]é*é has

between? and2% demand. Furthermore, if there are at

least two subtrees to a tree, no subtree has more than half
the total demand of the parent tree.

5.1 Routing Scheme for Bounding the Fixed Cost

The following is routing scheme in the optimal solution
so that any demand point is sent to a previously arrived point
of larger pipe type. Suppose the arriving demand poist
of typex.

1.7« T7, wherev € T2, r < x + 1.
2.If Jw € T with pipe typey s.t.r > y > x which
previously arrived:
(@) LetTy{ >, 7y 2,... ,T, > C T be the subtrees with
points of type in the rangle: + 1, 7].
(b) Let the most recent point of largest type in these



subtrees ba, ws, . . . , w respectively.
(c) Letw; be the most recently arriving among these
points.
(d) Routew to w; using pipe of type:. Exit.
3. Else
(a) If r = K, routew to the sink using a pipe of type
Exit.
(b)LetT C T'. SetT’ « T.
C©)r«r+1.
4. Goto Step (2).

As before, let the average length of subti‘?’ebe denoted
d(Tj).

Lemma 5.1. Consider any subtre@’ ! in which at least

Uj+1
Uj

Lemma5.5. Hn;(e,p)] < O(K) -

Proof. Let us identify the demand points of tygewhich

will be sent top. Letr? be a node betweenandri . Con-

sider the subtreeg! ", T3 ",... , T~ which are rooted
at r}, and the time instant just after we added Let

peTi .

Adding points to subtrees in which the largest type is at
leastj + 1 do not matter, as we cannot route a pipe of type
j out of these. The adversary therefore has the choice of
picking one of the other subtrees, and adding a point there.
The point gets assigned a pipe of typaith probabilityulj.

As soon as any of these subtrees gets a pipe of atjleabt
we will start routing points of typg to this subtree instead

one point of type has appeared. The expected distance of of p.

any such point of typgto ri ! is at most2Xd(T ).

Proof. The expected number of points which must appear

in the subtree before we place a pipe of typis at least

31 fraction of the total number of points in the subtree, in-
dependent of the order of arrival of the points. The lemma

then follows. O

We first bound the fixed cogt’ ! paid by the points of

typei within 7! to reachri!. Since we prove &(1)

The probability of a point of typg+ 1 appearing relative
to a point of typej is u:‘il . Therefore, the expected number
of points of typej appearing before a point of tyge+ 1
appears is thereforél%l. All these points get routed tp
at this level. Summing this up over all nod@sbetweem

andr? , we have the lemma. O

We now compute the expected fixed cost along edge
due to the demand points of type< i which are routed to

approximation, we omit the exact constants from the proof. P- LetZ (e, p) denote the fixed cost paid by demands routed
The proof of the following lemma is the same as in the pre- to this node.

vious section.
Lemma5.2. EF:'] < O(1) - 6;d(TE ).

Consider the edge,!. We will first compute the ex-

pected total fixed cost per unit lengti/’ ! paid by de-

mand points of typg < i traversing this edge in the upward

direction. LetDi ! denote the amount of demandit, .

This computation is the same as for the non-adverserial cas

in Lemma 4.1, and therefore, we have:
Lemma5.3. BWi '] < O(1)-6;Di L.

We now have to bound the expected fixed cost paid by
the demands traveling in the reverse direction. We cannot
use the random mapping technique used in the previous sec-
tion, as it was crucially based on the point of type largentha
4 in Ti-1 being a random point. This is no longer true. We

use a different technique now.

Consider any poinp where we placed a pipe of type
Letp € T}. Suppose we routed this point ujjl fori' > i,
and fromrj; to a point of typeg > 7 within that subtree.

Let F, (e, p) denote the fixed cost paid hyalong this edge.

Lemma5.4. 5, 5, Fole,p) = 3, X2, (Wi, + FL) <
oI,

Consider any edgeon the path between andrj;;. We
will compute the expected number of pointe, p) of type
J < i that will be routed tg alonge.

Lemma5.6. EZ(e,p)|Fy(e,p)] < O(K) - F,(e,p).

