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h simultaneouslyapproximate fair and max-throughput solutions. In fa
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ally interesting model where the algorithm assigns routes and weights, and wherethese weights are used to drive theWeighted Fair Queuing poli
y in the routers, we present anO(log2 n logU)-
ompetitive algorithm. We also show that the dependen
e on U is ne
essary by presenting an 
(plogU)lower bound.The upper and lower bounds presented in [4℄ for online maximization of throughput be
ome invalidif we are allowed to assign weights. We prove an 
(log n) lower bound for this model and present anO(log n log log n)-
ompetitive online algorithm.We present preliminary simulation results whi
h show that our algorithm is e�e
tive in attaining highthroughput without signi�
antly sa
ri�
ing fairness.
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1 Introdu
tionSimultaneous fairness and throughput In a best-e�ort 
ommuni
ation network two natural goals areto divide the available resour
es (bandwidth) as fairly as possible and, at the same time, to maximize thetotal bandwidth allo
ated to the users (throughput).The a

epted de�nition of fairness is max-min fairness [8℄. Roughly speaking, bandwidth allo
ation is
onsidered max-min fair if \poor" sessions 
annot in
rease their bandwidth by stealing from \ri
her" sessionsthat share links with them. Sin
e this de�nition assumes that the routes are given, the standard approa
h
onsists of two independent steps. The �rst step 
omputes the routes, and the se
ond step divides thebandwidth along these routes in a max-min fair way. The �rst step 
an be implemented using algorithmssu
h as in [4, 3℄. Several eÆ
ient distributed algorithms that implement the se
ond step are known [1, 2, 5, 7℄.Unfortunately, as long as the �nal step implements exa
t max-min fairness, it is impossible to approximateglobally optimum total throughput. (Lo
ally maximum throughput, i.e. maximum throughput withoutrerouting, 
an be approximated by distributed algorithms su
h as in [6℄). On the other hand, by \averaging"fair and throughput-optimum solutions one 
an always exhibit bandwidth allo
ation that is within a fa
torof two of maximum throughput and where ea
h session re
eives at least half of the bandwidth it would getin a fair solution. In this paper we address the problem of getting 
lose to su
h allo
ation online.Sin
e max-min fairness assumes that routes are given, we need a more general fairness de�nition whi
hwill be equivalent to max-min fairness when the routes are already known. Kleinberg et al. [11℄ proposedthe following de�nition of fairness in a variable-route s
enario. Compute a bandwidth ve
tor 
omposed of thebandwidth allo
ated to 
onne
tions, in in
reasing order. The ith 
oordinate is thus equal to the bandwidthof the 
onne
tion re
eiving ith least bandwidth. Also de�ne a pre�x ve
tor where the ith 
oordinate is equalto the sum of the bandwidths assigned to the i minimum sessions (i.e. the sum of the �rst i 
oordinatesfrom the previously 
omputed ve
tor). Note that the �rst 
oordinate of the pre�x ve
tor represents thebandwidth given to the \most starved" 
onne
tion while the last 
oordinate is equal to the total throughput.An allo
ation with lexi
ographi
ally maximum bandwidth ve
tor is 
onsidered globally fair. It's not diÆ
ultto show that the allo
ation with the larger bandwidth ve
tor also has the larger pre�x ve
tor. If routes arepreassigned, the globally fair assignment of bandwidths is identi
al to the max-min fair allo
ation [8℄.Using the above de�nition of global fairness, we 
an restate our goal as follows: We need to designan online algorithm whi
h assigns routes and bandwidths so as to guarantee that throughput is withinpolylogarithmi
 fa
tors of optimal and ea
h term of the bandwidth ve
tor is within polylogarithmi
 fa
torsof the globally fair bandwidth ve
tor.Unfortunately, the above stated 
riterion does not always lead to reasonable allo
ation of bandwidth.There are 
ases where one 
an start with a solution whi
h a
hieves 
lose to optimal throughput and assignsevery session 
lose to its globally fair bandwidth, and in
rease the bandwidth assigned to many \starved"
onne
tions by a polynomial fa
tor, while redu
ing the total throughput by less than a 
onstant fa
tor. Forexample, 
onsider a path that 
onsists of n unit-
apa
ity edges. Assume that there are n requests goingalong the line and, in addition, ea
h link has pn requests using that single link. Maximum throughput isn; max-min fairness assigns ea
h 
onne
tion 1=(n+pn) bandwidth and a
hieves �(pn) throughput. One
an assign 1=2 to n \short 
onne
tions", one per link, and assign 1=2(n+pn) to all the other 
onne
tions.Observe that this a
hieves a 
onstant fra
tion of the optimum throughput while ea
h 
onne
tion in thisassignment gets at least a 
onstant fra
tion of its \fair bandwidth". Now 
onsider an alternative assignment,where ea
h short 
onne
tion gets 1=(2pn) and ea
h long one gets 1=(2n). Intuitively, the last assignment ismu
h better.Our results The above example indi
ates that we need to modify our goal. Instead of trying to approx-imate the throughput and the globally fair bandwidth ve
tor, we will simultaneously approximate all ofthe possible bandwidth ve
tors. More pre
isely, our goal is to design an algorithm that assigns routes andbandwidths su
h that its 
orresponding bandwidth ve
tor is 
oordinate-wise at least a 1=
 fra
tion of anypossible bandwidth ve
tor. We 
all 
 the 
ompetitive ratio of the algorithm. A 
-
ompetitive bandwidthallo
ation guarantees, for any b, that the number of 
onne
tions whi
h were assigned bandwidth � b is not1



