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ABSTRACT
In this pap er, w e analyze lo cal searc h heuristics for the

k -median and facilit y lo cation problems. W e de�ne the

lo c ality gap of a lo cal searc h pro cedure as the maxim um

ratio of a lo cally optim um solution (obtained using this

pro cedure) to the global optim um. F or k -median, w e

sho w that lo cal searc h with sw aps has a lo calit y gap of

exactly 5. When w e p ermit p facilities to b e sw app ed

sim ultaneously then the lo calit y gap of the lo cal searc h

pro cedure is exactly 3 + 2 =p . This is the �rst analysis

of lo cal searc h for k -median that pro vides a b ounded

p erformance guaran tee with only k medians. This also

impro v es the previous kno wn 4 appro ximation for this

problem. F or Uncapacitated facilit y lo cation, w e sho w

that lo cal searc h, whic h p ermits adding, dropping and

sw apping a facilit y , has a lo calit y gap of exactly 3. This

impro v es the 5 b ound of Korup olu et al. W e also con-

sider a capacitated facilit y lo cation problem where eac h

facilit y has a capacit y and w e are allo w ed to op en m ul-

tiple copies of a facilit y . F or this problem w e in tro duce

a new op eration whic h op ens one or more copies of a

facilit y and drops zero or more facilities. W e pro v e that

lo cal searc h whic h p ermits this new op eration has a lo-

calit y gap b et w een 3 and 4.
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�
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The problem of lo cating facilities in a manner so that

they can e�ectiv ely serv e a set of clien ts has b een the

sub ject of m uc h researc h. While one could consider

fairly general measures of e�ectiv eness of a set of lo ca-

tions in serving the clien ts, one measure that is t ypically

used is the distance b et w een the clien t and the facilit y

that is serving it. Since b y op ening a lot of facilities, w e

can b e near ev ery clien t, it also mak es sense to tak e in to

accoun t the n um b er of facilities op ened in judging the

qualit y of a solution. These t w o measures, t ypically re-

ferred to as the service cost and the facilit y cost, can b e

com bined in man y w a ys to obtain in teresting v arian ts to

the general facilit y lo cation problem. F or instance, in

k -median w e require that at most k facilities b e op ened

and the total service cost, measured as the sum of the

distances of eac h clien t to the nearest op en facilit y , b e

minim um. Instead of setting a limit on the total n um b er

of facilities that could b e op ened, w e sometimes asso-

ciate with ev ery facilit y , a cost of op ening that facilit y .

The facilit y cost of a solution is then the sum of the

costs of the facilities that are op ened and the qualit y

of the solution is measured b y the sum of the facilit y

and service costs. This, in fact, is the classical facilit y

lo cation problem. Note that in this setting the facilit y

costs need not b e same and w ould, in general dep end

on the lo cation at whic h the facilit y is b eing op ened. A

generalization of the classical facilit y lo cation problem

arises when w e asso ciate a capacit y with eac h facilit y ,

whic h measures the maxim um n um b er of clien ts that

the facilit y can serv e. F urther v arian ts of this capac-

itated facilit y lo cation (CFL) problem arise when w e

b ound the n um b er of facilities that can b e op ened at a

certain lo cation. Th us in k -CFL, w e can op en at most

k facilities at an y lo cation.

Lo cal searc h tec hniques ha v e b een v ery p opular as

heuristics for hard com binatorial optimization problems.

The 1-exc hange heuristic b y Lin and Kernighan [7] for

the metric-TSP remains the metho d of c hoice for prac-

titioners. Ho w ev er, most of these heuristics ha v e p o or

w orst-case guaran tees and v ery few appro ximation algo-

rithms that rely on lo cal searc h are kno wn. One setting

where lo cal searc h is amenable to a w orst-case analysis



is facilit y lo cation.

F or an instance I , let global ( I ) denote the global

optim um and local ( I ) b e the lo cally optim um solution

pro vided b y a certain lo cal searc h heuristic. W e call the

suprem um of the ratio global ( I )/ local ( I ), the lo c ality

gap of this lo cal searc h pro cedure. F or 1-CFL with uni-

form capacities, Korup olu et al. [8, 9] argued that an y

pro cedure that p ermits adding, dropping or sw apping

a facilit y has a lo calit y gap of at most 8. Their analy-

sis w as subsequen tly re�ned and tigh tened b y Ch udak

and Williamson [4] to yield a lo calit y gap of at most

6. F or the uncapacitated v ersion, Korup olu et al. [8, 9]

pro vide a b ound of 5 on the lo calit y gap when the only

op erations p ermitted are those of adding, dropping or

sw apping a facilit y . Charik ar and Guha [1] in tro duced

an op eration whic h p ermits adding a facilit y and drop-

ping man y , and sho w ed that this lo cal searc h pro cedure

has a lo calit y gap of exactly 3. F or k -median Korup olu

et al. [8, 9] ga v e a lo cal searc h pro cedure whic h p ermit-

ted adding, deleting and sw apping facilities and ga v e

a solution with k (1 + � ) ha ving a service-cost at most

3 + 5 =� times the optim um k -median solution.

A di�eren t approac h to facilit y lo cation w as emplo y ed

b y Shmo ys, T ardos and Aardal [10] and Charik ar, Guha,

Shmo ys and T ardos [11]. They form ulated the problems

as linear programs and rounded the optim um fractional

solution to obtain a 6

2

3

appro ximation for k -median and

a 3 appro ximation for the uncapacitated facilit y lo ca-

tion problem. Jain and V azirani [6] ga v e an alternate

3 appro ximation algorithm for the uncapacitated facilit y

lo cation problem (UFL) using the primal-dual sc hema.

