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Abstract

A good measure of fairness is an essential prerequisite for a systematic development of fair resource

allocation protocols as well as for a systematic evaluation of the fairness of existing protocols. We pro-

pose the use of approximate majorization as a framework for quantifying the fairness of a resource allo-

cation scheme. We demonstrate how approximate majorization subsumes and generalizes several natural

measures of fairness. We then relate majorization to revenue maximization, and sketch an efficient algo-

rithm to compute the fairness of a given allocation as well to find the fairest allocation. Our framework is

quite general and can be applied to several routing, bandwidth allocation, load balancing, and clustering

problems.

To illustrate the framework in a concrete setting, we perform a preliminary case study of the fairness

of TCP as a bandwidth allocation protocol in communication networks. We demonstrate that the fairness

of both TCP Reno and TCP Vegas is incomparable to the fairness obtained by max-min fair allocation.

Finally, we explore the connections between approximate majorization and the notion of proportional

fairness developed by Kelly, Maulloo, and Tan.

1 Introduction

Consider the problem of designing a protocol to fairly allocate a fixed resource among n individuals given

some constraints. This general scenario can be specialized to several routing [19, 10], bandwidth alloca-

tion [10, 1, 2], clustering [21], and load balancing [11] problems. In order to evaluate the fairness of any�Ashish Goel is at the Department of Computer Science, University of Southern California. Email: agoel@cs.usc.eduyAdam Meyerson is at the Department of Computer Science, Stanford University. Email: awm@stanford.eduzRishi Bhargava is at the Department of Computer Science, University of Southern California. Email: RBhargava@oni.com
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proposed solutions for these problems, we must first decide on a good definition of fairness. This is a hard

problem, as can be seen by the large number of (often disparate) fairness measures proposed by both system

builders [16, 6, 8, 1, 2, 20] and theoreticians (see chapter 13 of [24]). Some of the more widely discussed

measures are max-min fairness [15, 4, 1, 2], variance related measures [16], and average utility. This paper

presents a framework to unify and generalize all the above measures. We will explain this theory largely in

the context of networking problems, and perform a simple case study of the fairness of TCP. However, we

believe that the underlying ideas are general and could find applications in several domains. It is our hope

that this theory will aid in the evaluation of the fairness of existing protocols, and also serve as one of the

criteria that inform the design of future protocols. In this paper, we will not discuss whether fairness is de-

sirable and important; these considerations are best left to protocol designers in their respective application

domains.

Let si(X) denote the amount of utility that we provide to the i-th poorest individual if we follow al-

location policy X . Note that different individuals may be the i-th poorest in different allocation policies.

Let “prefix” Pi(X) be the total amount of utility provided to the i poorest individuals. The central theme

of this paper is that a “fair” allocation policy is one that simultaneously gives a high value for all the pre-

fixes P1(X); P2(X); : : : ; Pn(X). Thus, we would like to be fair on the average (i.e. get a high total utilityPn(X)), fair to the poorest individual (high P1(X)) as well as fair to all the intermediate prefixes. For ex-

ample, an allocation which gives a utility of 2; 3; 3 to three individuals is deemed fairer than one that gives

a utility of 2; 2; 4 even though they both have the same minimum and average utilities. An elegant theory

of majorization was developed by Hardy, Littlewood, and Polya in the 1920s which formalizes the above

theme [13, 14]. Using their terminology, given two allocationsX and Y , we say that X is majorized by Y ifPi(X) � Pi(Y ) for all i, and Pn(X) = Pn(Y ). Even before the notion of majorization was formally intro-

duced, Lorenz [22] postulated that ifX is majorized by Y , thenX is “fairer than” Y. The rationale behind this

postulate is that under any natural measure of fairness, we would expect the allocation (x2; x1) to be as fair as

the allocation (x1; x2) and less fair than (x1+x22 ; x1+x22 ). This translates into saying that maximizing fairness

should be equivalent to maximizing some symmetric1 concave function f(X). But Hardy, Littlewood, and

Polya proved that if X is majorized by Y then f(X) is larger than f(Y ) for all such functions. Thus if we

could find a most majorized allocation, it would be the fairest under all “natural” measures of fairness. This1In this paper, a symmetric multivariate function is one that is symmetric in all its arguments ie. exchanging the arguments does

not change the value of the function.
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is a very strong definition of fairness, and not surprisingly, a most majorized allocation may not exist for a

large class of problems. This motivates our definition of approximate majorization2 as detailed in section 2.

In this paper, we first define (section 2) the majorization index of a resource allocation protocol and ex-

plain why it is a good measure of fairness. We also show how the framework of majorization unifies all

the commonly studied measures of fairness. We then explain how an approximately majorized allocation

as defined in this paper is approximately fair for a large class of fairness functions (theorem 2.3). We then

sketch algorithms (section 3) to compute the majorization index of an allocation, and present a bound on the

majorization index in terms of the “inherent imbalance” of the problem.

We omit detailed algorithms and proofs from section 3; they can be found in a more formal companion

paper [?] and are reproduced in appendix A. Instead, we illustrate our framework by a preliminary case study

(section 4) of the fairness of TCP as a bandwidth allocation protocol in data networks. A lot of attention has

been paid recently to fair allocation of bandwidths in data networks. RED [9], WFQ [7, 28], CHOKe [27],

and CSFQ [30] can all be looked upon as bandwidth allocation/regulationschemes that promote fairness. The

problem is also important in wireless communications [20]. One traditional definition of fairness in computer

networks has been max-min fairness [15, 4, 1, 2]. We will use our framework to quantitatively compare

the fairness of TCP with that of the max-min fair allocation. We demonstrate that the fairness of both TCP

Reno and TCP Vegas is incomparable to the fairness obtained by max-min fair allocation3. Interestingly, for

networks where a most majorized allocation of bandwidth exists, TCP Vegas attempts to find such a vector.

In this section, we employ analytical models of TCP Reno and Vegas to prove our results [26, 17, 23].