lower than the number of 
onne
tions whi
h were assigned bandwidth � 
b in any legal solution. It's fairlystraightforward to show that our pre�x ve
tor is also 
oordinate-wise at least the same 
 fra
tion of anypossible pre�x ve
tor. Thus a 
-
ompetitive bandwidth allo
ation also a
hieves throughput whi
h is withina 
 fa
tor of optimum.While we present su
h an algorithm in Se
tion 5, we 
on
entrate on a slightly di�erent model, whi
h webelieve to be mu
h more appealing from the pra
ti
al perspe
tive. We assume that the algorithm assigns aweight to ea
h 
onne
tion and that the routers implement a Weighted Fair Queuing (WFQ) [9, 13℄ s
hemeusing these weights when forwarding the pa
kets. In worst 
ase terms this ensures that a 
onne
tion will getat least the minimum, over all links that it uses, of Bwi=Pj wj , where B is link bandwidth, wi is the weightfor 
onne
tion i, and the sum is over all the 
onne
tions assigned to the link. We 
hoose WFQ be
ause it iswidely a

epted as a standard fair s
heduling paradigm in the networking 
ommunity and is supported (inone form or another) by most modern routers and swit
hes.It is important to note that our model is di�erent from the model of Awerbu
h et al.and Aspnes et al. [4, 3℄;our model allows the assignment of variable weight or bandwidth to ea
h request while the previous modelsassumed that requests had �xed, predetermined bandwidths. In parti
ular, the logarithmi
 upper and lowerbounds presented on throughput-
ompetitiveness in [4℄ do not apply for our model. However, we presentan 
(logn) lower bound on throughput-
ompetitivity in our model (see Se
tion 8.1). We also show anO(logn log logn) throughput-
ompetitive upper bound (see Se
tion 4).Our main result is an online algorithm whi
h a
hieves O(log2 n logU) 
oordinate-wise 
ompetitive ratio.For ea
h 
oordinate, U is the re
ipro
al of the maximum value (over all solutions) of that 
oordinate. Forthe �rst 
oordinate in the bandwidth ve
tor (for whi
h U will be largest), U is equal to the minimum (overall solutions) of the maximum (over links) of the number of sessions routed along a link. We show that thedependen
e on U is ne
essary by presenting an 
(plogU) lower bound on pre�x-
ompetitivity to globalfairness.In the 
ase where bandwidth has to be assigned expli
itly during the routing phase, we present analgorithm that a
hieves O(log2 n log1+� U=�) 
oordinate-wise 
ompetitivity (for any 
hosen �). We also showan 
(log1+� U=�) lower bound in this model.Related work Kleinberg et al. [11℄ addressed the problem of obtaining pre�x optimality for s
hedulingand for single sour
e unsplittable 
ow problem in an o�ine setting. For the single sour
e unsplittable 
owproblem, they produ
e a solution whi
h is a 
oordinate-wise two approximation of the globally fair allo
ation.In 
ontrast, we study a more general problem in an online setting. We 
onsider the multiple-sour
e online
ase where the obje
tive is 
oordinate-wise approximation of any bandwidth allo
ation (not just the fairest).The problem of fair bandwidth allo
ations for single sour
e fra
tional 
ows was �rst studied by Megiddo[12℄.The problem of online throughput maximization was 
onsidered in [4℄. If one uses the algorithm in [3℄where ea
h 
onne
tion is assumed to have unit bandwidth, it is possible to maximize the bandwidth allo
atedto the poorest session. It is interesting to note that, experimentally, the se
ond approa
h a
hieves a verygood approximation of global fairness. None of the above algorithms 
an be used to address the simultaneousapproximation of fairness and throughput, 
onsidered in this paper.Simulation Results Preliminary simulation results are presented in Se
tion 7. Instead of implementingthe proposed algorithm dire
tly, we have implemented a modi�ed version whi
h attains the same 
ompetitiveratio up to a 
onstant fa
tor. As expe
ted, the results are mu
h better than worst 
ase bounds and indi
atethat our algorithm is e�e
tive in a
hieving its goals: we get signi�
antly larger total throughput withoutsigni�
antly deviating from optimum fairness.
2



