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Abstract

A good measure of fairnessis an essentia prerequisitefor a systematic devel opment of fair resource
allocation protocols as well as for a systematic evaluation of the fairness of existing protocols. We pro-
pose the use of approximate majorization as a framework for quantifying the fairness of aresource allo-
cation scheme. We demonstrate how approxi mate maj orization subsumes and generalizes several natural
mesasures of fairness. We then rel ate majorization to revenue maximization, and sketch an efficient algo-
rithm to compute the fairness of agiven alocation aswell to find thefairest allocation. Our framework is
quite genera and can be applied to several routing, bandwidth all ocation, load balancing, and clustering
problems.

To illustrate the framework in a concrete setting, we perform apreliminary case study of thefairness
of TCP as abandwidth all ocation protocol in communication networks. We demonstratethat the fairness
of both TCP Reno and TCP Vegas is incomparable to the fairness obtained by max-min fair alocation.
Finally, we explore the connections between approximate majorization and the notion of proportional

fairness developed by Kelly, Maulloo, and Tan.

1 Introduction

Consider the problem of designing a protocol to fairly allocate a fixed resource among » individualsgiven
some constraints. This genera scenario can be specialized to several routing [19, 10], bandwidth alloca

tion [10, 1, 2], clustering [21], and load balancing [11] problems. In order to evaluate the fairness of any
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proposed solutionsfor these problems, we must first decide on a good definition of fairness. Thisis ahard
problem, as can be seen by the large number of (often disparate) fairness measures proposed by both system
builders[16, 6, 8, 1, 2, 20] and theoreticians (see chapter 13 of [24]). Some of the more widely discussed
measures are max-min fairness[15, 4, 1, 2], variance related measures [16], and average utility. This paper
presents a framework to unify and generalize al the above measures. We will explain thistheory largely in
the context of networking problems, and perform a simple case study of the fairness of TCP. However, we
believe that the underlying ideas are general and could find applicationsin several domains. It is our hope
that this theory will aid in the evaluation of the fairness of existing protocols, and aso serve as one of the
criteriathat inform the design of future protocols. In this paper, we will not discuss whether fairnessis de-
sirable and important; these considerations are best | eft to protocol designersin their respective application
domains.

Let s;(X) denote the amount of utility that we provide to the i-th poorest individual if we follow al-
location policy X. Note that different individuals may be the :-th poorest in different allocation policies.
Let “prefix” P;(X) be the total amount of utility provided to the : poorest individuas. The central theme
of this paper isthat a“fair” alocation policy is one that simultaneously gives a high value for al the pre-
fixes P (X), P2(X), ..., P.,(X). Thus, wewould like to be fair on the average (i.e. get ahigh total utility
P, (X)), fair to the poorest individual (high P, (X)) aswell asfair to al the intermediate prefixes. For ex-
ample, an alocation which gives a utility of 2, 3, 3 to three individualsis deemed fairer than one that gives
a utility of 2, 2, 4 even though they both have the same minimum and average utilities. An elegant theory
of majorization was developed by Hardy, Littlewood, and Polya in the 1920s which formalizes the above
theme [13, 14]. Using their terminology, giventwo alocations X and Y, we say that X ismgjorized by Y if
Pi(X) > P(Y) fordl i,and P,(X) = P,(Y). Even before the notion of majorization was formally intro-
duced, Lorenz[22] postulatedthat if X ismajorizedby Y, then X is“fairer than” Y. Therationale behindthis
postul ateisthat under any natural measure of fairness, wewould expect thealocation (z2, 1) tobeasfair as
theallocation (z1, 2) and lessfair than (21422 £1422) Thistranslatesinto saying that maximizing fairness
should be equivalent to maximizing some symmetric! concave function f(X'). But Hardy, Littlewood, and
Polya proved that if X ismajorized by Y then f(X) islarger than f(Y") for all such functions. Thusif we

could find amost majorized alocation, it would be the fairest under al “natural” measures of fairness. This

!In this paper, a symmetric multivariate function is one that is symmetric in all its argumentsie. exchanging the arguments does

not changethe value of the function.



isavery strong definition of fairness, and not surprisingly, a most majorized allocation may not exist for a
large class of problems. This motivates our definition of approximate majorization? as detailed in section 2.

In this paper, we first define (section 2) the majorization index of aresource allocation protocol and ex-
plain why it is a good measure of fairness. We aso show how the framework of majorization unifies all
the commonly studied measures of fairness. We then explain how an approximately majorized allocation
as defined in this paper is approximately fair for alarge class of fairness functions (theorem 2.3). We then
sketch algorithms (section 3) to compute the majorization index of an alocation, and present a bound on the
maj orization index in terms of the “inherent imbalance” of the problem.

We omit detailed agorithms and proofs from section 3; they can be found in a more formal companion
paper [?] and arereproduced in appendix A. Instead, weillustrate our framework by apreliminary case study
(section 4) of thefairness of TCP as abandwidth allocation protocol in datanetworks. A lot of attention has
been paid recently to fair allocation of bandwidthsin data networks. RED [9], WFQ [7, 28], CHOKe [27],
and CSFQ [30] can al belooked upon as bandwidth all ocati on/regul ation schemesthat promotefairness. The
problemisalsoimportant in wirelesscommunications[20]. Onetraditional definition of fairnessin computer
networks has been max-min fairness [15, 4, 1, 2]. We will use our framework to quantitatively compare
the fairness of TCP with that of the max-min fair allocation. We demonstrate that the fairness of both TCP
Reno and TCP Vegas isincomparabl e to the fairness obtained by max-min fair allocation®. Interestingly, for
networks where a most majorized alocation of bandwidth exists, TCP Vegas attemptsto find such a vector.
In this section, we employ analytical models of TCP Reno and Vegas to prove our results[26, 17, 23].

Finally, in section 5, we compare our framework to the proportiona fairness framework proposed by
Kelly, Maulloo, and Tan [18], exploring the connections as well as the differences between the two models.
We a so give a simple example where our framework can be extended to non-symmetric fairness functions.
Sections 4 and 5 can mostly be read independently of section 3. We summarize our resultsin section 6 and

also present two challenging open problems.