Finally, in section 5, we compare our framework to the proportional fairness framework proposed by

Kelly, Maulloo, and Tan [18], exploring the connections as well as the differences between the two models.

We also give a simple example where our framework can be extended to non-symmetric fairness functions.

Sections 4 and 5 can mostly be read independently of section 3. We summarize our results in section 6 and

also present two challenging open problems.2This definition is similar to the definition of prefix-competitivity proposed earlier by Kleinberg, Rabani, and Tardos [19] and

Goel, Meyerson, and Plotkin [10] in the context of online algorithms.3TCP Reno is a popular version of TCP; TCP Vegas is a recent version which is less widely deployed but has interesting

properties.
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2 A Majorization Based Fairness Framework

Consider a fixed resource or a set of resources which needs to be fairly allocated among n individuals given

some constraints. This general scenario can be specialized to several routing [19, 10], load balancing [11, 19],

clustering [21], and bandwidth allocation problems [1, 2, 20, 8, 6]. To evaluate a solution to these problems,

we must decide on a good definition of fairness.

2.1 Using majorization to characterize fairness:

Let X = hx1; x2; : : : ; xni and Y = hy1; y2; : : : ; yni be two feasible vectors (i.e. satisfying all the con-

straints) denoting resource allocation to n individuals. Let si(X) denote the i-th smallest component of X .

Informally, si(X) is the amount of resource allocated to the i-th poorest individual. Then X is said to be

majorized [13, 14, 24] by Y , denoted X � Y , if the following two conditions are satisfied:

1. (8k; 1 � k � n), we have
kXi=1 si(X) � kXi=1 si(Y ), and

2.
nXi=1 si(X) = nXi=1 si(Y )

This concept was introduced by Hardy, Littlewood, and Polya in the 1920s to study properties of inequalities.

Even before that, Lorenz [22] informally proposed that the above definition implies that X is fairer than Y .

Figure 1(a) gives a pictorial representation of majorization for additional intuition. IntuitivelyX � Y means

that poorest individual in X is at least as rich as the poorest individual in Y , the two poorest individuals inX are together at least as rich as the two poorest individuals in Y and so on.

If X � Y for all feasible Y , then X is said to be the most majorized vector. Suppose f(X) =Pi g(xi)
captures the “fairness” of a solution. So the goal is to maximize f(X). It seems natural that allocation(x1+x22 ; x1+x22 ) is fairer than (x1; x2); this is certainly true for all fairness measures we found in literature,

some of which we discuss later [16, 6, 8, 20]. This natural condition translates to the requirement that g(x)
is concave4. The following theorem relates majorization to any natural notion of fairness as defined above:

Theorem 2.1 [13, 24] If X is the most majorized allocation then for any concave function g, X maximizes

the value
Pi g(xi).4If one is trying to minimize the “unfairness index” then it makes sense for g to be convex by an analogous argument.
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Now consider the case where the function f is not decomposable into
Pi g(xi). It seems natural to require

the allocation (x2; x1) to be as fair as the allocation (x1; x2) and less fair than (x1+x22 ; x1+x22 ). This translates

into saying that maximizing fairness should be equivalent to maximizing some symmetric concave functionf(X). Theorem 2.1 continues to hold for such functions.

Theorem 2.2 [13, 24] If X is the most majorized allocation then for any symmetric concave function f , X
maximizes the value f(X).

Motivated by the above discussion and theorems 2.1 and 2.2, we will also use the term “globally fair” to

describe a most majorized vector.

2.2 Majorization and other fairness criteria

In this subsection we quote several fairness criteria proposed by researchers and relate them to majorization:� Max-min fairness [15, 4, 1, 2]� Minimize the Variance [16]� Minimize the Coefficient of Variation [16]� Maximize the min-max ratio [16]: f(X) = mini ximaxi xi� Maximize the power function [8]: f(X) = Qni=1 xi� Maximize Jain’s fairness index [16]: f(X) = [Pni=1 xi]2Pni=1 x2i� Kullback-Leibler fairness index [20]: This is not a fairness index in itself but is a measure of distance

between two probability distributions. If p and q are two probability distributions then the Kullback-

Leibler distance (or relative entropy) between them is denoted byD(p k q). Suppose the fairest alloca-

tion is represented by ~� = (�1; �2; �3; : : :) and let the allocation to be analyzed be� = (1; 2; 3; : : :).
Then, D(� k ~�) =  NXi=1 i log2 i!�  NXi=1 �i log2 �i!

It is easy to prove using theorems 2.1 and 2.2 that if X is globally fair as defined earlier, then X is max-

min fair, has the least possible variance, has the maximum min-max ratio possible, maximizes the power

function, maximizes Jain’s fairness index and subsumes the Kullback-Leibler index. As an illustration we
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Figure 1: Here PK refers to the sum of the resources allocated to the K poorest individuals. In figure 1(a), X is

majorized by Y (i.e. fairer than Y ) since all the prefixes in X are larger than the corresponding prefixes in Y . In

figure 1(b), if we multiply the allocation X by a factor 2, then the resulting allocation 2X has larger prefixes than Y .

Hence, X is 2-supermajorized by Y .

will prove that our fairness criterion subsumes the power function fairness index. The proof for the rest of the

indices is similar and is omitted. Let f(X) = Qni=1 xi. This is not a symmetric concave function. However,

taking the logarithm on both sides, we obtain log f(X) = Pni=1 log xi. But log x is a concave function,

therefore theorem 2.1 implies that log f(X) is maximized by the most majorized allocation.

We do not claim that the above described measures are not good measures of fairness. In fact each mea-

sure described above is quite reasonable for its application domain. For instance, fairness in each measure

corresponds to maximizing some symmetric concave function, which is consistent with our intuitive notion

of fairness. We merely wish to establish that majorization subsumes and generalizes all the above commonly

used measures and merits further study. If a most majorized allocation were to exist for a given problem, then

all the above measures of fairness would agree that this allocation is the fairest.