2 ModelWe are given a dire
ted (or undire
ted) graph with n nodes and m � n(n� 1) edges. Requests arrive in anonline fashion; ea
h request spe
i�es a sour
e and sink node. When a request arrives, our algorithm mustassign a route (path from sour
e to sink) for the session, as well as a weight whi
h will be used to determinethe session bandwidth. All weights assigned by our algorithm will be between zero and one, although thisrequirement is not needed for our lower bounds. The �nal bandwidth given to ea
h session will be determineda

ording to Weighted Fair Queueing [9, 13℄. Our analysis only requires that ea
h session re
eive bandwidthat least equal to the minimum, over edges along its route, of the session weight divided by the total weightof all sessions using the edge.We assume that sessions, on
e set up, remain in the network forever. We also assume that the variousrequests have equal priority, and that all edges have equal total bandwidth. None of these three assumptionsare ne
essary for our algorithm to work; slight modi�
ations will en
ompass the three s
enarios des
ribed.We mention su
h modi�
ations in Se
tion 6.De�nition 1 The bandwidth ve
tor for an assignment of routes and bandwidths is 
omposed of the assignedbandwidths in nonde
reasing order.De�nition 2 The globally fair solution is the assignment of routes and bandwidths whi
h produ
es thelexi
ographi
ally largest bandwidth ve
tor. There may be several globally fair solutions, ea
h with an identi
albandwidth ve
tor.Observe that every globally fair solution is also max-min fair; moreover, if routes are preassigned, themax-min fair solution is unique and therefore globally fair.De�nition 3 A solution is 
C 
oordinate-wise 
ompetitive against all solutions if, for every i, the ith
oordinate in the bandwidth ve
tor is at least 1=
C times the maximum value, over all bandwidth ve
tors, ofthe ith 
oordinate.De�nition 4 A solution is 
P pre�x 
ompetitive against global fairness if the sum of the �rst i 
oordinatesof the bandwidth ve
tor is at least 1=
P times the sum of the �rst i 
oordinates in the globally fair optimalbandwidth ve
tor, for every i.Our algorithm will guarantee O((log n)2 logU) 
oordinate-wise 
ompetitivity against every possible solu-tion on the given graph and request sequen
e. We de�ne U to be minimum over all solutions of the maximumnumber of requests routed along any link. Equivalently, U is also equal to the re
ipro
al of the minimumbandwidth assigned in the globally fair optimal solution.Observe that any solution whi
h is 
oordinate-wise 
ompetitive against all other solutions must also bepre�x 
ompetitive against all other solutions. Sin
e the total throughput of a solution is equal to the �nalpre�x, it follows that our algorithm is also O((log n)2 logU) throughput 
ompetitive. Using the methods de-tailed in Se
tion 4, we 
an prove an O((logn)2 log logn) bound on our algorithm's throughput-
ompetitivity.3 The GMP AlgorithmThe algorithm maintains a number of stages; virtual \
opies" of the network. Ea
h stage maintains loads onea
h edge, where �ie is equal to the number of requests whi
h stage i has routed along paths whi
h in
ludeedge i.Ea
h stage 
an 
ompute 
osts, 
ie = 2�ie�1, on the various edges. When a request 
omes in, the algorithm�nds the minimum 
ost path from sour
e to sink in ea
h stage. The lowest-numbered stage whi
h has a pathof 
ost n� 1 or less will route the request. If stage i is to route the request, then the new session will follow3



its minimum stage i 
ost path, and will be assigned weight 1=(i� 1 + logn). The loads along this path instage i will be in
reased by one; all other loads remain un
hanged.The algorithm used by ea
h stage 
losely resembles the algorithm used in [4℄ running with 
apa
ity logn.3.1 Analysis of GMP3.1.1 Single Stage AnalysisWe wish to 
ompare the number of requests routed at a single stage to the number of requests whi
h 
ouldbe routed using 
apa
ity ue on ea
h edge e. Suppose request sequen
e R rea
hes the 
urrent stage (these arethe requests whi
h no lower stage routed). We rewrite the 
ost fun
tion in terms of ue as 
e = n�e=Aue � 1for a 
onstant A (note that A = (logn)=ue yields our standard weight fun
tion). We route requests online,along their minimum 
ost route. If a request's minimum 
ost route has 
ost greater than n � 1 then therequest will be reje
ted by the 
urrent stage and passed on to the next; otherwise the request is a

eptedand we in
rement the loads (�e) along its path.We 
ompare the total number of requests we a

epted (�A) to the maximum possible number of requestswhi
h 
ould be a

epted o�ine, using 
apa
ity ue on ea
h edge (��). The following lemmas are modi�
ationsof lemmas appearing in [4℄. They relate the value of the 
ost fun
tion to the number of sessions routed.Lemma 3.1 If Aue � logn, then PeAue
e(L+ 1) � 2�A lognLemma 3.2 �A � A��=(A+ 2 logn) provided Aue � logn for all edges e.Lemma 3.3 The load on edge e is �e � Aue.For our algorithm, every stage has Aue = logn. Treating every edge as having bandwidth b, we derive thefollowing theorem whi
h relates the number of requests a