2This definition is similar to the definition of prefix-competitivity proposed earlier by Kleinberg, Rabani, and Tardos [19] and

Goel, Meyerson, and Plotkin [10] in the context of online algorithms.
STCP Reno is a popular version of TCP; TCP Vegas is a recent version which is less widely deployed but has interesting

properties.



2 A Majorization Based Fairness Framewor k

Consider afixed resource or a set of resources which needs to be fairly allocated among » individualsgiven
some constraints. Thisgeneral scenario can be specializedto several routing[19, 10], load balancing[11, 19],
clustering [21], and bandwidth allocation problems[1, 2, 20, 8, 6]. To evaluate a solution to these problems,

we must decide on a good definition of fairness.

2.1 Using majorization to characterize fairness:

Let X = (z1,22,...,2,) andY = (y1,y2,...,y,) betwo feasible vectors (i.e. satisfying al the con-
straints) denoting resource allocation to » individuals. Let s; (X') denote the i-th smallest component of X .
Informally, s;(X) isthe amount of resource allocated to the i-th poorest individual. Then X is said to be

majorized [13, 14, 24] by Y, denoted X' < Y, if the following two conditionsare satisfied:

k
1. (Vk,1 <k <n),wehave) s;(X)>> s(Y), and

=1 =1

2. si(X) = Zsi(Y)

1 =1

n n
1=

Thisconcept wasintroduced by Hardy, Littlewood, and Polyain the 1920sto study propertiesof inequalities.
Even before that, Lorenz [22] informally proposed that the above definition impliesthat X isfairer thany".
Figure 1(a) givesapictoria representation of majorization for additional intuition. Intuitively X' < ¥ means
that poorest individual in X isat least as rich as the poorest individua in Y, the two poorest individualsin
X aretogether at least asrich as the two poorest individualsin Y and so on.

If X <Y fordl feasibleY, then X issaid to be the most majorized vector. Suppose f(X) = 3=, g(z;)
captures the “fairness’ of a solution. So the goal is to maximize f(.X). It seems natural that allocation
(Btz2 21de2) isfairer than (21, 22); thisis certainly true for all fairness measures we found in literature,
some of which we discusslater [16, 6, 8, 20]. Thisnatural condition translates to the requirement that ¢(z)

is concave®. The following theorem rel ates majorization to any natural notion of fairness as defined above:

Theorem 2.1 [13, 24] If X isthe most majorized allocation then for any concave function ¢, X maximizes

thevaluey”; g(z;).

*If oneistrying to minimize the “ unfairnessindex” then it makes sense for g to be convex by an analogous argument.



Now consider the case where the function f is not decomposableinto 3", ¢(z;). It seems natural to require
theallocation (z, z) tobeasfair astheallocation (z1, z3) and lessfair than (2422, £1£22) Thistranslates
into saying that maximizing fairness should be equivalent to maximizing some symmetric concave function

F(X). Theorem 2.1 continuesto hold for such functions.

Theorem 2.2 [13, 24] If X isthemost majorized allocationthen for any symmetric concave function f, X

maximizesthe value f(.X).

Motivated by the above discussion and theorems 2.1 and 2.2, we will aso usetheterm “globally fair” to

describe amost majorized vector.

2.2 Majorization and other fairnesscriteria

In this subsection we quote several fairness criteriaproposed by researchers and rel ate them to majorization:

e Max-minfairness[15, 4, 1, 2]
e Minimize the Variance [16]
e Minimize the Coefficient of Variation [16]

o Maximize the min-max ratio [16]: f(X) = miniz:

max; r;

e Maximizethe power function[8]: f(X) =], =,

no 12
o Maximize Jain'sfairnessindex [16]: f(X) = %
i=1 "1

e Kullback-Leibler fairnessindex [20]: Thisisnot afairnessindex initself but isameasure of distance
between two probahility distributions. If p and ¢ are two probahility distributionsthen the Kullback-
Leibler distance(or relative entropy) between themisdenoted by D(p || ¢). Supposethefairest alloca-
tionisrepresentedby I' = (81, B2, B3, . . .) andlettheallocationtobeanalyzedbel” = (v1, vz, 73, - - .).
Then,

N
D(L ] F (Z vilog, %) - (Z Bilog, ﬂz)

=1
Itiseasy to proveusing theorems 2.1 and 2.2 that if X isglobally fair asdefined earlier, then X ismax-
min fair, has the least possible variance, has the maximum min-max ratio possible, maximizes the power

function, maximizes Jain’s fairness index and subsumes the Kullback-Leibler index. As an illustration we
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Figure 1: Here Px refers to the sum of the resources alocated to the K poorest individuas. In figure 1(8), X is
majorized by Y (i.e. fairer than Y') since al the prefixesin X are larger than the corresponding prefixesin Y. In
figure 1(b), if we multiply the allocation X by afactor 2, then the resulting allocation 2.X has larger prefixesthan Y.
Hence, X is2-supermajorized by Y.

will provethat our fairnesscriterion subsumesthe power function fairnessindex. Theproof for therest of the
indicesissimilar and isomitted. Let f(.X') =[]~ ;. Thisisnot asymmetric concave function. However,
taking the logarithm on both sides, we obtain log f(X) = > i, log ;. But logz isa concave function,
therefore theorem 2.1 impliesthat log f(X') is maximized by the most majorized allocation.

We do not claim that the above described measures are not good measures of fairness. In fact each mea-
sure described above is quite reasonable for its application domain. For instance, fairnessin each measure
corresponds to maximizing some symmetric concave function, which is consistent with our intuitive notion
of fairness. We merely wish to establish that majorization subsumes and generalizes al the above commonly
used measures and merits further study. I1f amost majorized all ocation wereto exist for agiven problem, then
all the above measures of fairness would agree that thisallocation is the fairest.

Thereisalso an interesting connection between maj orization and revenue maximization, s,emming from
the fact that revenue functions typically follow the law of diminishing returns and are therefore typically
concave. Suppose We are given a concave increasing revenue function f with f(0) = 0. Then >, f(x;) is
maximized for the most majorized vector®. Thus fairness as defined aboveis also beneficia to the “ service

provider”.