They also observ ed that k -median can b e view ed as a

Lagrange-relaxation of UFL and utilized this to giv e a

6 appro ximation algorithm for k -median. Charik ar and

Guha [1] impro v ed this to a 4 appro ximation. Guha

and Kh uller [5] emplo y ed randomization to impro v e the

appro ximation guaran tee of UFL to 2.408. This w as

further impro v ed to (1 + 2 =e ) b y Ch udak [2] and �nally

to 1 : 728 b y Charik ar and Guha [1]. Similar ideas w ere

used b y Ch udak and Shmo ys [3] to obtain a 3 appro x-

imation algorithm for 1 -CFL when the capacities are

uniform. Jain and V azirani [6] obtained a 4 appro xi-

mation algorithm for 1 -CFL when the capacities w ere

non-uniform b y solving a related UFL problem using

their primal-dual algorithm.

Our Results: In this pap er, w e analyze lo cal searc h

heuristics for three problems.

1. F or k -median, w e sho w that lo cal searc h with

single sw aps has a lo calit y gap of 5. This is the �rst

analysis of lo cal searc h for k -median that pro vides a

b ounded p erformance guaran tee with only k medians.

W e also sho w that doing m ultiple sw aps, that is, drop-

ping at most p facilities and op ening the same n um b er

of new facilities yields a lo calit y gap of 3 + 2 =p . This im-

pro v es on the 4 appro ximation algorithm for k -median

b y Charik ar and Guha [1]. Our analysis of the lo calit y

gap is tigh t, that is, for an in�nite family of instances

there is a lo cally optim um solution whose service cost

is (3 + 2 =p ) times that of the global optim um.

2. F or UFL, w e sho w that lo cal searc h, whic h p ermits

adding, dropping and sw apping a facilit y , has a lo calit y

gap of 3. This impro v es the 5 b ound of Korup olu et

al. [8]. Our analysis of the algorithm is tigh t, that is, w e

sho w a lo cally optimal solution whic h has cost 3 times

that of the optim um solution. Using standard scaling

tec hniques [1] our algorithm can b e impro v ed to ac hiev e

a 1 +

p

2 � 2 : 414 appro ximation.

3. F or 1 -CFL, w e consider the setting when the ca-

pacities are non-uniform and argue that lo cal searc h,

where the only op eration p ermitted is to add m ultiple

copies of a facilit y and drop zero or more facilities, has

a lo calit y gap of at most 4. As for UFL, w e giv e a p oly-

nomial algorithm that uses Knapsack as a subroutine to

searc h a subspace of adjacen t solutions. W e also sho w

an instance where the p olynomial time algorithm can-

not �nd an adjacen t solution of lo w er cost and whic h has

cost 3 times the optim um. Again using scaling tec h-

niques [1] the algorithm can b e impro v ed to obtain a

2 +

p

3 � 3 : 732 appro ximation.

The pap er is organized as follo ws. Section 2 in tro-

duces some notation. In Section 3, w e pro v e a lo calit y

gap of 5 for the k -median problem when only single

sw aps are p ermitted; in Section 3.3, w e sho w ho w the

ab o v e analysis can b e extended to argue a lo calit y gap of

3 + 2 =p when up to p facilities can b e sw app ed sim ulta-

neously . Section 4 and Section 5 discuss the algorithms

for UFL and 1 -CFL resp ectiv ely . Section 6 concludes

with some op en problems.

2. NOTATION AND PRELIMINARIES
In the k -median and facilit y lo cation problems, w e

are giv en t w o sets: F , the set of facilities and C , the

set of clients . There is a sp eci�ed distanc e c

ij

� 0 b e-

t w een ev ery pair i; j 2 F [ C . In these problems, the

goal is to iden tify a subset of facilities S � F and to

serv e the clien ts in C b y the facilities in S , suc h that

some cost function is minimized. The facilities in S are

said to b e op en . The metric v ersions of these problems

assume that the distances c

ij

are symmetric and satisfy

the triangle inequalit y .

The algorithm that w e analyze is describ ed in Fig-

ure 1. Here � > 0 is a constan t, n = j F j is the n um b er

of facilities, m = j C j is the n um b er of clien ts and p ( n; m )

is a p olynomial in n and m . The cost function cost ( S )

and the op eration op ( S ) will b e de�ned di�eren tly for

di�eren t problems.

Algorithm Local Search.

1. S  an arbitrary feasible solution.

2. While 9 an op eration op suc h that,

cost ( op ( S )) � (1 �

�

p ( n;m )

) cost ( S ),

do S  op ( S ).

3. return S .

Figure 1: A generic lo cal searc h algorithm for

k -median and facilit y lo cation problems

An op eration op is called admissible for S if cost ( op ( S ))



� (1 � �=p ( n; m )) cost ( S ). A t an y execution of the step

2 of the algorithm, there will b e at most a p olynomial

n um b er of op s to b e c hec k ed for admissibilit y . Also dur-

ing eac h admissible op , the cost of the curren t solution

decreases b y a factor of at least �=p ( n; m ). If S

�

denotes

an optim um solution and S

0

denotes the initial solu-

tion, then the n um b er of op s that the algorithm do es

is at most log ( cost ( S

0

) =cost ( S

�

)) = log

1

1 � �=p ( n;m )

where

p ( n; m ) is some p olynomial in n = j F j and m = j C j . As

log ( cost ( S

0

)) is p olynomial in the input size and p er-

forming eac h op tak es a p olynomial time, this algorithm

terminates in p olynomial time.

When there are no admissible op erations, w e kno w

that ev ery op eration op reduces the cost b y factor of at

most �=p ( n; m ), that is,

cost ( op ( S )) � (1 �

�

p ( n; m )

) cost ( S ) :

T o simplify the exp osition, w e w ork with the simplifying

assumption that no op eration impro v es the cost of the

solution, that is, for ev ery op eration op ,

cost ( op ( S )) � cost ( S ) :

W e will add at most p ( n; m ) of suc h inequalities to

conclude that cost ( S ) � � � cost ( S

�

) for some � � 1.