There is also an interesting connection between majorization and revenue maximization, stemming from

the fact that revenue functions typically follow the law of diminishing returns and are therefore typically

concave. Suppose we are given a concave increasing revenue function f with f(0) = 0. Then
Pi f(xi) is

maximized for the most majorized vector5. Thus fairness as defined above is also beneficial to the “service

provider”.5Again, this result holds for the more general class of symmetric concave revenue functions.
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The terms “most majorized” and “globally fair” will be used interchangeably in this paper. Having adopted

the above definition of fairness, our goal is to find the most majorized vector given a set of constraints. Un-

fortunately, the most majorized vector may not exist even for very simple constraints. For a simple real life

example, consider a network which is a two-hop path and carries three connections. Connection 1 uses both

the links; connection 2 uses only the first link; and connection 3 uses only the second link. Let x1; x2; x3
be the bandwidth allocated to the three connections by some bandwidth allocation protocol. Let each link

have unit capacity. The corresponding constraints are fx1 + x2 � 1; x1 + x3 � 1; x1; x2; x3 � 0g. The

solution that maximizes the prefix x1+ x2+ x3 must assign zero bandwidth to the first connection and unit

bandwidth to the other two connections. The solution that maximizes the bandwidth for the most starved

connection must assign a bandwidth of half a unit to each connection. Thus, for this simple bandwidth allo-

cation problem, there is no globally fair solution. We will take a closer look at this problem later in our case

study.

To address this problem, we will now define the notion of approximate majorization to quantify fairness.

Most of the desirable properties of majorization carry over to approximate majorization in a weaker form.

2.3 Approximate majorization and approximate fairness:

Given feasible vectorsX and Y , X is said to be�-supermajorized byY (�-fairer thanY ), denotedX �� Y ,

if (8k; 1 � k � n) � kXi=1 si(X) � kXi=1 si(Y )
A feasible vector X is said to be globally �-fair if X �� Y for all feasible vectors Y and � is called the

majorization index of X .

A globally �-fair vector can be thought as being “approximately most majorized”. This is a natural and

very strong definition of approximate fairness. Intuitively, this says that given any other allocation and any

number k, the k poorest individuals in X together get at least 1=� times as much resource as the k poorest

individuals in Y . Globally �-fair vectors retain the nice properties of most-majorized vectors, but in an ap-

proximate sense as explained later. Further, as we show in section 3, globally�-fair vectors exist (and can be

efficiently found) for small values of � for a large class of problems. Figure 1(b) shows an example whereX is 2-majorized by Y .

LetP �j be the maximum total resource that can be allocated to the j poorest individuals by any allocation.

We will call P �j the optimal jth prefix.
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Given any allocation X , Pj(X) is the total resource allocated to the j poorest individuals in allocationX , i.e. Pj(X) = Pji=1 si(X). Now, �(X) = maxj Pj(X)P �j is the majorization index of X . Let �� be the

smallest possible value of �(X) for any feasible allocation X .

The following theorem presents strong quantitative evidence that approximate majorization is a good

framework for studying fairness and that � is a good measure of fairness.

Theorem 2.3 An allocation X is globally �-fair iff �f(X) � f(Y ) for all feasible allocations Y and all

symmetric concave functions f such that f(0) = 0 and f is non-decreasing in each argument.

Proof Sketch: If X is globally �-fair then theorem 2.2 and the fact that f is a non-decreasing function

together imply that f(�X) � f(Y ) for any feasible vector Y . Here �X refers to the allocation where

each component of X has been multiplied by �. Notice that the allocation �X need not be feasible. How-

ever, since f(0) = 0 and f is concave, we can conclude that f(�x) � �f(x) for all x � 0. Hence,f(X) � f(�X)=� � f(Y )=� for all feasible Y . This proves the forward direction of the theorem.

For the reverse direction, we observe that for any k, the prefix Pk(X) can be looked upon as a function

of X . This function happens to be symmetric, concave, non-decreasing, and Pk(0) = 0. If �f(X) � f(Y )
for all f that satisfy the conditions of the theorem, then �Pk(X) � P �k , which implies that X is globally�-fair.

The above theorem is slightly weaker than theorem 2.2, but it still holds for a large class of fairness func-

tions; certainly all the fairness measures that we found in the literature can be transformed into the above

form. Armed with the strong “if and only if” connection between approximate majorization and approximate

fairness that the above theorem provides us, we will now use the majorization index of a resource allocation

protocol to quantify its fairness.

3 Computing Optimal Prefixes and Optimal Majorization Index

For the approximate majorization framework to be useful, it is important to be able to compute the optimal

prefixes given a set of constraints. Also, to evaluate how far a given protocol is from the optimum, we need

to compute the best possible � such that a globally �-fair solution exists. Further, this framework would be

interesting only if globally �-fair vectors exist for small values of �. All these issues are addressed in this

section.

We are going to consider problems where the set of constraints is a linear program. This includes a large
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range of optimizationproblems. We will specifically mention the bandwidthallocation problem; this problem

arises in connection with our chosen case study of the fairness of TCP.

Recall that a globally �-fair solution is �-supermajorized by every other feasible solution. Of course, a

solution with � = 1 may not exist. There are two distinct parts to a discussion of finding the fairest possible

solution.

1. Finding the optimum prefixes P �j and the smallest � for which a globally �-fair solution exists. This

smallest � will be denoted as ��.

2. Proving that there always exists a solution with a small value of ��.

3.1 Finding P �j and ��
Suppose we are given a set of linear constraints on the variables x1; x2 : : : xn. A solution is said to be feasible

if it satisfies all constraints. First, we will determine the value of each P �j . Then we will find �� and the cor-

responding feasible solution x�. We will present linear programs for each of these steps. The sizes of these

linear programs are exponential but they can be solved in polynomial time using the ellipsoid method [12].

We will then describe ways to modify these programs in order to speed up the running time for the fair band-

width allocation problem, which is an important component of our chosen case study about the fairness of

network protocols.