5 Again, this result holds for the more general class of symmetric concave revenue functions.



Theterms*most majorized” and*“globally fair” will be usedinterchangeably inthispaper. Having adopted
the above definition of fairness, our goa isto find the most majorized vector given a set of constraints. Un-
fortunately, the most majorized vector may not exist even for very simple constraints. For asimplereal life
example, consider anetwork which isatwo-hop path and carries three connections. Connection 1 uses both
the links; connection 2 uses only the first link; and connection 3 uses only the second link. Let zy, 29, 23
be the bandwidth allocated to the three connections by some bandwidth allocation protocol. Let each link
have unit capacity. The corresponding constraintsare {z; + x5 < 1;21 4+ 23 < 1;21, 29,23 > 0}. The
solutionthat maximizesthe prefix z; + x5 + x5 must assign zero bandwidth to the first connection and unit
bandwidth to the other two connections. The solution that maximizes the bandwidth for the most starved
connection must assign a bandwidth of half aunit to each connection. Thus, for this simple bandwidth alo-
cation problem, thereisno globally fair solution. We will take a closer look at this problem later in our case
study.

To addressthis problem, we will now define the notion of approximate majorization to quantify fairness.

Most of the desirable properties of majorization carry over to approximate majorization in aweaker form.

2.3 Approximate majorization and approximate fair ness:

Givenfeasiblevectors X andY’, X issaidtobe«-supermajorizedby Y (a-fairer thany’), denoted X' < VY,
if

k k
(VE,1 <k <n) aZsi(X) > Zsi(Y)
=1

=1
A feasible vector X issaid to be globally a-fair if X < Y for all feasible vectors Y and « is called the

majorizationindex of X .

A globally a-fair vector can be thought as being “ approximately most majorized”. Thisisa natural and
very strong definition of approximate fairness. Intuitively, this says that given any other allocation and any
number k, the & poorest individualsin X together get at least 1/« times as much resource as the & poorest
individualsin Y. Globally «-fair vectors retain the nice properties of most-majorized vectors, but in an ap-
proximate senseas explained later. Further, aswe show in section 3, globally «-fair vectorsexist (and can be
efficiently found) for small values of « for alarge class of problems. Figure 1(b) shows an example where
X is2-maorized by Y.

Let P bethemaximum total resourcethat can be allocated to the ; poorest individual shy any allocation.
We will call P theoptimal j' prefix.



Given any alocation X, P;(.X') isthe total resource allocated to the j poorest individualsin allocation

X,ie P(X)=Y7/_s(X). Now, o(X) = max; Pﬂlﬁf) isthe majorization index of X. Let o bethe
J
smallest possible value of «(.X') for any feasible alocation X .
The following theorem presents strong quantitative evidence that approximate majorization is a good

framework for studying fairness and that « is agood measure of fairness.

Theorem 2.3 An allocation X is globally a-fair iff o f(X) > f(Y) for all feasible allocations Y and all

symmetric concave functions f such that f(0) = 0 and f isnon-decreasing in each argument.

Proof Sketch: If X is globaly a-fair then theorem 2.2 and the fact that f is a non-decreasing function
together imply that f(aX) > f(Y) for any feasible vector Y. Here aX refers to the alocation where
each component of X has been multiplied by «.. Notice that the allocation «.X need not be feasible. How-
ever, since f(0) = 0 and f is concave, we can conclude that f(az) < «af(z) foral 2 > 0. Hence,
F(X) > f(aX)/a> f(Y)/aforall feasibleY. Thisprovesthe forward direction of the theorem.

For the reverse direction, we observe that for any %, the prefix P, (.X') can be looked upon as a function
of X'. Thisfunction happensto be symmetric, concave, non-decreasing, and P (0) = 0. If af (X)) > f(Y)
for al f that satisfy the conditions of the theorem, then « P, (X) > P;, which impliesthat X is globally
a-fair. [

The abovetheoremisslightly weaker than theorem 2.2, but it still holdsfor alarge class of fairnessfunc-
tions; certainly al the fairness measures that we found in the literature can be transformed into the above
form. Armed withthestrong*“if and only if” connection between approximate maj orization and approximate
fairness that the above theorem provides us, we will now use the majorizationindex of aresource allocation

protocol to quantify itsfairness.

3 Computing Optimal Prefixesand Optimal M ajorization | ndex

For the approximate majorization framework to be useful, it isimportant to be able to compute the optimal
prefixes given a set of constraints. Also, to evaluate how far agiven protocol isfrom the optimum, we need
to compute the best possible « such that a globally a-fair solution exists. Further, thisframework would be
interesting only if globally a-fair vectors exist for small values of «. All these issues are addressed in this
section.

We are going to consider problemswhere the set of constraintsisalinear program. Thisincludesalarge



range of optimizationproblems. Wewill specifically mention the bandwidthall ocation problem; thisproblem
arisesin connection with our chosen case study of the fairness of TCP.

Recall that a globally a-fair solution is «-supermajorized by every other feasible solution. Of course, a
solutionwith o« = 1 may not exist. There are two distinct parts to a discussion of finding the fairest possible

solution.

1. Finding the optimum prefixes P°; and the smallest  for which a globally a-fair solution exists. This

smallest o will be denoted as o*.

2. Proving that there always exists a solution with asmall value of o*.

3.1 Finding P’ and o~

Supposeweare given aset of linear constraintsonthevariableszq, z- . . . z,,. A solutionissaid tobefeasible
if it satisfiesall constraints. First, we will determinethe value of each P7. Then wewill find o™ and the cor-
responding feasible solution 2*. We will present linear programs for each of these steps. The sizes of these
linear programs are exponential but they can be solved in polynomial time using the ellipsoid method [12].
We will then describe waysto modify these programsin order to speed up the running timefor the fair band-
width allocation problem, which is an important component of our chosen case study about the fairness of
network protocols.