epted in a stage (�) with the maximum numberof requests rea
hing that stage whi
h 
ould be routed using 
apa
ity b on ea
h edge (��b).Theorem 3.1 � � ��b=(2b+ 1)3.1.2 Proof of CompetitivityWe now analyze the entire algorithm and prove our O((log n)2 logU) 
oordinate-wise 
ompetitivity againstall other solutions. De�ne ��b to be the total number of requests whi
h 
ould be routed using 
apa
ity b. Thenumber of requests whi
h the optimal assigns bandwidth 1=b or more must 
learly be smaller than ��b sin
eall su
h high-bandwidth requests 
ould be routed using 
apa
ity b. De�ne ri to be the number of requestswhi
h the online algorithm routes in stages 1 through i.We will �rst bound the number of requests (of those whi
h 
ould be routed with bandwidth b) remainingafter the �rst i stages.Lemma 3.4 For any b � 1 and i � 1, ri � ��b(1� ( 2b2b+1 )i).Proof: The proof will be by indu
tion on i. For i = 0, the lemma is obvious sin
e both sides are zero.After the �rst i stages, there are at least ��b � ri requests remaining whi
h 
ould be routed using 
apa
ity b.Theorem 3.1 guarantees that at least 1=(2b+ 1) of the remaining requests are routed in the next stage.ri+1 � ri + (��b � ri)=(2b+ 1) = ri( 2b2b+ 1) + ��b2b+ 1Making use of the indu
tive hypothesis yields 4



ri+1 � ��b( 2b2b+ 1 � ( 2b2b+ 1)i+1) + ��b( 12b+ 1) = ��b(1� ( 2b2b+ 1)i+1)We will now prove that the algorithm routes at least as many requests in the �rst b+ 2b logm stages asany algorithm 
ould routes using 
apa
ity b on ea
h edge. It will follow that the �rst b + 2b logm stages
apture at least as many requests as any solution routes with bandwidth 1=b or more.Lemma 3.5 For any b � 1, rb+2b logm � ��b .Proof: We know that 21=2b � 1 � 1=2b. It follows that (2b + 1)=2b � 21=2b and re
ipro
ating both sidesyields 2b=(2b+ 1) � (1=2)1=2b. Plugging i = 2b logm into Lemma 3.4 and using this inequality yieldsr2b logm � ��b(1� ( 2b2b+ 1)2b logm) � ��b(1� 1m)Sin
e ��b requests 
an be routed using 
apa
ity b, it follows that ��b � mb, so after 2b logm stages we haver2b logm � ��b � b. Sin
e ea
h stage routes at least one session before forwarding anything to the next stage,it follows that b stages later, we will have rb+2b logm � ��b as desired.When a request is routed in stage i, we assign a weight to the request of 1=(i� 1+ logm). It follows thatall the requests in the �rst b + 2b logm stages re
eive weight at least 1=(3b logm). For any given b at leastas many requests re
eive weight 1=(3b logm) or more in the online as re
eive bandwidth 1=b or more in theoptimal. We need to bound the total weight on an edge in order to relate weight to bandwidth in the onlinealgorithm.Lemma 3.6 The total weight on any edge is at most O((logn) logU) where U is the minimum over allsolutions of the maximum number of requests routed along any edge.Proof: Sin
e ea
h stage uses 
apa
ity logn, no stage pla
es more than logn requests on an edge. Thereexists a solution whi
h routes all the requests pla
ing at most U on any edge; thus ��U is equal to the numberof requests. After U +2U logn stages, lemma 3.5 implies that the entire request sequen
e will be routed. Sothe total weight on edge e is bounded by:we � U+2U log nXi=1 (logn) 1i� 1 + logm � (logn)((U+(2U+2) lognXi=1 1i )� (logm�1Xi=1 1i )) = O((log n) logU)We 
an now prove our 
oordinate-wise 
ompetitive ratio.Theorem 3.2 The GMP algorithm attains O((logn)2(logU)) 
oordinate-wise 
ompetitivity against all so-lutions.Proof: De�ne R to be the request sequen
e, with a total of jRj requests.Suppose the ith 
oordinate of a solution is 1=b. It follows that this solution routed at least jRj � i + 1requests using 
apa
ity b, and thus ��b � jRj � i + 1. Using lemma 3.5, we know rb+2b logm � jRj � i + 1.Thus our online algorithm routed at least jRj� i+1 requests with weight 1=(b� 1+2b logm) � 1=(3b logm)or more. Thus at most i� 1 requests re
eived weight less than 1=(3b logm).Using lemma 3.6, a session with weight w re
eives bandwidth at least w=k(logn logU) (where k is a
onstant independent of U and n). It follows that at most i�1 requests re
eived less than 1=(3bk(logn)2 logU)bandwidth. So 
oordinate i in our online solution is at least 1=(3bk(logn)2 logU), for a 
oordinate-wise
ompetitive ratio of 
C = O((log n)2 logU). 5