Feasibility requires that A~x � ~b for some matrix A, constant vector~b, and variable vector ~x. We will

add a number of new constraints to the linear program to produce the following.� Maximize pj subject to:� A~x � b� Pi2S xi � pj for all S � f1; � � � ; ng with jSj = j
This linear program finds the largest possible value for the jth prefix. The linear program has exponen-

tially many equations, because there will be an exponential number of subsets S. Such linear programs can

be solved using the ellipsoid method [12] if we are given an efficient separation oracle6. In this case, the

separation oracle simply sums the j smallest xi; if their sum is at least pj then our solution is feasible, if not6A separation oracle looks at a candidate solution and either guarantees that this solution satisfies all given linear constraints, or

produces a constraint that is violated.
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then the equation indicating that that particular subset S of the xi sums to at least pj is violated. The ellip-

soid method is polynomial time (although inefficient in practice), and we can thus produce the optimum pj
in polynomial time. Repeating this n times (once for each j) provides the values P �j for each j.

We now need to produce the most-fair vector ~x� along with the optimum value ��. This can be done by

solving the following linear program. The solution vector to this linear program is ~x�, with �� = 1=. The

last set of constraints say that for all k and for any set of k individuals, the total “utility” for these individuals

should be at least P �k = P �k =��.� Maximize  subject to:� A~x � b� Pi2S xi � P �jSj for all S � f1; � � � ; ng
Again the linear program has exponentially many constraints, but again we can solve it using the ellip-

soid method. The separation oracle simply checks the values of all prefixes for our current vector ~x and

compares them to P �j . The solution is feasible if and only if all of these equations are satisfied. This yields

a polynomial-time algorithm for computing the minimum possible �� and P �j .

It is possible to reduce the size of the linear program so that the number of constraintsbecome polynomial.

However that discussion is beyond the scope of this paper and is detailed in [?] and appendix A. We now

sketch the algorithm for computing P �j and �� very efficiently for the bandwidth allocation problem; again,

a detailed explanation and proofs can be found in appendix A.

The bandwidth allocation problem: We are given a network with m links l1; : : : ; lm, with Ci being

the capacity of li. We are also given n connections with routes R1; : : : ; Rn. We have to assign bandwidthsx1; : : : ; xn such that the total bandwidth allocated to all the connections that use link i is at most Ci, for eachi. Our goal is to be as “fair” as possible to each connection. To evaluate the fairness of a bandwidth allocation

protocol (such as TCP), we would like to first find the best prefixes P �j and the value ��. Let A be the n�m
route-link incidence matrix such that Aik = 1 if link i is used by connection k and 0 otherwise. Also, let C
be the column vector representing the capacities of all the links. We will now fix the value of Pj to be 1 and

then try to find the smallest fraction �j of the capacity needed to provide this value. P �j will now be 1=�j .
This approach is captured by the following linear program for finding the prefix P �j :� Minimize �j subject to:
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� A~x � �jC� ~x � 0� Pi2S xi � 1 for all S � f1; � � � ; ng with jSj = j
This linear program is a special case of a fractional packing problem, and can be solved efficiently us-

ing the algorithm of Plotkin, Shmoys, and Tardos [29]. The value of �� can be calculated using a similar

approach.

3.2 Existence of small ��
We will just state the theorems in this section; their proof can be found in appendix A. In general, the mini-

mum � such that there exists a globally �-vector could be very large. We characterize this value in terms of

the “inherent imbalance” of a given problem.

Definition 1 The inherent imbalance of a problem is P �nnP �1 , wheren is the dimension of the vector over which

we want the fairest solution.

In other words, the inherent imbalance of a problem is the ratio of the maximum value that can be achieved

for the average utility (P �n=n) to the maximum utility that can be achieved for the poorest individual (P �1 ).

Intuitively, the larger the inherent imbalance, the less likely it will be that there exists a most-fair vector with a

small �. The following theorem (proved in A) states that �� is roughly logarithmic in the inherent imbalance

of the problem.

Theorem 3.1 For any linear program, �� � 2 + 2 log P �nnP �1 .

The two interesting features of this result are:

1. The inherent imbalance is defined not as the ratio of the maximum utility for the richest individual to

the maximum utility for the poorest, but as the ratio of the maximum average to the poorest.

2. Even if the inherent imbalance grows linearly in the number of individuals, the optimum majorization

index grows only as the logarithm of the number of individuals.
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Using the above theorem, it follows that for the bandwidth allocation problem7,�� � 2+2 logn = O(logn).
This result can be improved to O(minflogn; logmg) where m is the number of links in the network.

Of course, not all optimization problems of interest can be formulated as linear programs. For these prob-

lems, the two questions posed here need to be studied using domain specific and problem specific tools [19,

10, 21, 11, ?].

4 Case Study: Comparing TCP to Max-Min Fairness

In this section we compare the fairness of TCP Reno and TCP Vegas to that of max-min fairness. We con-

clude that the fairness of both versions of TCP (as measured by the majorization index) is incomparable to

that of max-min fairness. In other words, there are simple families of networks for which TCP has a much

smaller majorization index than max-min, as well as other simple families for which TCP has a much larger

majorization index. This is surprising, since max-min fairness consciously tries to promote fairness, whereas

TCP is primarily geared towards other systems issues such as preventing congestion. TCP fairness has pre-

viously been studied formally, for example by [31, 5]. However, to the best of our knowledge, ours is the

first quantitative argument that max-min fair allocations and TCP are incomparable in terms of their fairness

properties.

Interestingly, for networks where a most majorized allocation of bandwidth exists, TCP Vegas attempts

to find such a vector. In this section, we employ analytical models of TCP Reno and Vegas to prove our

results [26, 17, 23].

4.1 TCP Reno and max-min fairness

We consider two families of networks, shown in figures 2 and 3. Both families have the same underlying

topology, which is a line with n + 1 nodes and n links. The n + 1 nodes are v0; v1; : : : ; vn. There is a link

between nodes vi�1 and vi for all 1 � i � n. We will assume that all these links are identical and have unit

capacity. This is a nice canonical topology for fairness evaluation [16, 8].