Feasibility requiresthat A7 < b for some matrix A, constant vector b, and variable vector #. We will

add a number of new constraintsto the linear program to produce the following.
e Maximize p; subject to:
o AT < b
© > icsx; > p;foral S C{l,---,n}with|S|=j

Thislinear program finds the largest possible value for the jth prefix. The linear program has exponen-
tially many equations, because there will be an exponential number of subsets.S. Such linear programs can
be solved using the ellipsoid method [12] if we are given an efficient separation oracle®. In this case, the

separation oracle smply sumsthe j smallest z;; if their sumisat least p; then our solutionisfeasible, if not

5 A separation oracle |ooks at a candidate solution and either guaranteesthat this solution satisfiesall given linear constraints, or

produces a constraint that is violated.



then the equation indicating that that particular subset S of the z; sumsto at least p; isviolated. The ellip-
soid method is polynomial time (although inefficient in practice), and we can thus produce the optimum p;
in polynomial time. Repeating thisn times (once for each ;) providesthe values Pr for each ;.

We now need to produce the most-fair vector z* aong with the optimum value o*. Thiscan be done by
solving the following linear program. The solution vector to thislinear programis &, witha* = 1/~. The
last set of constraintssay that for al £ and for any set of £ individuals, thetota “utility” for theseindividuas
should be at least v P = Pj /™.

e Maximize v subject to:
o AT < b
® Yieswi > yPy foral S C {1, n}

Again the linear program has exponentially many constraints, but again we can solveit using the ellip-
soid method. The separation oracle simply checks the values of al prefixes for our current vector # and
comparesthemto v P’;. The solutionisfeasibleif and only if all of these equationsare satisfied. Thisyields
a polynomial-time algorithm for computing the minimum possible o™ and ;.

Itispossibletoreducethesizeof thelinear program so that the number of constraintsbecome polynomial.
However that discussion is beyond the scope of this paper and is detailed in [?] and appendix A. We now
sketch the algorithm for computing P and o™ very efficiently for the bandwidth all ocation problem; again,
a detailed explanation and proofs can be found in appendix A.

The bandwidth allocation problem: We are given a network with m links iy, ..., [, with C; being
the capacity of /;. We are aso given n connectionswith routes R, . . ., R,,. We have to assign bandwidths
x1, ..., x, suchthat thetotal bandwidth allocated to al the connectionsthat uselink ¢ isat most C;, for each
¢. Our goal istobeas*“fair” as possibleto each connection. To evaluatethefairness of abandwidth allocation
protocol (such as TCP), wewouldliketo first find the best prefixes P and thevalue o*. Let A bethen x m
route-link incidence matrix suchthat A;; = 1 if link : isused by connection & and O otherwise. Also, let
be the column vector representing the capacities of all thelinks. We will now fix the value of P; to be 1 and
then try to find the smallest fraction A; of the capacity needed to providethisvalue. P will now be 1/A;.

This approach is captured by the following linear program for finding the prefix ;'
e Minimize \; subject to:

10



o A7 < \;C
o >0
® > icsri>1foral S C {1, ---,n}with|S|=j

Thislinear program is a special case of afractional packing problem, and can be solved efficiently us-
ing the algorithm of Plotkin, Shmoys, and Tardos [29]. The value of o* can be calculated using a similar

approach.

3.2 Existenceof small o*

We will just state the theorems in this section; their proof can be found in appendix A. In general, the mini-
mum « such that there exists aglobally «-vector could be very large. We characterize thisvaluein terms of

the “inherent imbalance” of a given problem.

Definition 1 Theinherent imbalanceofaproblemis%, wheren isthe dimension of the vector over which
1

we want the fairest solution.

In other words, theinherent imbal ance of aproblemistheratio of themaximum valuethat can be achieved
for the average utility (P /n) to the maximum utility that can be achieved for the poorest individual (F;).
Intuitively, thelarger theinherentimbal ance, thelesslikely it will bethat there existsamost-fair vector witha
small «. Thefollowing theorem (proved in A) statesthat «* isroughly logarithmicin theinherent imbalance

of the problem.
Theorem 3.1 For any linear program, a* < 2 4 2 log 2.
1

The two interesting features of thisresult are:

1. Theinherent imbalance is defined not as the ratio of the maximum utility for the richest individual to

the maximum utility for the poorest, but as the ratio of the maximum average to the poorest.

2. Evenif theinherentimbalance grows linearly in the number of individual s, the optimum majorization

index grows only as the logarithm of the number of individuals.

11



Usingthe abovetheorem, it followsthat for thebandwidthallocation problem”, a* < 2+2logn = O(logn).
Thisresult can beimproved to O (min{log n, log m}) where m is the number of linksin the network.

Of course, not al optimization problems of interest can beformul ated aslinear programs. For these prob-
lems, the two questions posed here need to be studied using domain specific and problem specific tools[19,

10, 21, 11, ?].

4 Case Study: Comparing TCP to Max-Min Fairness

In this section we compare the fairness of TCP Reno and TCP Vegas to that of max-min fairness. We con-
clude that the fairness of both versions of TCP (as measured by the majorization index) is incomparable to
that of max-min fairness. In other words, there are simple families of networks for which TCP has a much
smaller majorization index than max-min, as well as other simple families for which TCP has amuch larger
maj orization index. Thisis surprising, since max-min fairness consciously triesto promote fairness, whereas
TCPisprimarily geared towards other systems issues such as preventing congestion. TCP fairness has pre-
viously been studied formally, for example by [31, 5]. However, to the best of our knowledge, oursisthe
first quantitativeargument that max-min fair allocationsand TCP areincomparablein terms of their fairness
properties.

Interestingly, for networks where a most majorized allocation of bandwidth exists, TCP Vegas attempts
to find such a vector. In this section, we employ analytical models of TCP Reno and Vegas to prove our

results[26, 17, 23].

41 TCP Renoand max-min fairness

We consider two families of networks, shown in figures 2 and 3. Both families have the same underlying
topology, which isalinewith » + 1 nodesand » links. The n 4+ 1 nodes are vg, v, . . ., v,. Thereisalink
between nodesv;_; and v; for all 1 < 7 < n. Wewill assume that all theselinksare identical and have unit
capacity. Thisisanice canonical topology for fairness evaluation [16, 8].

We are going to use the TCP equation due to Padhye et al. [26] to get approximationsof the behavior of
TCP Reno on thesefamilies. Thisequation relates the throughput A of a TCP connection with the round trip
delay (RTT) and the drop probability (p):

“Removing one unit of bandwidth from one connection can result in at most one extraunit of bandwidth for any other connection;

thisimplies that the inherent imbalance of the bandwidth allocation problem is at most 7.