Adding the corresp onding original inequalities implies

that cost ( S ) � � (1 + � ) cost ( S

�

). Th us our pro of that a

certain lo cal searc h pro cedure has lo calit y gap � trans-

lates in to a � (1 + � ) appro ximation algorithm.

W e use the follo wing notations. Let S denote the

output of the algorithm and S

�

denote an optim um so-

lution. The cost of serving a clien t j , or the servic e

c ost of j , is the distance b et w een j and the facilit y that

serv es it. Let s

j

and o

j

denote the service costs of j in

the solutions S and S

�

resp ectiv ely . Let N

S

( s ) denote

the set of clien ts in C that are serv ed b y a facilit y s 2 S

in the solution S . Similarly , let N

S

�

( o ) denote the set

of clien ts in C that are serv ed b y a facilit y o 2 S

�

in

the solution S

�

. F or a subset A � S and B � S

�

, let

N

S

( A ) =

S

s 2 A

N

S

( s ) and N

S

�

( B ) =

S

o 2 B

N

S

�

( o ).

3. THE K­MEDIAN PROBLEM
In the k -median problem, w e are giv en an input pa-

rameter k , 0 < k � j F j . The problem is to iden tify a

subset S � F of at most k facilities and to serv e the

clien ts in C b y the facilities in S suc h that the total

service cost is minimized. Th us, if a clien t j 2 C is

serv ed b y a facilit y � ( j ) 2 S , then w e w an t to mini-

mize cost ( S ) =

P

j 2 C

c

� ( j ) j

. F or a �xed S , serving eac h

clien t b y the nearest facilit y in S , minimizes this cost.

3.1 Local search with swaps
The only op eration p ermitted in the lo cal searc h pro-

cedure is a swap . A sw ap is e�ected b y closing a facilit y

s 2 S and op ening a facilit y s

0

62 S . W e start with an

arbitrary set of k facilities and k eep impro ving our so-

lution with suc h sw aps till it is p ossible to do so. The

algorithm is describ ed in Figure 1. The op eration op is

de�ned as,

op ( S ) := S � s + s

0

for s 2 S and s

0

62 S:

This sw ap will b e denoted b y h s; s

0

i .

3.2 The analysis
W e no w sho w that the lo cal searc h pro cedure as de-

�ned ab o v e has a lo calit y gap of 5. F rom the lo cal opti-

malit y of S , w e kno w that an y sw ap h s; o i for s 2 S and

o 2 S

�

,

cost ( S � s + o ) � cost ( S ) for all s 2 S; o 2 S

�

(1)

Note that ev en if S \ S

�

6= ; , the ab o v e inequalities hold.

W e com bine these inequalities to sho w that, cost ( S ) �

5 � cost ( S

�

).

Consider a facilit y o 2 S

�

. W e partition N

S

�

( o ) in to

subsets p

s

= N

S

�

( o ) \ N

S

( s ) for s 2 S . Consider a

1-1 and on to mapping � : N

S

�

( o ) ! N

S

�

( o ) with the

follo wing prop ert y .

Pr oper ty 3.1. F or al l s 2 S such that,

j p

s

j �

1

2

j N

S

�

( o ) j , we have, � ( p

s

) \ p

s

= ; .

It is easy to see that suc h a mapping � exists.

j

o

� ( j )

N

S

�

( o )

Figure 2: A matc hing � on N

S

�

( o )

W e sa y that a facilit y o 2 S

�

is c aptur e d b y a facilit y

s 2 S if s serv es more than half the clien ts serv ed b y

o , that is, j N

S

( s ) \ N

S

�

( o ) j >

1

2

j N

S

�

( o ) j . Note that a

facilit y o 2 S

�

is captured b y at most one s 2 S . W e

call a facilit y s 2 S , b ad if it captures some facilit y in

S

�

and go o d otherwise.

W e no w consider k sw aps, one for eac h facilit y in

S

�

. If some bad facilit y s 2 S captures exactly one

facilit y o 2 S

�

then w e consider the sw ap h s; o i . Supp ose

l facilities in S (and hence l facilities in S

�

) are not

considered in suc h sw aps. These l facilities in S are

either go o d or bad, and the bad facilities capture at

least t w o facilities in S

�

. Hence there are at least l = 2

go o d facilities in S . No w, consider l sw aps in whic h the

remaining l facilities in S

�

get sw app ed with the go o d

facilities in S suc h that eac h go o d facilit y is sw app ed-

out at most t wice.

It is easy to v erify that the sw aps considered ab o v e

satisfy the follo wing prop erties.

1. Eac h o 2 S

�

is sw app ed-in exactly once.

2. Eac h s 2 S is sw app ed-out at most t wice. This is

b ecause a facilit y in S that captures more than one

facilit y in S

�

is nev er sw app ed-out and a facilit y

that captures exactly one facilit y in S

�

is sw app ed

only with the facilit y that it captures.



3. If a sw ap h s; o i is considered, the facilit y s do es

not capture an y facilit y o

0

6= o .

o

o

j

j

o

0

s

0

j

0

s

� ( j

0

)

� ( j

0

)

o

� ( j

0

)

o

j

0

s

s

j

0

s

j

Figure 3: Reassigning the clien ts in N

S

( s ) [

N

S

�

( o ) .