We are going to use the TCP equation due to Padhye et al. [26] to get approximations of the behavior of

TCP Reno on these families. This equation relates the throughput � of a TCP connection with the round trip

delay (RTT) and the drop probability (p):7Removing one unit of bandwidth from one connection can result in at most one extra unit of bandwidth for any other connection;

this implies that the inherent imbalance of the bandwidth allocation problem is at most n.
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� � C
RTT � pp , where C is a constant. (1)
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Figure 2: The first family
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Figure 3: The second family

The first family: TCP Reno is fairer In the first family (figure 2) there are n�1 “long” connections which

have their source at node v0 and their destination at node vn. Further, there are n “short” connections; thei-th short connection has its source at node vi�1 and its destination at node vi. All these connections are bulk

connections ie. we assume they would like to transfer infinite amounts of data, and desire as much bandwidth

as possible.

For this family, P �1 = 1=n and P �2n�1 = n. The former is achieved by assigning equal bandwidth to all

connections. The latter is achieved by assigning zero bandwidth to all the long connections and unit band-

width to all the short ones. This family does not admit a most-majorized allocation.

The max-min fair solution would allocate equal bandwidths to all flows in this family. Thus, each flow

would get bandwidth1=n, and the total bandwidth allocated would be (2n�1)=n. For this familyP �2n�1 = n.

But this implies that the ratio of the maximum total bandwidth possible and total allocated bandwidth for the

max-min fair solution is n2=(2n�1) = �(n). It is not hard to see that this is indeed the worst ratio of P �k =Pk
13
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Figure 4: Prefix vector plot for TCP Reno and max-min. The X-axis represents j and Y-axis represents Pj.
for this family given max-min fair allocations, and hence, is the majorization index.

For TCP Reno, we assume that all links exhibit the same drop probability p0, that p0 is small, and that the

packet drop events on different links are independent8. Then the drop probability seen by a “short” connec-

tion is merely p0, whereas that seen by a long connection is approximately np0. Also, the RTT observed by a

long flow is n times that of a short flow. Consequently, the ratio of the bandwidth received by a long connec-

tion to that received by a short connection would be n�3=2, from the TCP equation. Since a short connection

can not get more than unit bandwidth, the long connections would get bandwidth �(n�3=2) each. But P �1
for this family is 1=n, which implies that the majorization index of TCP for this family is �(pn).

Asn grows larger, the majorization index for max-min fairness grows linearly, whereas that of TCP grows

as
pn. Clearly, TCP performs better for this family of networks.

For gaining further insight look at the plot of the prefixes shown in figure 4. These prefixes are obtained

by running the network simulator ns-2 [25] to obtain TCP throughputs9, with n = 5. As shown, TCP does

badly in the “beginning” and much better at the “end” compared to max-min. This is consistent with our

understanding of TCP. The majorization indices for different values for n for the first family are reported

in table 1; again the TCP majorization index is computed using results from an actual ns simulation. These

results are consistent with the conclusions of the approximate analysis performed above that TCP is fairer

than max-min fair allocations as n grows large. In all these simulations, each link had a capacity of 1Mbps,

each buffer-capacity was 50 packets, and all the queues were drop-tail.8We do not claim these assumptions result in very accurate results. However, in this analysis, we are only interested in rough,

ball-park bounds.9We scale up the throughput obtained by TCP connections to saturate at least one link in the network.
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n �TCP �max�min
5 2.890 2.778
6 3.559 3.273
7 2.137 3.5
8 2.061 3.764
9 2.304 4.764

10 2.525 5.263

Table 1: Majorization index for the first family with varying number of nodes.

The second family: Max-min fair allocations are fairer The second family has n�1 long connections as

before, and n short connections. Again, all these connections are bulk connections. However, in this family,

all the short connections are from node v0 to node v1. This family admits a most majorized allocation –

just divide the bandwidth equally between all the connections. This corresponds to max-min fairness, and

hence the max-min fair solution has a majorization index of 1. In this scenario, all TCP connections see

the same drop probability, but the RTT experienced by the long connections is roughly n times that of a

short connection. Hence, using the TCP equation, the long connections will obtain bandwidths that would

be roughly 1=n times those obtained by short connections, resulting in a majorization index of�(n) for TCP.

Clearly, TCP allocations are not as fair as max-min in this family. Simulations confirm this conclusion; the

details of the simulations are omitted.

4.2 The fairness of TCP Vegas

For TCP Vegas, we will use the work of and Low, Peterson, and Wang [23]. They demonstrate that TCP

Vegas attempts to maximize the function U(x) =Xi log xi
wherex = hx1; x2; : : : ; xni is the vector of bandwidths received by then TCP Vegas connections10. This ex-

pression is the culmination of a series of results on the utility function for TCP variants, starting with Kelly’s

work [17].

The set of constraints for the bandwidth allocation problem is linear, and hence the set of feasible solu-

tions is a convex set. Further, the function U(x) is symmetric and strictly concave in each argument. The

following lemma follows easily from the above two statements; the proof is omitted.10There is another interpretation of the TCP Vegas protocol which results in a different utility function; see [23] for details.
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Lemma 4.1 There is a unique vector x that maximizes U(x) for the bandwidth allocation problem.

By theorem 2.1, if a most majorized vector existed for a given instance of the bandwidth allocation problem,

then this vector would also maximize U(x). Combining theorem 2.1 with lemma 4.1, the following theorem

is immediate:

Theorem 4.1 If a most majorized allocation exists for a given instance of the bandwidth allocation problem,

then TCP Vegas attempts to achieve this allocation, assuming that the TCP Vegas utility function is U(x) =Pi log xi.
This property would hold for any variant of TCP that has a symmetric concave utility function and a unique

optimum solution. In fact, this property also holds for max-min fair allocations. While theorem 4.1 is inter-

esting, we still need to evaluate TCP Vegas in terms of its majorization index when a most majorized vector

does not exist.

On the first family(figure 2), let y be the bandwidth allocated by TCP Vegas to each short connection.