12
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Figure 2: Thefirst family
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Figure 3: The second family

Thefirst family: TCPRenoisfairer Inthefirstfamily (figure2) therearen — 1 “long” connectionswhich
have their source at node v, and their destination at node v,,. Further, there are » “short” connections; the
¢-th short connection hasits source at node v;_; and itsdestinationat node v;. All these connectionsare bulk
connectionsie. we assumethey wouldliketo transfer infiniteamounts of data, and desire as much bandwidth
aspossible.

For thisfamily, P = 1/n and P5,_; = n. Theformer is achieved by assigning equal bandwidth to all
connections. The latter is achieved by assigning zero bandwidth to al the long connections and unit band-
width to al the short ones. Thisfamily does not admit a most-majorized alocation.

The max-min fair solution would allocate equal bandwidthsto al flowsin thisfamily. Thus, each flow
would get bandwidth1 /7, and thetotal bandwidthallocated would be (2n—1) /n. For thisfamily P, _;, = n.
But thisimpliesthat theratio of the maximum total bandwidth possible and total allocated bandwidth for the

max-minfair solutionisn?/(2n—1) = O(n). Itisnot hard to seethat thisisindeed theworst ratio of P}/ P

13
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Figure 4: Prefix vector plot for TCP Reno and max-min. The X-axis represents j and Y-axis represents P;.

for thisfamily given max-min fair allocations, and hence, is the majorization index.

For TCP Reno, we assumethat al linksexhibit the same drop probability pg, that po issmall, and that the
packet drop events on different links are independent®. Then the drop probability seen by a“short” connec-
tionismerely po, whereas that seen by along connectionisapproximately npg. Also, the RTT observed by a
long flow isn timesthat of ashort flow. Consequently, the ratio of the bandwidth received by along connec-
tion to that received by ashort connection would be »=3/2, from the TCP equation. Since a short connection
can not get more than unit bandwidth, the long connections would get bandwidth ©(n~3/2) each. But Py
for thisfamily is 1/», which implies that the majorization index of TCP for thisfamily is© (/).

Asn growslarger, the majorizationindex for max-min fairnessgrowslinearly, whereasthat of TCP grows
as+/n. Clearly, TCP performs better for thisfamily of networks.

For gaining further insight look at the plot of the prefixes shown in figure 4. These prefixes are obtained
by running the network simulator ns-2 [25] to obtain TCP throughputs’, with » = 5. Asshown, TCP does
badly in the “beginning” and much better at the “end” compared to max-min. Thisis consistent with our
understanding of TCP. The majorization indices for different values for » for the first family are reported
in table 1; again the TCP majorization index is computed using results from an actual ns simulation. These
results are consistent with the conclusions of the approximate analysis performed above that TCP is fairer
than max-min fair allocationsas n growslarge. In all these simulations, each link had a capacity of 1Mbps,

each buffer-capacity was 50 packets, and all the queues were drop-tail.

8We do not claim these assumptions result in very accurate results. However, in this analysis, we are only interested in rough,
ball-park bounds.
®We scale up the throughput obtained by TCP connectionsto saturate at least one link in the network.
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n ‘ arcp ‘ Umar—min ‘
5 | 2890 2778
6 | 3.559 3.273
7 | 2137 35
8
9

2.061 3.764
2.304 4.764
10 | 2.525 5.263

Table 1: Majorization index for the first family with varying number of nodes.

Thesecond family: Max-minfair allocationsarefairer Thesecondfamily hasn — 1 long connectionsas
before, and » short connections. Again, al these connectionsare bulk connections. However, in thisfamily,
all the short connections are from node v, to node v;. This family admits a most majorized alocation —
just divide the bandwidth equally between al the connections. This corresponds to max-min fairness, and
hence the max-min fair solution has a majorization index of 1. In this scenario, all TCP connections see
the same drop probability, but the RTT experienced by the long connections is roughly » times that of a
short connection. Hence, using the TCP equation, the long connections will obtain bandwidths that would
beroughly 1/n timesthose obtained by short connections, resultingin amajorizationindex of ©(») for TCP.
Clearly, TCP dlocations are not as fair as max-min in this family. Simulations confirm this conclusion; the

details of the simulations are omitted.

4.2 Thefairnessof TCP Vegas

For TCP Vegas, we will use the work of and Low, Peterson, and Wang [23]. They demonstrate that TCP

Vegas attempts to maximize the function
U(z) =) logz;

wherex = (21, x,. .., z,) isthevector of bandwidthsreceived by then TCP Vegas connections'®. Thisex-
pressionisthe culmination of aseries of results on the utility function for TCP variants, starting with Kelly’s
work [17].

The set of constraintsfor the bandwidth allocation problem is linear, and hence the set of feasible solu-
tionsis a convex set. Further, the function U (z) is symmetric and strictly concave in each argument. The

following lemma follows easily from the above two statements; the proof is omitted.

1°There is another interpretation of the TCP Vegas protocol which resultsin a different utility function; see[23] for details.
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Lemma4.1 Thereisa unique vector = that maximizes U (z) for the bandwidth allocation problem.

By theorem 2.1, if amost majorized vector existed for agiven instance of the bandwidth allocation problem,
then this vector would also maximize U (). Combining theorem 2.1 with lemma 4.1, the following theorem

isimmediate:

Theorem 4.1 If amost majorized allocationexistsfor a given instance of the bandwidth allocation problem,

then TCP Vegas attemptsto achieve this allocation, assuming that the TCP Vegas utility functionis U (z) =

> log ;.

This property would hold for any variant of TCP that has a symmetric concave utility function and aunique
optimum solution. In fact, this property also holds for max-min fair allocations. Whiletheorem 4.1 isinter-
esting, we still need to evaluate TCP Vegasin terms of its majorization index when a most majorized vector
does not exist.