W e no w analyze these sw aps b y considering an arbi-

trary sw ap h s; o i . W e place an upp er b ound on the in-

crease in cost due to this sw ap b y reassigning the clien ts

in N

S

( s ) [ N

S

�

( o ) to the facilities in S � s + o as fol-

lo ws. Refer to Figure 3. The clien ts j 2 N

S

�

( o ) are no w

assigned to o . Consider a clien t j

0

2 N

S

( s ) \ N

S

�

( o

0

),

for o

0

6= o . As s do es not capture o

0

, w e ha v e j N

S

( s ) \

N

S

�

( o

0

) j �

1

2

j N

S

�

( o

0

) j and hence b y the prop ert y of � ,

w e ha v e that � ( j

0

) 62 N

S

( s ) . Let � ( j

0

) 2 N

S

( s

0

) . Note

that the distance that the clien t j

0

tra v els to the near-

est facilit y in S � s + o is at most c

j

0

s

0

. Also from

triangle inequalit y , c

j

0

s

0

� c

j

0

o

+ c

o� ( j

0

)

+ c

� ( j

0

) s

0

=

o

j

0

+ o

� ( j

0

)

+ s

� ( j

0

)

. The remaining clien ts con tin ue to

b e assigned to the old facilities. F rom inequalit y (1) w e

ha v e,

cost ( S � s + o ) � cost ( S ) � 0 :

Therefore,

X

j 2 N

S

�

( o )

( o

j

� s

j

)

+

X

j 2 N

S

( s ) ;

j 62 N

S

�

( o )

( o

j

+ o

� ( j )

+ s

� ( j )

� s

j

) � 0 (2)

As eac h facilit y o 2 S

�

is sw app ed-in exactly once,

the �rst term of the inequalit y (2) added o v er all the k

sw aps giv es exactly , cost ( S

�

) � cost ( S ). F or the second

term, w e use the fact that eac h s is sw app ed-out at

most t wice. Also for an y j 2 C , as s

j

is the shortest

distance from j to a facilit y in S , w e get, using triangle

inequalit y , o

j

+ o

� ( j )

+ s

� ( j )

� s

j

. Th us the second term

of the inequalit y (2) added o v er all the k sw aps is not

greater than 2

P

j 2 C

( o

j

+ o

� ( j )

+ s

� ( j )

� s

j

). But as � is 1-

1 and on to mapping,

P

j 2 C

o

j

=

P

j 2 C

o

� ( j )

= cost ( S

�

)

and

P

j 2 C

( s

� ( j )

� s

j

) = 0. Th us, 2

P

j 2 C

( o

j

+ o

� ( j )

+

s

� ( j )

� s

j

) = 4 � cost ( S

�

). Com bining the t w o terms w e

get, cost ( S

�

) � cost ( S ) + 4 � cost ( S

�

) � 0. Th us w e ha v e

the follo wing theorem.

Theorem 3.1. A lo c al se ar ch pr o c e dur e for the met-

ric k -me dian pr oblem with op er ations de�ne d as, op ( S ) :=

S � s + s

0

for s 2 S and s

0

62 S , has a lo c ality gap at

most 5.

The ab o v e algorithm and analysis extend v ery sim-

ply to the case when the clien ts j 2 C ha v e arbitrary

demands d

j

� 0 to b e serv ed.

3.3 Local search with multi­swaps
In this section, w e generalize the algorithm in Sec-

tion 3 to consider m ulti-sw aps in whic h up to p facilities

could b e sw app ed sim ultaneously . The op eration op is

no w de�ned as,

op ( S ) := ( S n A ) [ B for A � S and B � F n S

suc h that j A j = j B j � p:

This sw ap will b e denoted b y h A; B i , and w e pro v e that

the lo calit y gap of the k -median problem with resp ect

to this op eration is exactly (3 + 2 =p ).

3.4 Analysis
W e extend the notion of capture as follo ws. F or a

subset A � S , w e de�ne,

captur e ( A ) = f o 2 S

�

: j N

S

( A ) \ N

S

�

( o ) j > j N

S

�

( o ) j = 2 g :

It is easy to observ e the follo wing prop erties.

Claim 3.1. 1. If X ; Y � S ar e disjoint then

captur e ( X ) and captur e ( Y ) ar e disjoint.

2. If X � Y then captur e ( X ) � captur e ( Y ) .

W e no w partition S in to sets A

1

; A

2

; : : : ; A

r

and S

�

in to sets B

1

; B

2

; : : : ; B

r

suc h that for all i; 1 � i � r � 1,

j A

i

j = j B

i

j and B

i

= captur e ( A

i

). As b efore, w e call a

facilit y in S b ad if it captures at least one facilit y in S

�

,

and go o d otherwise. Our partition of S w ould ha v e the

prop ert y that ev ery A

i

; 1 � i � r � 1 w ould ha v e exactly

one bad facilit y; th us r � 1 equals the n um b er of bad

facilities. The set A

r

con tains only go o d facilities and it

follo ws from the preceding discussion that j A

r

j = j B

r

j .

Our pro cedure to de�ne these partitions is describ ed in

Figure 4.

Claim 3.2. The pr o c e dur e de�ne d in Figur e 4 termi-

nates with a p artition of S; S

�

, satisfying the pr op erties

liste d ab ove.

Pr oof. Note that at the start of eac h iteration of

the for-lo op, j S j = j S

�

j . In eac h iteration w e remo v e

exactly one bad facilit y from S and hence in step 1 w e

will alw a ys b e able to �nd a bad facilit y . Note that

at step 3.1 our pro cedure main tains the in v arian t that

j A

i

j < j B

i

j . Since j S j = j S

�

j and eac h bad facilit y

in S n A

i

captures at least one facilit y in S

�

n B

i

, it

follo ws that there is a go o d facilit y in S n A

i

. This same

argumen t ensures that the while-lo op terminates.

No w w e de�ne the sw aps as follo ws. If for some i ,

w e ha v e, j A

i

j = j B

i

j � p then w e consider the sw ap



pro cedure P artition;

for i = 1 to r � 1 do

f iter ation i g

1. A

i

 f b g where b 2 S b e an y bad facilit y;

2. B

i

 captur e ( A

i

);

3. while j A

i

j 6= j B

i

j do

3.1. A

i

 A

i

[ f g g where g 2 S n A

i

b e an y go o d facilit y;

3.2. B

i

 captur e ( A

i

);

4. S  S n A

i

;

S

�

 S

�

n B

i

;

A

r

 S ;

B

r

 S

�

;

end.