Then by symmetry, each long connection gets a bandwidth of (1� y)=(n� 1) and U(x) = n log y + (n �1) log 1�yn�1 . This is maximized when n(1 � y) = (n � 1)y, or y � 1=2. Thus the short connections get

roughly half a unit of bandwidth and the long connections get roughly 1=(2n). The majorization index of

this allocation is approximately 2 ie. �(1), which is much better than �(pn) for TCP-Reno or �(n) for

max-min fair allocations.

For the second family (figure 3), theorem 4.1 implies that the majorization index for Vegas is�(1), which

is the same as max-min fair allocations, but much better than that of Reno (�(n)).
Now consider a third family of networks. Again the underlying topology is the same. There are n short

connections, one on each link, and 1 long connection. The majorization index of the max-min fair allocations

on this family of networks is roughly 2. Using simple calculus like we did for the first family, it is straightfor-

ward to prove that the long connection receives bandwidth 1=(n+1) using Vegas, resulting in a majorization

index of �(n). Hence, TCP Vegas and max-min fairness are incomparable.

Open problem: Approximately majorized TCP? From the above examples, it is clear that each of max-

min fairness, TCP Reno, and TCP Vegas can have a majorization index as large as �(n), albeit in different

networks. This is an unsatisfactory state of affairs 11 and motivates the following ambitious research prob-11At least from a theoretical point of view; TCP Reno works quite well in most practical settings as demonstrated by the immense

success of the Internet.
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lem: Design a version of TCP that is guaranteed to have a logarithmic majorization index.

5 Connections to Proportional Fairness

Kelly, Maulloo, and Tan [18] studied the following optimization problem:

Maximize
Pi Ui(xi) subject to:Ax � Cx � 0

Here x is interpreted as a vector of bandwidth allocations to connections. Ax � C represent the capac-

ity constraints. The i-th user is assumed to have a (potentially different) concave utility function Ui. They

present an elegant distributed paradigm for solving this optimization problem. The resulting optimum so-

lution is weighted proportionally fair with respect to some shadow weights computed during the distributed

optimization; a formal definition of proportional fairness requires careful notation, and is beyond the scope of

this paper. The proportional fairness framework is quite different from the approximate majorization frame-

work presented in this paper. The former results in exact optimization of a known utility function. The latter

is more suited to the case where the function to be optimized is not known, as in the case of fairness, since

it simultaneously approximates a very large class of functions. Nonetheless, there are some interesting con-

nections between the two models.

If the utility functions Ui are all identical, then the joint utility is a symmetric concave function. In

this case, a most-majorized solution would also be proportionally fair. An �-fair solution would yield an�-approximation for the optimum objective value without needing to know the utility function; also �� =O(logn).
One major disadvantage of the approximate majorization framework presented in this paper (as com-

pared to the proportional fairness work) is the lack of efficient distributed algorithms for finding globally�-fair vectors; all the algorithms presented in this paper are centralized. Finding such distributed schemes is

a challenging open problem. Our approximation majorization framework can handle multivariate functions,

whereas the framework of Kelly et al. can only handle sums of univariate functions. On the other hand, the

proportional fairness framework allows optimization even when the Ui’s are different ie. the joint utility

function is not symmetric.
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We now present a simple example where the approximate majorization framework can be applied even

though the joint utility function is not symmetric.

5.1 Weighted bandwidth allocation

Consider the problem where bandwidth needs to be allocated to n connections, and the utility for the i-th
connection is wixi, where xi is the bandwidth allocated to the i-th connection, and wi is the weight of this

connection. The joint utility function
Pi wixi is not symmetric in the variables xi. To remedy the situation,

we can rewrite the problem in terms of the variables yi, where yi = wixi. The joint utility function becomes

symmetric in yi now. However, the structure of the constraints changes; in particular, the inherent imbalance

(see section 3 for a definition of inherent imbalance) of the problem might be different when the problem is

restated in terms of the variables yi. The following lemma states that the inherent imbalance of the problem

can not increase too much; we omit the proof of this lemma.

Lemma 5.1 Let wmax andwmin denote the largest and the smallest weights for any connection. Further, letIy denote the inherent imbalance of the problem when written in terms of the variables yi, and let Ix denote

the inherent imbalance of the problem when written as a function of the variables xi. Then, Iy � Ix � wmaxwmin .

Recall that the inherent imbalance for the unweighted bandwidth allocation problem isO(n). Using the-

orem 3.1, we can claim the following:

Theorem 5.1 For the weighted bandwidth allocationproblem, there exists a solution that isO(logn+log wmaxwmin )-
fair.

6 Conclusion and Open Problems

A good measure of fairness is an essential prerequisite for a systematic development of fair resource allo-

cation protocols as well as for a systematic evaluation of the fairness of existing protocols. We proposed a

majorization-based framework to study protocol fairness. We observed that majorization subsumes all the

measures of fairness that we know of, and a most majorized allocation (if it exists) would be fair under all

these measures. We gave a simple example to show that a most majorized vector need not always exist, and

presented a definition of approximate majorization. We showed that a globally �-fair allocation under this

definition is at least 1=� as fair as any other allocation for a very general class of definitions of fairness. We
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explained how the value � can be computed for a linear program and related the smallest possible � to the

inherent imbalance of the problem.

Finally, we performed a preliminary case study of the fairness of TCP as a bandwidth allocation proto-

col to illustrate our framework. We discovered that TCP is incomparable to max-min fairness in terms of

the majorization index. We also compared our framework to that of proportional fairness and discovered it

to be more general in some respects and less general in others. The proportional fairness framework pro-

vides a distributed protocol for optimizing; such a distributed protocol is missing from our framework. This

motivates the following two open problems:

1. Design efficient distributed algorithms for findingO(logn)-fair solutions to the bandwidth allocation

problem.

2. Design new versions of TCP that are guaranteed to be logarithmically-fair.
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A Detailed Version of Section 3 with Proofs

Many optimization problems can be reduced to linear or integer programs. One example of such a problem is

the bandwidth allocation problem discussed in this paper. Another is multi-commodity flow. We will present

a general framework for finding approximately-fair solutions to sets of linear constraints. Recall that a glob-

ally �-fair solution is �-supermajorized by every other feasible solution. Of course, a solution with � = 1
may not exist. In the case of linear programs, we can always find the solution which minimizes � exactly in

polynomial time. In the case of integer programs, it may sometimes be possible to round the globally �-fair

fractional solution while maintaining fairness.