On thefirst family(figure 2), let y be the bandwidth allocated by TCP Vegas to each short connection.
Then by symmetry, each long connection gets a bandwidthof (1 — y)/(n — 1) and U(z) = nlogy + (n —
1)log 1=¥. Thisis maximized when n(1 — y) = (n — 1)y, or y ~ 1/2. Thus the short connections get
roughly half a unit of bandwidth and the long connections get roughly 1/(2n). The majorization index of
this allocation is approximately 2 ie. ©(1), which is much better than ©(,/n) for TCP-Reno or O(n) for
max-min fair allocations.

For the second family (figure 3), theorem 4.1 impliesthat the majorizationindex for Vegasis©(1), which
is the same as max-min fair alocations, but much better than that of Reno (O (n)).

Now consider athird family of networks. Again the underlying topology isthe same. There are n short
connections, oneon each link, and 1 long connection. The majorization index of themax-minfair alocations
onthisfamily of networksisroughly 2. Usingsimplecalculuslikewedid for thefirst family, it isstraightfor-
ward to provethat thelong connection receives bandwidth 1/(n + 1) using Vegas, resultingin amajorization

index of ©(n). Hence, TCP Vegas and max-min fairness are incomparable.

Open problem: Approximately majorized TCP? From theabove examples, itis clear that each of max-
min fairness, TCP Reno, and TCP Vegas can have amajorization index as large as © (), albeit in different

networks. Thisisan unsatisfactory state of affairs !! and motivates the following ambitious research prob-

'L At least from atheoretical point of view; TCP Reno works quite well in most practical settings as demonstrated by theimmense

successof the Internet.
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lem: Design a version of TCP that is guaranteed to have a logarithmic majorization index.

5 Connectionsto Proportional Fairness

Kelly, Maulloo, and Tan [18] studied the following optimization problem:

Maximize y . U;(z;) subject to:
Ax < (C

x>0

Here 2 isinterpreted as a vector of bandwidth alocationsto connections. Az < ' represent the capac-
ity constraints. The i-th user is assumed to have a (potentially different) concave utility function U;. They
present an elegant distributed paradigm for solving this optimization problem. The resulting optimum so-
[ution isweighted proportionally fair with respect to some shadow weights computed during the distributed
optimization; aformal definition of proportional fairnessrequires careful notation, and isbeyond the scope of
this paper. The proportional fairness framework is quite different from the approximate majorization frame-
work presented in this paper. The former resultsin exact optimization of a known utility function. The latter
is more suited to the case where the function to be optimized is not known, as in the case of fairness, since
it simultaneously approximates a very large class of functions. Nonethel ess, there are some interesting con-
nections between the two models.

If the utility functions U; are all identical, then the joint utility is a symmetric concave function. In
this case, a most-majorized solution would also be proportionally fair. An «-fair solution would yield an
a-approximation for the optimum objective value without needing to know the utility function; also o* =
O(logn).

One major disadvantage of the approximate majorization framework presented in this paper (as com-
pared to the proportiona fairness work) is the lack of efficient distributed algorithms for finding globally
a-fair vectors; al theagorithms presented in this paper are centralized. Finding such distributed schemesis
achallenging open problem. Our approximation majorization framework can handle multivariatefunctions,
whereas the framework of Kelly et al. can only handle sums of univariate functions. On the other hand, the
proportional fairness framework alows optimization even when the U;’s are different ie. the joint utility

function is not symmetric.
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We now present a simple exampl e where the approximate majorization framework can be applied even

though thejoint utility function is not symmetric.

5.1 Weighted bandwidth allocation

Consider the problem where bandwidth needs to be alocated to » connections, and the utility for the -th
connection is w;x;, where x; is the bandwidth allocated to the :-th connection, and w; is the weight of this
connection. Thejoint utility function >_; w;z; isnot symmetric in the variables «;. To remedy the situation,
we can rewrite the problem in terms of the variables y;, where y; = w;z;. Thejoint utility function becomes
symmetricin y; now. However, the structure of the constraintschanges; in particular, the inherent imbalance
(see section 3 for a definition of inherent imbalance) of the problem might be different when the problemis
restated in terms of the variables y;. Thefollowing lemma states that the inherent imbalance of the problem

can not increase too much; we omit the proof of thislemma.

Lemmab.1l Letw,,,, andw,,;, denotethelargest and the smallest weightsfor any connection. Further, let
I, denote the inherent imbalance of the problemwhen written in terms of the variables y;, and let /,, denote

the inherent imbal ance of the problemwhen written as a function of the variables z;. Then, I, < I, . “maz,

Wmin

Recal| that the inherent imbal ance for the unweighted bandwidth allocation problemisO(n). Using the-

orem 3.1, we can claim the following:

Theorem 5.1 For thewei ghted bandwidth allocation problem, there existsa solutionthatisO (log n+log %)

fair.

6 Conclusion and Open Problems

A good measure of fairness is an essential prerequisite for a systematic development of fair resource alo-
cation protocols as well as for a systematic evaluation of the fairness of existing protocols. We proposed a
maj orization-based framework to study protocol fairness. We observed that majorization subsumes all the
measures of fairness that we know of, and a most majorized allocation (if it exists) would be fair under all
these measures. We gave a simple exampl e to show that a most majorized vector need not always exist, and
presented a definition of approximate majorization. We showed that a globally «-fair alocation under this

definitionisat least 1/« asfair as any other allocation for avery genera class of definitions of fairness. We
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explained how the value o can be computed for alinear program and related the smallest possible o to the
inherent imbalance of the problem.

Finally, we performed a preliminary case study of the fairness of TCP as a bandwidth allocation proto-
col to illustrate our framework. We discovered that TCP is incomparable to max-min fairness in terms of
the majorization index. We aso compared our framework to that of proportional fairness and discovered it
to be more general in some respects and less general in others. The proportional fairness framework pro-
vides a distributed protocol for optimizing; such a distributed protocol is missing from our framework. This

motivates the following two open problems:

1. Design efficient distributed algorithmsfor finding O (log n)-fair solutionsto the bandwidth all ocation

problem.