4 Throughput-Only CompetitivityPrevious algorithms for approximating throughput assumed that sessions request spe
i�
 (known or un-known) bandwidth [4, 3℄. We give an O((log n) log logn) approximation algorithm for throughput, in themodel where weights are assigned to sessions as they arrive. The same algorithm a
hieves O((log n) log logn)
ompetitivity if we must assign a
tual bandwidths up front (rather than weights). Our GMP-THPT algo-rithm will run only the �rst stage of the GMP algorithm. If the stage �nds a path of 
ost n � 1 or less,we assign weight 1. Otherwise we assign weight 0. Alternatively, we 
an assign bandwidth 1= logn to therequests we give weight 1 and bandwidth 0 to the ones we give weight 0 (the analysis will remain the same).We will prove the existen
e of a near-optimal o�ine solution whi
h assigns either zero or at least 1= lognbandwidth to ea
h request and pla
es at most 1 total unit of bandwidth on any link. This o�ine solution'sthroughput is within 
onstant fa
tors of the best possible throughput using arbitrary bandwidths total-ing at most one unit of bandwidth per link! In other words, using small nonzero bandwidths 
annot helpthe throughput by mu
h. We will then show that our algorithm approximates the near-optimal to withinO((logn)(log logn)), from whi
h it follows that our algorithm approximates the true optimal throughput towithin a 
onstant of the same bound.Theorem 4.1 There exists an assignment of bandwidths and routes in whi
h every request re
eives eitherzero or at least 1= logn bandwidth, su
h that the total throughput is within a fa
tor of 32 of the optimalthroughput.Proof: Consider two possible assignments of routes and bandwidths. Assignment one gives bandwidthequal to the optimal bandwidth to every request whi
h the optimal gave 1= logn or more. All other requestsre
eive bandwidth zero, and all requests use the same routes as in the optimal. Assignment one must belegal, sin
e the optimal assignment is legal and all requests re
eive at most the same bandwidth along thesame route as in the optimal. Assignment one attains throughput �1.Assignment two gives bandwidth equal to the optimal bandwidth to every request whi
h the optimalgave less than 1= logn. All other requests re
eive bandwidth zero, and all requests use the same routes asin the optimal. Assignment two is legal, sin
e ea
h request re
eives at most the same bandwidth, along thesame route, as in the optimal. Assignment two attains throughput �2.The optimal throughput is given by �� = �1 + �2. One of the two assignments must therefore attainat least half the optimal throughput. If assignment one attains half the optimal throughput we are done,sin
e assignment one gives ea
h request either zero bandwidth or at least 1= logn as required. Otherwise�2 � (1=2)��.We perform a randomized rounding on the se
ond solution. Let � > 1 be a number whose value we willspe
ify later. Ea
h request in this randomized assignment will re
eive bandwidth 1= logn with probability(1=�)b logn where b is the bandwidth assigned to the request in assignment two. Otherwise, the requestgets bandwidth zero. If the total bandwidth along any edge is more than 1 we assign zero bandwidth to all
onne
tions whi
h use that edge. We thus obtain a feasible solution. The randomized throughput is �R2 . LetXb be the bandwidth assigned to a 
onne
tion in the rounded solution, where b < 1= logn is the bandwidthassigned to the 
onne
tion by the se
ond 
omponent of the optimal solution.Lemma 4.1 E[Xb℄ � b2� .Proof: Xb = 0 if either the 
onne
tion did not get rounded up to 1= logn, or if it got rounded up but someedge along the path of this 
onne
tion ex
eeded its 
apa
ity. The probability of the �rst event is exa
tly1� (1=�)b logn. Sin
e ea
h 
onne
tion traverses at most n edges, the probability of the se
ond event is atmost n �Z � (1=�)b logn, where Z is the probability of any edge ex
eeding 1� 1= logn. Assume for simpli
itythat logn is integral. Then Z is the probability that some edge either ex
eeds its 
apa
ity, or is pa
kedto 
apa
ity. The expe
ted number of 
onne
tions on an edge is at most � = logn=�. Also, the edge 
ana

ommodate logn 
onne
tions. Therefore, for an edge to ex
eed its 
apa
ity, the number of 
onne
tions6