Figure 4: A pro cedure to de�ne the partitions

h A

i

; B

i

i . F rom the lo cal optimalit y of S w e ha v e the

follo wing inequalit y .

cost (( S n A

i

) [ B

i

) � cost ( S ) � 0 :

Note that ev en if A

i

\ B

i

6= ; or S \ B

i

6= ; , the ab o v e

inequalit y con tin ues to hold.

If on the other hand, for some i , w e ha v e, j A

i

j =

j B

i

j = q > p , w e sw ap eac h facilit y o 2 B

i

with eac h of

the q � 1 go o d facilities s 2 A

i

. Note that if i 6= r , there

are exactly q � 1 go o d facilities in A

i

and for i = r , w e

select an y q � 1 out of q go o d facilities in A

r

. F or eac h

suc h sw ap h s; o i , w e ha v e,

cost ( S � s + o ) � cost ( S ) � 0 :

W e add suc h q ( q � 1) inequalities and m ultiply them

b y a factor 1 = ( q � 1). Th us, eac h go o d facilit y in A

i

is

considered in at most q = ( q � 1) � ( p + 1) =p sw aps.

F or eac h facilit y o 2 S

�

, N

S

�

( o ) is partitioned as

follo ws.

1. Let i , 1 � i � r , b e suc h that j A

i

j � p , so that the

sw ap h A

i

; B

i

i w as considered ab o v e. W e consider

the part, p

A

i

= N

S

( A

i

) \ N

S

�

( o ) .

2. Let i , 1 � i � r , b e suc h that j A

i

j > p . W e

consider the parts p

s

= N

S

( s ) \ N

S

�

( o ) for eac h

s 2 A

i

.

No w, for eac h facilit y o 2 S

�

, w e consider a 1-1 and

on to mapping � : N

S

�

( o ) ! N

S

�

( o ) with the follo wing

prop ert y .

Pr oper ty 3.2. F or al l p arts p = p

A

i

or p

s

de�ne d

ab ove, such that j p j �

1

2

j N

S

�

( o ) j , we have, � ( p ) \ p = ; .

As this condition is imp osed only on the parts that ha v e

at most half the n um b er of clien ts in N

S

�

( o ), suc h a

mapping � exists. While doing a sw ap h A

i

; B

i

i (resp.

h s; o

0

i ), w e w ould b e able to reassign clien ts j 2 N

S

( A

i

) \

N

S

�

( o ) (resp. N

S

( s ) \ N

S

�

( o )) to the facilit y s

0

62 A

i

(resp. s

0

6= s ) that serv es � ( j ) in S .

The sw aps de�ned ab o v e together satisfy the follo w-

ing prop erties:

1. Eac h facilit y in S

�

is sw app ed-in to exten t exactly

1.

2. Eac h facilit y in S is sw app ed-out to exten t at most

( p + 1) =p .

3. If a sw ap h A; B i is considered, captur e ( A ) � B .

Recall that in the single sw ap analysis, as eac h facilit y

in S w as getting sw app ed-out at most t wice, w e got a

(1 + 2 � 2) appro ximation result. Here ( p + 1) =p replaces

2 and the same argumen t giv es a (1 + 2 � ( p + 1) =p ) =

3 + 2 =p appro ximation result.

3.5 Tight example
In Figure 5, w e sho w an instance where a lo cally opti-

m um solution, with resp ect to the p -sw ap heuristic, has

cost (3 + 2 =p ) times the cost of the global optim um. The

lo cally optim um solution is giv en b y f s

1

; s

2

; : : : ; s

k

g ,

and the optim um solution is giv en b y f o

1

; o

2

; : : : ; o

k

g .

It is easy to v erify that w e can not decrease the cost

b y p erforming an y p -sw aps. The cost of our solution is

3 k � 2 �

k � 1

p +1

, and the cost of the optimal solution is

k �

k � 1

p +1

. This ratio approac hes (3 + 2 =p ) as k tends to

in�nit y . Hence our analysis of the lo calit y gap is tigh t.

4. UNCAPACITATED FACILITY LOCA­
TION

In facilit y lo cation problems, w e are giv en costs f

i

�

0 for op ening the facilities i 2 F . The uncapacitated

facilit y lo cation problem is to iden tify a subset S � F

and to serv e the clien ts in C b y the facilities in S suc h

that the total facilit y cost plus the total service cost is

minimized. That is, if a clien t j 2 C is assigned to a

facilit y � ( j ) 2 S then w e w an t to minimize cost ( S ) =

P

i 2 S

f

i

+

P

j 2 C

c

� ( j ) j

. As in k -median, for a �xed S ,

serving eac h clien t b y the nearest facilit y in S , minimizes

the service cost.

4.1 A local search procedure
W e presen t a lo cal searc h pro cedure for the metric

uncapacitated facilit y lo cation problem with a lo calit y

gap of exactly 3. The op eration op is no w de�ned as,

op ( S ) :=

8

<

:

S + s

0

; for s

0

62 S ;

S � s; for s 2 S ;

S � s + s

0

; for s

0

62 S and s 2 S:

(3)
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Figure 5: Tigh t example for the p -sw aps

These op erations corresp ond to adding, dropping and

sw apping the facilities. Again, as there are p olynomially

man y op s to b e c hec k ed for admissibilit y , the algorithm

terminates in p olynomial time.

Charik ar and Guha [1] pro v ed a lo calit y gap of 3 for

a lo cal searc h pro cedure where the op eration w as of

adding a facilit y and dropping zero or more facilities.

Korup olu et.al. [8] considered the op erations of adding,

deleting and sw apping a facilit y but could only pro v e a

lo calit y gap of 5.

4.2 The analysis
F or an y set of facilities S

0

� F , let cost

f

( S

0

) =

P

i 2 S

0

f

i

denote the facilit y cost of the solution S

0

. Also,

let cost

s

( S

0

) b e the total cost of serving the clien ts in C

b y the nearest facilities in S

0

.