Proof. The proof follows from the previous lemma in ex-
actly the same fashion as boundinfy * in Lemma4.3. O

We now bound the total fixed co8b we pay in our rout-
ing scheme. The fixed cost has two components — that due
to routing upwards and that due to routing badk,(e, p)

%ounds the cost of routing forward, whilg(e, p) bounds

the cost of routing back. Adding these up, we have:
Lemma5.7. BEFp] < O(K) - I*.

Let Fs be the fixed cost our algorithm pays. Note that
the total fixed cost paid by edges outwofs at most three
times the fixed cost of the first edge, which can be no longer
than the edge used to route outwoin the routing scheme
on the optimal solution. Therefor&[Fs|Fp] < 3Fp.

Theorem 5.1. Let F; be the fixed cost paid in the routing
scheme described above. l/&f denote the fixed cost paid
by our algorithm, andl* denote the optimal incremental
cost. ThenE[Fp] < O(K) - I* andE[Fs|Fp] < 3Fp.

5.2 Routing Scheme for Bounding the Incremen-
tal Cost

We will use another routing scheme which does not
maintain the tree property. Different demands arriving at



a node could get sent along different paths. The scheme i9(K) -u;119; = O(K)o;+1. Summing this up, the lemma
as follows: follows. O

1. v« Newly arriving point. This implies that the expected incremental cost is at most
g- T Tyfe(vr)]- ) O(K) Y., , E[F,(e, p)]i(e), which we showed above is at
T Ty, wherev € Ty, mostO(K)I*. Let I denote the incremental cost of this

4drezstl _ routing scheme.
5.1f 3w € T with pipe typer > y > z, which
previously arrived: Theorem 5.2. EIp] < O(K)I*
(@) LetTy{ >, 7y 2,... ,T, > C T be the subtrees with
points of type in the rang: + 1, 7]. Let Is denote the incremental cost of our routing
(b) Let the most recent point of largest type in these scheme.
subtrees ba, ws, . . . , w respectively.

(c) Letw, be the most recently arriving among these pointsemma 5.9. Els|Io] < 91o.

(d) Route the new demand fromto w; using pipe-typer. i ) )
Proof. Consider the instant we add a demand ppinton-

gfe))égoqgt'ep ). sider the demand added till then, and the routing scheme
6. Else on these points in the optimal solution shown aboveu If

(@)If r = K, routev to the sink using pipe-type. Exit. i_s being route_d tav, and dis_(v, w) = dy, then our algo-

(b) LetT C T7.. SetT « T nthm_ has asagngd to a point no more thaﬂ].§d1 away.

©)r <« r+1. This is true even if we _conS|d§r the. best possml(_e incremen-
7. Goto Step (3). tal cost solution on points uptil which routes points only

to nodes of larger types. Using the same idea as in the proof
of Lemma 3.6, we can show that the incremental cost of
We will now bound the incremental cost of the routing routingp in our solution is not too far away from the best
process in terms of the fixed cost of the routing scheme in possible incremental cost that can be assigned by the above
Section 5.1. Consider any poiptwhere we placed a pipe routing process. O
of typei. Suppose this is present in trég and it is routed
upward tor’, from where it is sent to a node with larger Theorem 5.3. Let I, be the incremental cost paid in the
pipe type. This route is exactly the same as the route for therouting scheme described above. Ilgtdenote the incre-
fixed cost. Later on, demands arriving at this node could getmental cost paid by our algorithm, antd denote the op-
sent along different paths. timal incremental cost. Therg[lp] < O(K) - I* and
First, note that the incremental cost of routing demand E[Is|/o] < 916.
upward using type is at most the worst possible cost of . o . . .
routing the demands incident gndownward along their Finally, combining the analysis for fixed and incremental
respective pipe types, aé, is the highest possible node in  COStS, we have:
the tree to which demand can ever be sent. Therefore, w
can ignore the cost of routing upwards.
Let e be any edge on the path frapto r . LetY (e, p)
denote the incremental cost per unit length paid along edge
e by demands sent to noge Assumee has length(e). References
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