whi
h are \ON" must be more than � times the mean. We now apply Cherno� bounds to obtainZ � (e��1�� )logn=�:It is easy to see that Z � 1=(2n) for � = 8 and for large enough n. Therefore, P [Xb = 0℄ � 1� 12�b logn i.e.E[Xb℄ � b=(2�).Summing over all 
onne
tions, we get E[�R2 ℄ � �2=(2�). It follows that there exists a solution whi
h(without ex
eeding total bandwidth one on any edge) has throughput at least ��=4� while assigning everyrequest bandwidth either zero or at least 1= logn.Theorem 4.2 Our algorithm obtains within O((log n) logU) of the throughput of any other \optimal" solu-tion, where U is the re
ipro
al of the minimum nonzero bandwidth assigned to any request by the optimal.Proof: Suppose our algorithm routes r requests and obtains throughput �. We de�ne b�i to be the totalnumber of requests whi
h the optimal routed with bandwidth between 1=i and 1=(i+1). We de�ne r�i to bethe maximum number of requests whi
h 
ould be routed without ex
eeding i+ 1 requests per link.We will now relate the number of requests whi
h the optimal routes at various bandwidths to the maxi-mum number of requests whi
h 
an be routed without ex
eeding 
apa
ity i+ 1.All the requests whi
h the optimal assigns bandwidth 1=i or more 
ould be routed without ex
eedingi requests per link; the optimal has to do this so as to not ex
eed one unit of throughput on any link. Itfollows that r�i �Pij=1 b�j . From this we 
an derive the following equation:U�1Xi=1 (1i � 1i+ 1)r�i � U�1Xj=1 U�1Xi=j (1i � 1i+ 1)b�j = U�1Xj=1 (b�jj � b�jU )The total throughput of the optimal is at most �� =PUj=1(b�j=j). It follows thatr�UU + U�1Xi=1 (1i � 1i+ 1)r�i � ��Theorem 3.1 indi
ates that r � r�i =(2i + 1) and therefore r�i � r(2i + 2). Using this in the equationabove yields the following:�� � (2U+2)rU +PU�1i=1 2ri = 2r +PUi=1 2ri = O(r logU)Sin
e the throughput of the online is � � (r= logn), it follows that O(logn logU)� � ��.We have shown that there is a near-optimum (within 
onstant fa
tors) solution with minimum nonzerobandwidth U � 1= logn. We have also shown that our algorithm approximates the throughput of any othersolution to O(logn logU). Combining these theorems will give the result we want.Theorem 4.3 Our algorithm obtains within O((logn) log logn) of the best possible throughput.5 Assigning Bandwidth Dire
tlyWe 
onsider a model where our algorithm must assign routes and bandwidths to ea
h request (ratherthan assigning routes and weights). We modify our approximation algorithm to obtain 
ompetitive ra-tio O((logn)2(logU)1+�=�) in this model, where � is a new parameter for the algorithm. We also present alower bound of 
((logU)1+�=�), whi
h suggests that the in
rease in 
ompetitive ratio was a ne
essary one.The algorithm is identi
al to the one given in se
tion 3, ex
ept that requests routed in stage i are assignedbandwidth �=((i� 1 + logm)(logn)(log(i+ 1))1+�) instead of being assigned a weight.7



Only the assignment of bandwidths has 
hanged, so lemma 3.5 still holds. It follows that, for any givenb, at least as many requests re
eive bandwidth �=((3b logm)(logn)(log(b+1))1+�) as re
eived bandwidth 1=bin the optimal. Provided we 
an show that our algorithm never over
ows any edges, it will follow that weare O((logn)2(logU)1+�=�) 
ompetive, as desired.Theorem 5.1 The bandwidth-assigning algorithm doesn't over
ow any edges.Proof: Stage i pla
es at most logn sessions on any edge. Thus the total bandwidth pla
ed on an edgeby stage i 
annot ex
eed �=((i � 1 + logm)(log(i + 1))1+�). The total number of stages will not ex
eedU + 2U logm, so the total bandwidth on any edge is at most PU+2U logmi=1 �=((i + logm)(log(i + 1))1+�) ��PU+2U logmi=1 1=i(log(i + 1))1+� As U goes to in�nity, the summation is bounded by 1=�, a fa
t whi
h 
anbe seen by using the integral as an upper bound. It follows that the total bandwidth is at most 1 and ouralgorithm does not over
ow any edges.We present a lower bound suggesting that the 
ompetitive ratio when bandwidths are assigned mustdepend superlinearly on the logarithm of U .Theorem 5.2 Any deterministi
 online algorithm whi
h assigns bandwidths dire
tly has 
ompetitive ratio!(logU).Proof: Consider a network 
omposed of a single edge. Suppose our algorithm a
hieves a 
ompetitive ratioof 
(U), expressed as a fun
tion of U . Requests arrive online, ea
h a
ross the single edge. After i requestshave arrived, the globally fair solution would give every request bandwidth 1=i. Thus the �rst pre�x is 1=i,so our �rst pre�x must be 1=i
(i). It follows that every request re
eived bandwidth at least 1=i
(i). Inparti
ular, request i re
eives bandwidth 1=i
(i) or more. The total bandwidth of all requests 
annot ex
eedone. It follows that i=UXi=1 1i
(i) � 1We 
an lower bound this sum with an integral, so it follows that the integral of 1=i
(i) as i goes from 1to in�nity is at most 1. If 
(i) = O(log i), the integral would be in�nite. It follows that 
 = !(logU). Onthe other hand, 
(i) = (log i)1+�=� will 
onverge to one as U goes to in�nity, for any � > 0.6 Further ExtensionsThe algorithm in [4℄ also applies when requests have variable pro�t and when sessions have given start and�nish times (instead of remaining forever). It should be straightforward to extend our algorithm (by varyingthe pro�t and/or time-expanding the network) to a
hieve 
ompetitive ratio of O((log �)2(logU)) where � isthe produ
t of the number of nodes in the graph, maximum to minimum request pro�t ratio, and maximumtime duration of a request (assuming all time durations are integer). In this 
ase, U is the maximum numberof a
tive sessions along any edge at any time unit for the globally fair solution. The proofs for this followdire
tly from [4℄.7 Simulation ResultsIn order to make our algorithm pra
ti
al, we need to modify it slightly. Experimentally, the logn fa
torsin the 
ompetitive ratio seem to disappear. This was not unexpe
ted, sin
e [10℄ showed that exponentialalgorithms attain very tight approximations for throughput when the traÆ
 is Poisson in nature. However,we essentially sa
ri�
e a logU fa
tor on the least-bandwidth requests. We avoid this problem by assigning8