Lemma 4.1 (Ser vice cost) .

cost

s

( S ) � cost

f

( S

�

) + cost

s

( S

�

)

Pr oof. Consider an op eration in whic h a facilit y o 2

S

�

is added. Assign all the clien ts N

S

�

( o ) to o . F rom the

lo cal optimalit y of S w e get, f

o

+

P

j 2 N

S

�

( o )

( o

j

� s

j

) �

0. Note that ev en if o 2 S , this inequalit y con tin ues to

hold. If w e add suc h inequalities for ev ery o 2 S

�

, w e

get the desired inequalit y .

No w, w e analyze the facilit y cost cost

f

( S ). As b efore,

w e assume that � is a 1-1 and on to mapping satisfying

the prop ert y 3.1. In addition, w e assume that if j N

S

( s ) \

N

S

�

( o ) j >

1

2

j N

S

�

( o ) j then for all j 2 N

S

( s ) \ N

S

�

( o ) for

whic h � ( j ) 2 N

S

( s ) , w e ha v e that � ( � ( j )) = j . It is easy

to see that suc h a mapping exists. Recall that a facilit y

s 2 S is called go o d if s do es not capture an y o , that

is, for all o 2 S

�

, j N

S

( s ) \ N

S

�

( o ) j �

1

2

j N

S

�

( o ) j . The

facilit y cost of go o d facilities can b e b ounded easily as

follo ws. Consider an op eration in whic h a go o d facilit y

s 2 S is dropp ed. Let j 2 N

S

( s ) and � ( j ) 2 N

S

( s

0

).

As s do es not capture an y facilit y o 2 S

�

, w e ha v e that

s

0

6= s . If w e assign j to s

0

, w e get, for a go o d facilit y

s 2 S ,

� f

s

+

X

j 2 N

S

( s )

( o

j

+ o

� ( j )

+ s

� ( j )

� s

j

) � 0 (4)

F or b ounding the facilit y cost of a bad facilit y s 2 S

w e pro ceed as follo ws. Supp ose a bad facilit y s captures

the facilities O � S

�

. Let o 2 O b e the facilit y nearest

to s . W e consider the sw ap h s; o i . The clien ts j 2 N

S

( s )

are no w assigned to the facilities in S � s + o as follo ws.

1. Supp ose � ( j ) 2 N

S

( s

0

) where s

0

6= s . Then, j is

assigned to s

0

. Let j 2 N

S

�

( o

0

) . W e ha v e, c

j s

0

�

c

j o

0

+ c

o

0

� ( j )

+ c

� ( j ) s

0

= o

j

+ o

� ( j )

+ s

� ( j )

.

2. Supp ose � ( j ) 2 N

S

( s ). Let j 2 N

S

�

( o

0

). Then, b y

the prop ert y of the mapping � , the facilit y s cap-

tures the facilit y o

0

and hence o

0

2 O . The clien t

j is no w assigned to the facilit y o . F rom triangle

inequalit y , c

j o

� c

j s

+ c

so

. Since o is nearer to

s than o

0

is, c

so

� c

so

0

� c

j s

+ c

j o

0

. Therefore,

c

j o

� c

j s

+ c

j s

+ c

j o

0

= s

j

+ s

j

+ o

j

.

Th us for the sw ap h s; o i w e get the follo wing inequalit y .

f

o

� f

s

+

X

j 2 N

S

�

( o ) ;

� ( j ) 2 N

S

( s )

( o

j

� s

j

) +

X

j 62 N

S

�

( o ) ;

� ( j ) 2 N

S

( s )

( s

j

+ s

j

+ o

j

� s

j

)

+

X

� ( j ) 62 N

S

( s )

( o

j

+ o

� ( j )

+ s

� ( j )

� s

j

) � 0 : (5)

No w consider an op eration in whic h a facilit y o

0

2 O � o

is added. The clien ts j 2 N

S

�

( o

0

) for whic h � ( j ) 2

N

S

( s ) , are no w assigned to the facilit y o

0

and this yields

the follo wing inequalit y .

f

o

0

+

X

� ( j ) 2 N

S

( s ) ;

j 2 N

S

�

( o

0

)

( o

j

� s

j

) � 0 for eac h o

0

2 O � o: (6)

Adding inequalit y (5) with inequalities (6) one for eac h

o

0

2 O � o , w e get, for a bad facilit y s 2 S ,

X

o

0

2 O

f

o

0

� f

s

+ 2

X

j 2 N

S

( s ) ;

� ( j ) 2 N

S

( s )

o

j

+

X

j 2 N

S

( s ) ;

� ( j ) 62 N

S

( s )

( o

j

+ o

� ( j )

+ s

� ( j )

� s

j

) � 0 (7)

No w, if w e add the inequalities (4) for all go o d facilities

s 2 S together with the inequalities (7) for all bad facil-



ities s , w e get, cost

f

( S

�

) � cost

f

( S ) + 2 � cost

s

( S

�

) � 0.

This pro v es the follo wing lemma.

Lemma 4.2 (F a cility cost).

cost

f

( S ) � cost

f

( S

�

) + 2 � cost

s

( S

�

)

Com bining Lemmas 4.1 and 4.2, w e get the follo wing

result.

Theorem 4.3. The lo c al se ar ch pr o c e dur e for the met-

ric unc ap acitate d facility lo c ation pr oblem wher e op er a-

tion op is de�ne d as

op ( S ) :=

8

<

:

S + s

0

; for s

0

62 S ;

S � s; for s 2 S ;

S � s + s

0

; for s

0

62 S and s 2 S;

has a lo c ality gap 3.

The algorithm describ ed ab o v e extends v ery simply

to the case when the clien ts j 2 C ha v e arbitrary de-

mands d

j

� 0 to b e serv ed. Using standard scaling tec h-

niques [1] our algorithm can b e impro v ed to ac hiev e a

1 +

p

2 � 2 : 414 appro ximation.