2. Design new versions of TCP that are guaranteed to be logarithmically-fair.
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A Detailed Version of Section 3 with Proofs

Many optimization problems can bereduced to linear or integer programs. Oneexampleof suchaproblemis
the bandwidth allocation problem discussed in thispaper. Another ismulti-commodity flow. We will present
ageneral framework for finding approximately-fair solutionsto sets of linear constraints. Recall that aglob-
aly a-fair solutionis a-supermajorized by every other feasible solution. Of course, a solutionwith oo = 1
may not exist. In the case of linear programs, we can always find the sol ution which minimizes o exactly in
polynomial time. In the case of integer programs, it may sometimes be possibleto round the globally a-fair

fractional solutionwhile maintaining fairness.

A.l1 Finding P’ and o~

Supposewe are given a set of linear constraints. Instead of being asked to produce afeasible solution which
maximizes (or minimizes) some function, wewould liketo find aglobally a-fair & for the smallest possible
vaueof .

Define 7 to be the maximum possible value for the jth prefix of #. Thus P’ = maxzex Z{Zl T (5
The property we need to guarantee is exactly « Z{Zl x(*i) > P by the definition of mgjorization. This
observation results in a two-step algorithm to find 2. First, we will determine the optimum value for each
prefix. Then we will impose the constraint that each prefix of ™ is approximately its optimum value, and
attempt to minimize «. Each of these steps can be performed by solving linear programs. We will present
exponentia -sized linear programs which can be solved using the ellipsoid method. We will then describe
ways to modify these programsin order to speed up the running time; the general process of solving for the
prefixes and then computing 2 will remain the same.

Feasibility requires that AZ < b for some matrix A, constant vector b, and variable vector Z (which
includesthe z; but may & so include other additional variables). We will add anumber of new constraintsto
the linear program to produce the following.

Maximize P; subject to:
AZ<b
Yiesx > Ppforal S C{1,---,n}with|S| =

Thislinear program finds the largest possible value for the jth prefix. Thelinear program has exponen-

tially many equations, because there will be an exponential number of subsets.S. Such linear programs can



be solved using the ellipsoid method [12] provided we can produce a separation oracle. In this case, the
separation oracle simply sumsthe j smallest z;; if their sumisat least P; then our solutionisfeasible, if not
then the equation indicating that that particular subset S of the z:; sumsto at least F; isviolated. The ellip-
soid method is polynomial time (although inefficient in practice), and we can thus produce ;" in polynomial
time. Repeating thisn times (once for each j) provides P} for every prefix.

We now need to produce the globally «-fair vector z* along with the optimum value «*. This can be
done by solving the following linear program.

Maximize ~ subject to:
AZ<b
D ies Ti > 'yP|g| foral s C {1,---,n}

The solution vector to thislinear program is #*, with « = 1/~. Again the linear program has exponen-
tially many constraints, but again we can solveit using the ellipsoid method. The separation oracle simply
checksthe valuesof all prefixesfor our current vector " and comparesthemtoy P, Thesolutionisfeasible
if and only if &l of these equations are satisfied. Thisyields a polynomial-time agorithm for computing the
minimum possible ™ and the corresponding vector of variables. If we wishto optimize something elsewhile
mai ntai ning approximate fairness as a constraint, we observe that once o* isknown, we can add a constraint
specifyingy > 1/a* and change our objective function (the same trick aso works for the more efficient

algorithms detailed below).

A.11 ReducingthelLP size

Linear programming has been studied extensively, and anumber of fast algorithmsare known for solving (or
approximately solving) linear programs. Practically speaking, the ellipsoid method is not usually very fast;
if we could reduce the number of constraintsto polynomial, then we could solve our linear programs much
more efficiently.

Consider the following linear program for finding ;'

Maximize (37—, «%) — (n — j)U subject to:
AZ<b
ot < fordlie{1,---,n}

et <Ufordlie{l,---,n}



Theabovelinear program is polynomial-sized; in fact it addsonly 2» constraintsand » + 1 variables, so

it's essentially the same size as the origina linear program and can be solved efficiently.
LemmaA.1 Theabove linear program produces ;.

Proof: Consider theoptimum z. Weimmediately observethat ;) = x(;41) foral : > j. Supposefor some
i < jwehavex ) > 0and x(;) < x(iyq). If weincrease z(;) by asmall ¢ and decrease z(;1) by ¢/(j — )
for al i’ > i then we will remain in the polytope (since the order of the z; and the sum of the jth prefix are
unchanged). On the other hand, if we decrease z ;) by thesame ¢ and increase z ;1) by ¢/(j —¢) foral ¢’ > i
then we again remain in the polytope. Since oneof thesetwo directionsdoes not make the solutionworse, we
can concludethat for every 1, either ;) = 0 Or x(;y = (;41). In order to be inthe polytope, if the smallest :
coordinates of Z are zero, the remaining coordinates will all haveto beat least 1/(j — 7). We can sort the z;
in decreasing order of their cost ¢;; since swapping the values of the coordinatesof z” cannot causeit to leave
the polytope, it is clear that the largest ¢; will correspond to the smallest =; and so forth. Thusthere are only
J possiblevectors € P which could minimize ¢'e & and we can produce them all (and check their costs) in
polynomid time. ™
We still need to produce the optimum « and the vector ™. For that, we write the following linear program.
Maximize ~ subject to:
AZ<b

2! < z;fordliandj

@ < U foraliandj

(Siy #d) = (n— §)U7 > v P forall

Thislinear program adds »? 4 n new variables and 2n? + n constraints. This may make it larger than
prog

theoriginal LP, but itis still polynomial in size.