A.1 Finding P �j and ��
Suppose we are given a set of linear constraints. Instead of being asked to produce a feasible solution which

maximizes (or minimizes) some function, we would like to find a globally �-fair ~x for the smallest possible

value of �.

Define P �j to be the maximum possible value for the jth prefix of ~x. Thus P �j = max~x2XPji=1 x(i).
The property we need to guarantee is exactly �Pji=1 x�(i) � P �j by the definition of majorization. This

observation results in a two-step algorithm to find ~x�. First, we will determine the optimum value for each

prefix. Then we will impose the constraint that each prefix of ~x� is approximately its optimum value, and

attempt to minimize �. Each of these steps can be performed by solving linear programs. We will present

exponential-sized linear programs which can be solved using the ellipsoid method. We will then describe

ways to modify these programs in order to speed up the running time; the general process of solving for the

prefixes and then computing ~x� will remain the same.

Feasibility requires that A~z � ~b for some matrix A, constant vector ~b, and variable vector ~z (which

includes the xi but may also include other additional variables). We will add a number of new constraints to

the linear program to produce the following.

Maximize Pj subject to:A~z � bPi2S xi � Pj for all S � f1; � � � ; ng with jSj = j
This linear program finds the largest possible value for the jth prefix. The linear program has exponen-

tially many equations, because there will be an exponential number of subsets S. Such linear programs can
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be solved using the ellipsoid method [12] provided we can produce a separation oracle. In this case, the

separation oracle simply sums the j smallest xi; if their sum is at least Pj then our solution is feasible, if not

then the equation indicating that that particular subset S of the xi sums to at least Pj is violated. The ellip-

soid method is polynomial time (although inefficient in practice), and we can thus produce P �j in polynomial

time. Repeating this n times (once for each j) provides P �j for every prefix.

We now need to produce the globally �-fair vector ~x� along with the optimum value ��. This can be

done by solving the following linear program.

Maximize  subject to:A~z � bPi2S xi � P �jSj for all S � f1; � � � ; ng
The solution vector to this linear program is ~x�, with � = 1=. Again the linear program has exponen-

tially many constraints, but again we can solve it using the ellipsoid method. The separation oracle simply

checks the values of all prefixes for our current vector ~x and compares them to P �j . The solution is feasible

if and only if all of these equations are satisfied. This yields a polynomial-time algorithm for computing the

minimum possible�� and the corresponding vector of variables. If we wish to optimize something else while

maintaining approximate fairness as a constraint, we observe that once �� is known, we can add a constraint

specifying  � 1=�� and change our objective function (the same trick also works for the more efficient

algorithms detailed below).

A.1.1 Reducing the LP size

Linear programming has been studied extensively, and a number of fast algorithms are known for solving (or

approximately solving) linear programs. Practically speaking, the ellipsoid method is not usually very fast;

if we could reduce the number of constraints to polynomial, then we could solve our linear programs much

more efficiently.

Consider the following linear program for finding P �j :

Maximize (Pni=1 x0i)� (n� j)U subject to:A~z � bx0i � xi for all i 2 f1; � � � ; ngx0i � U for all i 2 f1; � � � ; ng
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The above linear program is polynomial-sized; in fact it adds only 2n constraints and n+1 variables, so

it’s essentially the same size as the original linear program and can be solved efficiently.

Lemma A.1 The above linear program produces P �j .

Proof: Consider the optimum ~x. We immediately observe that x(i) = x(i+1) for all i � j. Suppose for somei < j we have x(i) > 0 and x(i) < x(i+1). If we increase x(i) by a small � and decrease x(i0) by �=(j � i)
for all i0 > i then we will remain in the polytope (since the order of the xi and the sum of the jth prefix are

unchanged). On the other hand, if we decrease x(i) by the same � and increase x(i0) by �=(j� i) for all i0 > i
then we again remain in the polytope. Since one of these two directions does not make the solution worse, we

can conclude that for every i, either x(i) = 0 or x(i) = x(i+1). In order to be in the polytope, if the smallest i
coordinates of ~x are zero, the remaining coordinates will all have to be at least 1=(j� i). We can sort the xi
in decreasing order of their cost ci; since swapping the values of the coordinates of ~x cannot cause it to leave

the polytope, it is clear that the largest ci will correspond to the smallest xi and so forth. Thus there are onlyj possible vectors ~x 2 P which could minimize ~c � ~x and we can produce them all (and check their costs) in

polynomial time.

We still need to produce the optimum � and the vector ~x�. For that, we write the following linear program.

Maximize  subject to:A~z � bxji � xi for all i and jxji � U j for all i and j(Pni=1 xji )� (n� j)U j � P �j for all j
This linear program adds n2 + n new variables and 2n2 + n constraints. This may make it larger than

the original LP, but it is still polynomial in size.

Lemma A.2 The above linear program produces a globally �-fair solution for the minimum value of � =��.

Proof: If we set ~x = ~x� along with U j = x(j), then arguments similar to those of lemma A.1 show that the

optimum  is feasible. It follows that ~x� along with  = 1=�� is a feasible solution.

On the other hand, consider any feasible solution. We observe that
Pni=1 xji�(n�j)U j is at most the jth

prefix of our current vector ~x. It follows that ~xmust have prefix j at least equal to P �j . Any feasible solution
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immediately produces a globally 1=-fair vector. It follows that the optimum solution (which maximizes )

must minimize � while providing a globally �-fair solution.