4.3 Tight example
In Figure 6, w e sho w an instance where a lo cal opti-

m um has cost 3 times the cost of the global optim um.

The lo cally optim um solution consists of a single facilit y

s . The optim um solution consists of f o

0

; o

1

; : : : ; o

k

g .

Clearly , w e cannot delete the facilit y s . It is easy to

v erify that w e can not decrease the cost of our solution

b y either adding an y facilit y from the optim um, or b y

an y sw ap whic h in v olv es bringing in a facilit y from the

optim um and deleting s . The cost of curren t solution is

3 k + 1, while the cost of the optim um solution is k + 1.

Hence our analysis of the algorithm is tigh t.

5. THE CAPACITATED FACILITY LO­
CATION PROBLEM

In the capacitated facilit y lo cation problem, along

with the facilit y costs f

i

� 0, w e are giv en capacities

u

i

> 0 for eac h i 2 F . W e can op en m ultiple copies of

a facilit y i . Eac h cop y incurs a cost f

i

and is capable

of serving at most u

i

clien ts. Note that the capaci-

ties u

i

ma y b e di�er ent for di�eren t facilities i . The

problem is to iden tify a m ulti-set S of facilities and to

serv e the clien ts in C b y the facilities in S suc h that the

capacit y constrain ts are satis�ed and the total facilit y

cost plus the total service cost is minimized. If a clien t

j 2 C is assigned to a facilit y � ( j ) 2 S then w e w an t to

minimize cost ( S ) =

P

i 2 S

f

i

+

P

j 2 C

c

� ( j ) j

. No w, for a

�xed S , in order to minimize the service cost, w e solv e

a mincost 
o w problem. The clien ts j 2 C send unit

amoun t of 
o w to the facilities in S suc h that the ca-

pacit y constrain ts are satis�ed. Suc h a mincost 
o w can

b e computed e�cien tly .

In the remainder of this section w e let S and S

�

b e

the m ulti-sets of the facilities op ened in the output and

optim um solutions resp ectiv ely .

5.1 A local search algorithm
In this section, w e pro v e a lo calit y gap of at most 4

on a lo cal searc h pro cedure for the capacitated facilit y

lo cation problem describ ed ab o v e. The op eration op is

no w de�ned as follo ws.

op ( S ) :=

8

<

:

S + s

0

; for s

0

2 F ;

S � T + l � s

0

; for s

0

2 F ; T � S

and l 2 Z

+

(8)

The op eration S � T + l � s

0

stands for dropping the

facilities in T and op ening l new copies of s

0

where l is

su�cien tly large so that the clien ts j 2 N

S

( T ) can b e

serv ed b y these new copies of s

0

, that is, l � u

s

0

� j N

S

( T ) j .

As in the case of the uncapacitated facilit y lo cation, w e

restrict this op eration so that all clien ts in N

S

( T ) are

serv ed b y the facilit y s

0

. The cost of the new solution is

no w giv en b y

cost ( S ) + l � f

s

0

+

X

s 2 T

0

@

� f

s

+

X

j 2 N

S

( s )

( c

s

0

j

� c

sj

)

1

A

:

Giv en a facilit y s

0

2 F , w e use the Pro cedure T-Hunt

describ ed in Figure 7 to �nd a subset T � S of facil-

ities. Here m = j C j is the upp er b ound on the n um-

b er of new copies of s

0

that w e need to op en. Drop-

ping a facilit y s 2 T giv es an extra j N

S

( s ) j clien ts to

b e serv ed b y the new facilit y s

0

. A clien t j 2 N

S

( s )

where s 2 T no w tra v els a extra distance of at most

( c

s

0

j

� c

sj

). Th us, dropping a facilit y s 2 T giv es a

saving of f

s

�

P

j 2 N

S

( s )

( c

s

0

j

� c

sj

). Due to the capacit y

constrain ts, a cop y of s

0

can serv e at most u

s

0

clien ts.

This motiv ates us to de�ne the follo wing Knapsack prob-

lem. F or a facilit y s 2 S , de�ne w eig ht ( s ) = j N

S

( s ) j

and pr of it ( s ) = f

s

�

P

j 2 N

S

( s )

( c

s

0

j

� c

sj

). The ora-

cle Knapsack ( W ) returns a m ulti-set T � S suc h that

P

s 2 T

w eig ht ( s ) � W and pr of it ( T ) =

P

s 2 T

pr of it ( s )

is maximized.

It is in teresting to note that since w e are p ermitting

an y subset of facilities, T , from our curren t solution, S ,

to b e dropp ed, the n um b er of op erations are exp onen tial

in j S j . Ho w ev er, b y coun ting the c hange in cost due to

eac h suc h op eration in a sp eci�c w a y , w e are able to giv e

a p olynomial time pro cedure (the pro cedure T-hunt ) to

iden tify admissible op erations. It migh t b e case that

T-hunt is not able to iden tify an y admissible op erations,

while there are op erations, as de�ned b y op , whic h are

admissible. Ho w ev er, our analysis will w ork only with

the assumption that T-hunt could not �nd admissible

op erations.

5.2 The analysis

Lemma 5.1. F or any T � S and any s

0

2 F , we

have,

dj N

S

( T ) j =u

s

0

e � f

s

0

+

X

s 2 T

j N

S

( s ) j � c

ss

0

�

X

s 2 T

f

s

:

Pr oof. The algorithm terminated with the output

S . Hence for the solution S and for the facilit y s

0

, the
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Figure 6: Tigh t example for uncapacitated facilit y lo cation algorithm.

Pro cedure T-Hunt.

1. F or l = 1 to m do,

2. T  Knapsack ( l � u

s

0

).

3. If cost ( S ) + l � f

s

0

� pr of it ( T ) � (1 �

�

p ( n;m )

) cost ( S ),

then return T .

4. return \no admissible sw ap".