0
5
10
15
20
25
30
35
40
45
50

1 2 3 4 5 6 7 8 9 10
Sessions

Random

EXP Min-Cost

G
M

P




No
rm

al
iz

ed
 C

um
ul

at
iv

e 
Ba

nd
w

id
th

Figure 1: Comparing optimum fairness to 
ombined fairness/throughput algorithmhalf the bandwidth dire
tly to requests and splitting the other half a

ording to max-min fairness. Ouralgorithm will assign a route and bandwidth to ea
h request; we divide all bandwidths by two to ensure atleast half the bandwidth remains free. Free bandwidth is divided at the end in a max-min fair fashion.We also modi�ed our algorithm to redu
e the number of stages. Instead of using O(U logn) stages ea
hwith 
apa
ity logn, we 
an use O(logU logn) stages and in
rease the 
apa
ity by a fa
tor of two for ea
hstage. Weights are proportional to the total 
apa
ity of the stage. This modi�
ation seems not to e�e
t ourperforman
e from a pra
ti
al standpoint (theoreti
ally we 
an show that we lose at most a 
onstant fa
tor).However, the redu
tion in the number of stages speeds up the running time signi�
antly.Our sample graph is a pair of parallel lines, ea
h sixty-four nodes long. Two kinds of requests arriveonline, \long" requests whi
h spe
ify one of the two lines (75% the top line, 25% on the bottom line), and\short" requests whi
h whi
h 
onne
t two randomly 
hosen nodes and may be satis�ed along either line. Weran �ve thousand requests, with 20% of them being long and 80% short.Figure 7 shows a 
omparison of our modi�ed algorithm to an algorithm whi
h routes over a randomshortest path and to a modi�ed AAFPW algorithm [3℄. Experimental results show that the latter algorithma
hieves 
lose to global fairness. The graph shows s
aled pre�x ve
tor, i.e. we divide the i-th 
oordinateby i. Note that the leftmost point 
orresponds to the minimum bandwidth assigned to a 
onne
tion, whilethe rightmost point 
orresponds to average bandwidth per 
onne
tion, i.e. total throughput divided by thenumber of 
onne
tions. Observe that our total throughput is signi�
antly more than the other algorithmswhile our minimum assigned bandwidth doesn not su�er too mu
h.8 Lower BoundsWe present lower bounds for online approximation of the globally fair pre�x. These two bounds suggestlogarithmi
 dependen
e on both n, the number of nodes in the graph, and U , the maximum number ofrequests routed by the globally fair solution along any edge. Both bounds will use dire
ted graphs.
9