A.1.2 Fast Fairness Approximations for Packing Problems

Packing constraints are a set of linear constraints A~z � ~b with the additional properties that matrix A has

nonnegative entries and vector ~z is constrained to have nonnegative coordinates. Optimization problems

on packing constraints can be approximated very efficiently [29]. We would like to be able to apply fast

approximation techniques for packing problems to the problem of finding a globally �-fair feasible solution

on a set of packing constraints. Unfortunately, the linear programs described in the previous sections are not

packing programs. Even if the original matrix A is nonnegative, the constraints added to compute fairness

do not have the packing property. We can rewrite the linear program we need to solve in order to find prefixP �j as follows:

Minimize �j subject to:A~z � �jbPi2S xi � 1 for all S � f1; � � � ; ng with jSj = j
Here P �j = 1=�j. We will represent the set of equations which insures each subset of j variables sums

to at least one by the polytope Pj . Provided we can, for any ~c � 0, produce the ~x 2 Pj which minimizes~c � ~x, we can run the algorithm of Plotkin, Shmoys, and Tardos [29] to produce a fast approximation to �j .
The existence of such a polynomial time minimization oracle is the subject of the following theorem.

Theorem A.1 We can produce ~x 2 Pj to minimize~c � ~x in time O(n logn).
The crucial step is to prove that there exists an optimum solution such that, for some threshold value cT , allxi with ci > cT are zero and all other xi are identical. Then we can sort the xi and check each of the n
possible values of cT to find the optimum solution. Here is the detailed proof: Proof: Consider the optimum~x. We immediately observe that x(i) = x(i+1) for all i � j. Suppose for some i < j we have x(i) > 0 andx(i) < x(i+1). If we increase x(i) by a small � and decrease x(i0) by �=(j � i) for all i0 > i then we will

remain in the polytope (since the order of the xi and the sum of the jth prefix are unchanged). On the other

hand, if we decrease x(i) by the same � and increase x(i0) by �=(j � i) for all i0 > i then we again remain in

the polytope. Since one of these two directions does not make the solution worse, we can conclude that for

every i, either x(i) = 0 or x(i) = x(i+1). In order to be in the polytope, if the smallest i coordinates of ~x are
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zero, the remaining coordinates will all have to be at least 1=(j � i). We can sort the xi in decreasing order

of their cost ci; since swapping the values of the coordinates of ~x cannot cause it to leave the polytope, it is

clear that the largest ci will correspond to the smallest xi and so forth. Thus there are only j possible vectors~x 2 P which could minimize ~c � ~x and we can produce them all (and check their costs) in polynomial time.

This gives a fast algorithmto produce approximately optimum prefixes for each j. We still need to explain

how to produce an approximately-fair vector. We can rewrite the linear program to find �� as follows:

Minimize � subject to:A~z � �bPi2S xi � P �jSj for all S � f1; � � � ; ng
We will need a minimization oracle which can, given a vector ~c, produce the vector ~x 2 P which mini-

mizes ~c�~x. In this case our polytope is the set of vectors ~xwhich have prefix j at least equal to P �j for everyj.

Theorem A.2 There exists a minimization oracle for the above linear program that runs in timeO(n logn).
The minimizing vector ~x has x(1) = P �1 and x(j+1) = P �j+1 � P �j . This can be computed in O(n logn)
time by observing that ci > cj ) xi � xj . Thus if the original linear program constraints were packing

constraints, we can produce fast globally �-fair vector solutions while guaranteeing � � ��(1 + �). This is

particularly useful for the bandwidth allocation problem with fixed routes.

A.2 Existence of small ��
The previous section described methods for finding a globally �-fair vector for a linear program. In general,

the minimum � such that there exists a vector which �-supermajorizes all others could be very large. We

will describe several upper bounds on �� in the worst case. We assume only that all feasible vectors ~x have

nonnegative coordinates, and that for any feasible ~x1; ~x2 the weighted average � ~x1 + (1� �) ~x2 is feasible

for 0 � � � 1. We will use the term “nonnegative convex program” to apply to such a set of feasible points.

Lemma A.3 For any nonnegative convex program, �� � n where n is the dimension of ~x.

Proof: Let ~xj be the solution which optimizes prefix j. We define Pj(~x) to be the jth prefix of vector ~x;

thus we know that Pj( ~xj) = P �j where P �j is the optimum prefix. Since any weighted average of solu-
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tions is feasible, one possible solution to the convex program is ~x = Pni=1 1n ~xi. We observe that Pj(~x) �1nPni=1 Pj(~xi) � 1nPj( ~xj) � 1nP �j . It follows that ~x is globally n-fair.

This result is tight, in that we can construct examples where �� = n. However, in many cases the opti-

mum prefixes are fairly similar in value, and the optimum �� is much smaller than n. We will formalize this

below:

Definition 2 The inherent imbalance of a problem is P �nnP �1 .

The inherent imbalance is the ratio of the maximum average utility that can be achieved in any allocation

to the maximum utility for the poorest individual that can be achieved in any allocation. Intuitively, the larger

the inherent imbalance, the less likely it will be that there exists a most-fair vector with a small �.

Theorem A.3 For any set of convex constraints,�� � 2 + 2 log P �nnP �1 .

Proof: We observe that for any vector ~x, Pn(~x) � nj Pj(~x). This holds because the n� j terms not included

in prefix j are all larger than the average term (or any term) which is included. Let y1 = 1. We define yi to

be the smallest number such that P �yi=yi � 2P �yi�1=yi�1. Let yk be the largest of the yi. We define vector~x = Pki=1 1k ~xyi . Consider prefix j of this vector. By the definition of yi, we know there exists some i such

that yi � j and P �j =j � 2P �yi=yi. It follows that Pj( ~xyi) � jyiPyi( ~xyi) from which we can conclude thatPj( ~xyi)=j � P �yi=yi � P �j =2j. This means that Pj(~x) � P �j =2k and ~x is globally 2k-fair. But what is k?

We know thatP �j =j form a nondecreasing sequence from P �1 to P �n=n. It follows that since each yi increases

the value in this sequence by a factor of 2, k � 1 + log( P �nnP �1 ). This proves the theorem.

Here n is the dimension of the vector over which we want the fairest solution. In the case of multi-

commodity flow, n would represent the number of commodities (not the size of the graph).
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