LemmaA.2 The above linear program produces a globally a-fair solution for the minimumvalue of o« =

o,

Proof: If weset ¥ = #* dongwith U7 = x(j), then arguments similar to those of lemmaA.1 show that the
optimum v isfeasible. It followsthat #* adongwithy = 1/a* isafeasible solution.
Ontheother hand, consider any feasiblesolution. We observethat -, xf —(n—4)U’ isat most the jth

prefix of our current vector 7. It followsthat &* must have prefix ; at least equal to~ P;. Any feasible solution



immediately producesaglobally 1/~-fair vector. It followsthat the optimum solution (which maximizes )

must minimize o while providing aglobally a-fair solution. ]

A.1.2 Fast Fairness Approximationsfor Packing Problems

Packing constraints are a set of linear constraints Az < b with the additional properties that matrix A has
nonnegative entries and vector Z is constrained to have nonnegative coordinates. Optimization problems
on packing constraints can be approximated very efficiently [29]. We would like to be able to apply fast
approximation techniquesfor packing problemsto the problem of finding aglobally a-fair feasible solution
on aset of packing constraints. Unfortunately, the linear programs described in the previous sections are not
packing programs. Even if the original matrix A is nonnegative, the constraints added to compute fairness
do not have the packing property. We can rewrite the linear program we need to solve in order to find prefix
Py asfollows:
Minimize \; subject to:
AZ < \jb
Yiesa; > 1foral S C{L,---,n}with|S| =

Here P7 = 1/;. We will represent the set of equations which insures each subset of ;j variables sums
to at least one by the polytope P;. Provided we can, for any ¢ > 0, producethe & € P; which minimizes
¢ e I, we can run the algorithm of Plotkin, Shmoys, and Tardos[29] to produce a fast approximationto ;.

The existence of such a polynomial time minimization oracle is the subject of the following theorem.
Theorem A.1 Wecan produce Z € P; tominimizec'e Z intime O (nlogn).

The crucial stepisto prove that there exists an optimum sol ution such that, for some threshold value ¢, al
x; With ¢; > ¢ are zero and al other z; areidentical. Then we can sort the z; and check each of the n
possiblevaues of ¢ to find the optimum solution. Hereisthe detailed proof: Proof: Consider the optimum
Z. We immediately observe that «(;) = z(;44) foral ¢ > j. Supposefor some: < j wehave ;) > 0 and
z(jy < @(iy1)- |If weincrease z(;) by asmall ¢ and decrease x ;) by ¢/(j — ¢) for al i > i then we will
remain in the polytope (since the order of the z; and the sum of the jth prefix are unchanged). On the other
hand, if we decrease z ;) by the same e and increase x ;) by ¢/(j — 7) for al +’ > i then we againremain in
the polytope. Since one of these two directions does not make the solution worse, we can conclude that for

every ¢, either x(;) = 0 Or z(;) = @(;41). Inorder to bein the polytope, if the smallest ¢ coordinates of & are
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zero, the remaining coordinateswill al haveto beat least 1/(j — ¢). We can sort the z; in decreasing order
of their cost ¢;; since swapping the values of the coordinates of & cannot cause it to leave the polytope, it is
clear that thelargest ¢; will correspond to the smallest z:; and so forth. Thusthere are only j possiblevectors
# € P which could minimize ¢ e & and we can produce them all (and check their costs) in polynomid time.
|
Thisgivesafast a gorithmto produceapproximately optimum prefixesfor each j. Westill needtoexplain

how to produce an approximately-fair vector. We can rewrite the linear program to find «* asfollows:

Minimize « subject to:
AZ < ab

We will need a minimization oracle which can, given avector ¢, produce the vector # € P which mini-
mizes e 7. Inthiscase our polytopeisthe set of vectors @ which have prefix j at least equal to F; for every
J.

Theorem A.2 There existsa minimizationoraclefor theabovelinear programthat runsintime O (n log n).

The minimizing vector @ has vy = Py and z(;1q) = Pr.

*1 — P7. Thiscan be computed in O (n log n)

time by observing thet ¢; > ¢; = z; < z;. Thusif the original linear program constraints were packing
constraints, we can produce fast globally a-fair vector solutionswhile guaranteeing o < a*(1 + ¢€). Thisis

particularly useful for the bandwidth alocation problem with fixed routes.

A.2 Existenceof small o*

The previous section described methods for finding aglobally a-fair vector for alinear program. In general,
the minimum « such that there exists a vector which «-supermajorizes all others could be very large. We
will describe several upper bounds on o* in the worst case. We assume only that all feasible vectors #” have
nonnegative coordinates, and that for any feasible 27, 75 the weighted average 327 + (1 — 3)a3 isfeasible

for0 < g < 1. Wewill use the term “nonnegative convex program” to apply to such a set of feasible points.
Lemma A.3 For any nonnegative convex program, o* < n where n isthe dimension of z.

Proof: Let 2 be the solution which optimizes prefix j. We define P; (%) to be the jth prefix of vector z;

thus we know that P;(z;) = P where P7 isthe optimum prefix. Since any weighted average of solu-



tionsis feasible, one possible solution to the convex programis # = 3/, 14;. We observe that P; (7) >
LY R Pi(d) > LP;(a;) > 2 Pr. Itfollowsthat & is globally n-fair. ]

Thisresult istight, in that we can construct examples where o* = n. However, in many cases the opti-
mum prefixes are fairly similar in value, and the optimum «* ismuch smaller than ». We will formalizethis

below:

Definition 2 Theinherent imbalance of a problemis

n

P
PF

Theinherent imbalanceistheratio of the maximum average utility that can be achieved in any alocation
to the maximum utility for the poorest individual that can be achievedin any allocation. Intuitively, thelarger

the inherent imbalance, the lesslikely it will be that there exists a most-fair vector with asmall «.

Theorem A.3 For any set of convex constraints, o™ < 2 + 2 log

Py
nPF
Proof: We observethat for any vector 7, P, (%) > *+ P;(). Thisholdsbecausethen — j terms not included
in prefix j areal larger than the average term (or any term) which isincluded. Let y; = 1. We define y; to
be the smallest number such that Py*i/yi > 2Py /yi—1. Let yi bethelargest of the y;. We define vector
F=y%, %x; Consider prefix j of thisvector. By the definition of y;, we know there exists some i such
that y; < jand P7/j < 2P, [y;. It followsthat P; () > yil,Pyl. (2, ) from which we can conclude that
Pi(xy,) /i > Py /yi > P7/2j. Thismeansthat P;(¥) > P7/2k and ¥ is globaly 2k-fair. But what is £?
Weknow that Pr /j form anondecreasing sequencefrom Py to P /n. It followsthat since each y; increases
thevaluein this sequence by afactor of 2, k < 1+ log(%). This proves the theorem. |

Here n is the dimension of the vector over which we want the fairest solution. In the case of multi-

commodity flow, n would represent the number of commodities (not the size of the graph).
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