Figure 7: A pro cedure to �nd a subset T � S of facilities

Pro cedure T-Hunt m ust ha v e returned \no admissible

sw ap". Hence,

l � f

s

0

� pr of it ( T )

= l � f

s

0

�

X

s 2 T

0

@

f

s

�

X

j 2 N

S

( s )

( c

s

0

j

� c

sj

)

1

A

< 0

But, for a clien t j 2 N

S

( s ), w e ha v e, c

s

0

j

� c

sj

� c

ss

0

.

Therefore w e ha v e the lemma.

As the output S is lo cally optim um with resp ect to

additions, the Lemma 4.1 con tin ues to b ound the service

cost of S . W e restate the Lemma 4.1 here.

Lemma 5.2 (Ser vice cost) .

cost

s

( S ) � cost

f

( S

�

) + cost

s

( S

�

)

No w, w e b ound the facilit y cost of S . Consider a

directed graph G = ( V ; E ) with lengths on edges, where,

V = f v

s

j s 2 S g

[

f w

o

j o 2 S

�

g

[

f sink g ;

E = f ( v

s

; w

o

) j s 2 S; o 2 S

�

g

[

f ( w

o

; sink ) j o 2 S

�

g :

The lengths of ( v

s

; w

o

) and ( w

o

; sink ) are c

so

and f

o

=u

o

resp ectiv ely . The cost of routing unit amoun t of 
o w

along an y edge is equal to the length of that edge. W e

w an t to sim ultaneously route j N

S

( s ) j units of 
o w from

eac h v

s

to the sink .

Lemma 5.3. We c an simultane ously r oute j N

S

( s ) j units

of 
ow fr om e ach v

s

to the sink such that the total r out-

ing c ost is at most cost

s

( S ) + cost

s

( S

�

) + cost

f

( S

�

) .

Pr oof. Consider the clien ts j 2 C . If j 2 N

S

( s ) \

N

S

�

( o ) then route one unit of 
o w along the path v

s

!

w

o

! sink . T riangle inequalit y implies, c

so

� s

j

+ o

j

.

Also, for a facilit y o 2 S

�

, the routing cost on the edge

( w

o

; sink ) is j N

S

�

( o ) j � f

o

=u

o

� dj N

S

�

( o ) j =u

o

e � f

o

, whic h

in turn is the con tribution of o to cost

f

( S

�

). Th us, the

routing cost of this 
o w is at most cost

s

( S ) + cost

s

( S

�

) +

cost

f

( S

�

).

In the 
o w with the minim um routing cost, for eac h

v

s

, the 
o w of j N

S

( s ) j units is routed along the shortest

path from v

s

to the sink. That is, along v

s

! w

o

!

sink , where o is suc h that c

so

+ f

o

=u

o

is minimized, ties

b eing brok en arbitrarily . F or eac h o 2 S

�

, let T

o

� S

denote the set of facilities s that route their 
o w via w

o

.

As this giv es a minim um cost 
o w, from Lemma 5.3, w e

ha v e,

cost

s

( S ) + cost

s

( S

�

) + cost

f

( S

�

)

�

X

o 2 S

�

X

s 2 T

o

j N

S

( s ) j ( c

so

+ f

o

=u

o

) : (9)

No w, applying Lemma 5.1 to T

o

and o , w e get,

dj N

S

( T

o

) j =u

o

e � f

o

+

X

s 2 T

o

j N

S

( s ) j � c

so

�

X

s 2 T

o

f

s

:

Hence,

f

o

+ j N

S

( T

o

) j =u

o

� f

o

+

X

s 2 T

o

j N

S

( s ) j � c

so

�

X

s 2 T

o

f

s

:



Adding these inequalities for all o 2 S

�

, w e get,

X

o 2 S

�

f

o

+

X

o 2 S

�

X

s 2 T

o

j N

S

( s ) j ( c

so

+ f

o

=u

o

)

�

X

o 2 S

�

X

s 2 T

o

f

s

= cost

f

( S ) : (10)

The inequalities (9) and (10) together imply

cost

f

( S ) � 2 � cost

f

( S

�

) + cost

s

( S

�

) + cost

s

( S )

This inequalit y together with Lemma 5.2 giv es the fol-

lo wing lemma.

Lemma 5.4 (F a cility cost).

cost

f

( S ) � 3 � cost

f

( S

�

) + 2 � cost

s

( S

�

)

Com bining Lemmas 5.2 and 5.4, w e obtain the fol-

lo wing result.

Theorem 5.5. The lo c al se ar ch pr o c e dur e for the met-

ric c ap acitate d facility lo c ation pr oblem with the op er a-

tion op de�ne d as in (8) has a lo c ality gap of 4.

Again using scaling tec hniques [1] the algorithm can

b e impro v ed to obtain a 2 +

p

3 � 3 : 732 appro ximation.

The tigh t example giv en in Section 4.3 for the unca-

pacitated facilit y lo cation problem sho ws that a lo cally

optim um solution for this problem can ha v e cost 3 times

the cost of the global optim um.

6. CONCLUSIONS AND OPEN PROB­
LEMS

In this pap er, w e pro vided tigh ter analysis of lo cal

searc h pro cedures for the k -median and uncapacitated

facilit y lo cation problems. Our sharp er analysis leads

to a 3 + 2 =p -appro ximation algorithm for the k -median

with a running time of O( n

p

). F or capacitated facil-

it y lo cation, when m ultiple copies of a facilit y can b e

op ened, w e in tro duce a new op eration and sho w ho w

a w eak er v ersion of this op eration can b e p erformed in

p olynomial time. This leads to a lo cal searc h pro ce-

dure with a lo calit y gap of at most 4. W e lea v e op en

the problem of obtaining tigh t b ounds on the lo calit y

gap of this pro cedure. It w ould b e in teresting to iden-

tify suc h op erations for other v arian ts of facilit y lo cation

problems.
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