8.1 Dependen
e on the number of nodesThe lower bound given in [4℄ does not apply dire
tly to our weighted model. We present a new 
(logn)lower bound for deterministi
 online throughput approximation.Theorem 8.1 There is an 
(logn) lower bound on the 
ompetitive ratio of deterministi
 online throughputto globally fair throughput.Proof: The graph 
onsists of a line of length n dire
ted from node 1 towards node n with additional sour
eand sink nodes. The �rst request goes either from node 1 to node n=2 or from node (n=2) + 1 to node n.In other words, it uses either the left or right half of the line. We introdu
e a sour
e node 
onne
ted tonode 1 and (n=2) + 1 and a sink node whi
h 
an be rea
hed from nodes n=2 and n for this. The online useseither the left half of the line or the right half (or both). Supposing the online uses the left half, the nextsour
e will 
onne
t to nodes 1 and (n=4) + 1 and the sink will be rea
hable from n=4 and n=2. Again theonline algorithm uses the right or left half of the half of the line it's already used. Continuing this pro
ess,we end up with logn requests all of whi
h the online overlapped on a single edge. The online throughput
annot ex
eed 1 with this edge as a bottlene
k, regardless of the assignment of weights. By 
hoosing theopposite half of the line at ea
h step, the optimal 
an route all requests without any overlap and give themall throughput 1. We need to introdu
e enough sour
e and sink nodes to allow this pro
ess regardless of theonline 
hoi
es. This means one sour
e at stage one, two at stage two, four at stage three, and so on. Thetotal number of sour
es will be at most 2n for a total of 5n = O(n) nodes. This 
ompletes the proof thatthe online throughput is 
(logn) less than the optimal.Theorem 8.2 There is an 
(logn) lower bound on the 
ompetitive ratio of deterministi
 online throughputto optimal throughput.8.2 Fairness Depends on the Maximum Requests per LinkWe prove that any online algorithm whi
h obtains pre�x 
ompetitivity against the globally fair optimalbetter than 
(n) will have 
ompetitive ratio dependent on the maximum number of requests whi
h theoptimal pla
es along any edge (U). The proof of the following theorem is deferred to Appendix A.Theorem 8.3 The pre�x-
ompetitivity of a deterministi
 online algorithm against the globally fair solutionis lower-bounded by 
(min(n;plogU)).8.3 Unit Weight Lower BoundsWe 
onsider the model where the algorithm 
an only assign routes; bandwidths are determined by max-minfairness. We prove that we 
an approximate neither optimal throughput nor global fairness to better thanO(n) in this model; this is the reason for our introdu
tion of weights. We omit the proofs of Theorems 8.4and 8.5 from this version of our paper.Theorem 8.4 As long as max-min fairness determines bandwidths, deterministi
 online throughput 
om-petitivity is bounded by 
(n).Theorem 8.5 There is an 
(n) lower bound on pre�x-
ompetitivity for deterministi
 online algorithmsagainst global fairness as long as max-min fairness determines the bandwidths.
10
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A Proof of Theorem 8.3In this se
tion we prove Theorem 8.3 from Se
tion 8 in the main text:Theorem 8.3: The pre�x-
ompetitivity of a deterministi
 online algorithm against the globally fairsolution is lower-bounded by 
(min(n;plogU)).Proof: We will �rst 
onstru
t the graph. The graph 
ontains n+ 1 nodes labelled a0 through an alonga line, with edges from ai to ai+1 for ea
h i. In addition, we have another line of n + 1 nodes labelled b0through bn with edges from bi to bi+1 for ea
h i. The two lines interse
t at a0 = b0. We have n additionalsour
e nodes s0 through sn�1 with edges from si to ai and from si to bi. We have n additional sink nodes t1through tn with edges from ai to ti and bi to ti. The total number of nodes is 4n+ 1 and the total numberof edges is 6n.The request sequen
e begins with n \short" requests. Short request i will be from si�1 to ti. Thegraph only permits two possible routings for short request i, either (si�1; ai�1; ai; ti) interse
ting line a, or(si�1; bi�1; bi; ti) interse
ting line b. We assume without loss of generality that the online algorithm routesat least half of these requests interse
ting line a. De�ne � to be the maximum weight assigned to any shortrequest whi
h the online routed interse
ting line a.The request sequen
e 
ontinues with U \long" requests. Ea
h long request is from a0 to an. The graphpermits only a single possible routing for ea
h long request. Suppose the online algorithm assigns weight wjto the jth long request.Lemma A.1 wj � �=(j
P )Proof: After the �rst j long requests, the optimal will give the j long requests ea
h bandwidth 1=j and then short requests bandwidth 1 along the b-interse
ting route. It follows that the �rst pre�x for the optimalwill be p�1 = (1=j). The �rst pre�x for the online must therefore be p1 � (1=j
P ). It follows that everyonline request re
eives bandwidth at least (1=j
P ).There exists a short request whi
h interse
ts line a and has weight �. The edge with this request will be abottlene
k edge. Long request j re
eives bandwidth at most wj divided by the total weight of the bottlene
kedge, no more than wj=�. It follows that wj=� � (1=j
P ) and therefore wj � �=(j
P ) as desired.A total of U + n requests have been made. Consider the pre�x 
onsisting of the U + (n=2) requestsre
eiving least bandwidth. The optimal assigns the long requests bandwidth 1=U and the short requestsbandwidth 1 along the b-interse
ting route. The U + (n=2) pre�x in
ludes all the long requests and half theshort requests, and the optimal obtains p�U+(n=2) = (n=2) + 1 > (n=2).The online algorithm gives bandwidth 1 to the short requests whi
h interse
t line b, but there are atmost (n=2) of those and none of them will be in
luded in the pre�x. Pre�x U + (n=2) will be at most thetotal bandwidth of long requests plus the bandwidth of short requests whi
h were routed interse
ting linea. The long requests 
annot ex
eed total bandwidth 1. Ea
h short request gets weight at most �. But thetotal weight on every edge of line a is at least Pwj � (� logU)=
P . So ea
h short request gets bandwidthat most (
P = logU). Sin
e there are at most n short requests interse
ting line a, it follows that the onlinepre�x is pU+(n=2) � 1 + (n
P = logU).In order to guarantee our pre�x-
ompetitive ratio of 
P , we need to have 
P pU+(n=2) � p�U+(n=2).If (n
P )=(logU) � 1, then it follows that the online pre�x is at most 2 
ompared to the optimal pre�xof n=2, and this implies that 
P � (n=4). Otherwise, the online pro�t is at most (2n
P )=(logU) from whi
hit follows that 2n
2P = logU � (n=2). Solving this inequality for 
P , it follows that 
P � (1=2)(logU)1=2.Combining the two 
ases yields
P � min(n=4; (1=2)plogU) = 
(min(n;plogU))ii


