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Abstract

This paper relates the notion of fairness in online routing and load balancing to wvector
magjorization as developed by Hardy, Littlewood, and Polya [9]. We define a-supermajorization
as an approximate form of vector majorization, and show that this definition generalizes and
strengthens the prefix measure proposed by Kleinberg, Rabani and Tardos [11] as well as the
popular notion of maz-min fairness.

The paper revisits the problem of online load-balancing for unrelated 1-oo machines from
the viewpoint of fairness. We prove that a greedy approach is O(logn)-supermajorized by all
other allocations, where n is the number of jobs. This means the greedy approach is globally
O(log n)-fair. This may be constrasted with polynomial lower bounds presented in [7] for fair
online routing.

We also define a machine-centric view of fairness using the related concept of submajorization.
We prove that the greedy online algorithm is globally O(log m)-balanced, where m is the number
of machines.
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1 Introduction

Fair Resource Allocation The problems of online allocation of resources in order to minimize
load [6, 3] or maximize profit [4] have been well-studied. In a real system, any allocation must also
guarantee some form of fairness. Starving one job of resources in order to increase the allocation to
another is not always acceptable. Intuitively, if particular jobs demand conflicting resources, those
resources should be allocated in an egalitarian manner.

Before addressing this issue, we must formalize our intuitive notion of fairness. Several candidate
definitions have been proposed. The “greatest good for the greatest numbers” criterion is equivalent
to maximizing the total bandwidth allocated. This criterion optimizes for the overall usage of
resources, but may starve a job which requires many resources in favor of several jobs which
require few. Another criterion maximizes the bandwidth allocated to the job which receives least
bandwidth. For the case of online load balancing, this was considered by [6, 3] and a greedy
allocation was proven to be O(logm) competitive. However, if two jobs do not conflict (demanding
distinct resources), then a guarantee on the minimum assigned bandwidth does not capture our
intuition that these jobs should be essentially independent. Yet another criterion is max-min
fairness [1, 2, 5]. Max-min fairness makes sense when the assignment of resources is fixed and
we need to determine the split of each resource between the jobs requiring it; however, max-min
fairness is poorly defined in the scenario where resource assignment must be performed online [7].
Recently, Kleinberg, Rabani, and Tardos [11] proposed a measure of global fairness which unifies
all the above criteria. We will extend and strengthen their definition by relating it to the concept
of vector majorization defined by Hardy, Littlewood, and Polya [9].

We compute a vector representing the amount of resources assigned to each request. This
bandwidth vector is arranged in nondecreasing order of resources. Given two such vectors X and Y,
X is majorized by Y (X <Y) if the sum of the first k& terms of X is at least the sum of the first k&
terms of Y for every k, and the total sums of the vectors are equal. Conceptually, if X is majorized
by Y, then assignment X gives more bandwidth to the requests receiving least, and is therefore
more fair. We extend majorization by defining a-supermajorization; X is a-supermajorized by Y
if (for every k), a times the sum of the first £ terms of X is at least equal to the sum of the first &
terms of Y. We present several useful theorems regarding supermajorization which follow directly
from the work of Hardy, Littlewood, and Polya [9] on majorization.

We consider an allocation of resources X to be a-fair if every other valid allocation Y satisfies
X <*Y (Y a-supermajorizes X). If there exists an allocation which is 1-fair, then this alloca-
tion is identical to the globally fair allocation defined by Kleinberg, Rabani, and Tardos [11] and
also satisfies the property of being maz-min fair. We believe that the concept of approximate
supermajorization will find other important applications in fair resource allocation problems.

After presenting our formal definition of fairness, the remainder of the paper is devoted to
the “one-infinity” model of online machine scheduling [6, 3] where each job will run on one of a
specified subset of machines. The greedy algorithm for this problem is a slight restatement of
Graham’s rule [8] assign each job to the least loaded machine capable of processing the job. We
prove that this greedy algorithm obtains a globally O(log n)-fair allocation of resources to the jobs.
This may be contrasted with the polynomial lower bounds presented for the more difficult routing
problem in [7]. Alternately, we can view fairness from the standpoint of the machines. We show
that the loads of machines are O(logm)-balanced. This strengthens previous results by showing
that online greedy allocations are close to fair throughout, rather than just at the “endpoint” of



the minimum-bandwidth job (or maximum-loaded machine).

Lower bounds on the bandwidth assigned to the least-bandwidth job directly translate to lower
bounds on global fairness. It follows that any online algorithm must be globally Q(logm)-fair as
well as globally ©(logm)-balanced [6, 3].

Related work: Kleinberg et al. [11] addressed the problem of fair resource allocation in the
offline setting, and gave a polynomial-time algorithm which computes a globally fair solution given
all the requests up-front. This solution is also globally 1-fair by our definition. Goel, Meyerson, and
Plotkin [7] gave a globally polylogarithmic-fair online algorithm for the more general problem of
routing in communication networks under the assumption that the routing algorithm can exercise
some control over the bandwidth allocation.

2 Measuring Fairness by Majorization

For any vector a =< a1, ay, ..., a, >, denote the i-th smallest component of a by a(;). Suppose we
are given two n-dimensional vectors z and y with non-negative components.

Definition 1 Given two n-dimensional vectors x and y, x is said to be majorized by y (y majorizes
x) if each of the following is true:

1. Zle Ty > Zle Yy, for all 1 <k <n
2. 3t Ly = Zfﬂ Y(i)

We use the notation x <y to denote the above relation.

In this paper we will only concern ourselves with vectors where each component is non-negative.
Notice that majorization is a property of the multisets {z1,z9,...,z,} and {y1,...,y,}. However
it is advantageous to think of them as vectors. Majorization was first studied by Hardy, Littlewood,
and Polya [9]. They proved that >, g(z;) < >, g(y;) for all convex functions g iff x < y. Another
interpretation of this relation is that x < y if and only if z is a fairer (than y) allocation of a fixed
resource. For a detailed exposition of majorization, see [13]. The concept of majorization was first
used in the context of fairness by Lorenz [12].

Hardy, Littlewood, and Polya [10] also proved the following:
Theorem 2.1 z <y iff t = yP for a doubly stochastic matriz P.

Recall that a doubly stochastic matrix is a matrix in which all rows and columns sum to 1.
Similarly, a doubly superstochastic matrix has all rows and columns summing to at least 1. Hardy
et al.define = to be supermajorized by y iff x = yP for some doubly superstochastic matrix P.

A concept very similar to supermajorization in the context of fair bandwidth allocation was
rediscovered (before our work) by Kleinberg, Rabani, and Tardos [11]. A vector of bandwidth
allocations z is said to be a-prefix-competitive with another vector y if aZle Ty 2 Z;C:l Y(i)-
Also, z is said to be coordinate-wise a-competitive to y if az(;) > y(;). They gave an elegant offline
algorithm that obtains a bandwidth allocation that is supermajorized by (i.e. is 1-prefix-competitive



to) any other allocation. They further present a solution to the single source unsplittable flow
problem that is 2-prefix-competitive to any other solution.

Definition 2 A globally fair solution is an assignment of jobs to machines which produces a band-
width allocation that is supermajorized by any other feasible bandwidth allocation.

Global fairness is a very strong condition, and cannot be achieved in the context of online
load balancing. In fact, it is not clear a priori that this property can be achieved even in the
offline case — hence, the result of Kleinberg, Rabani, and Tardos is quite striking. To capture
approximate fairness, we introduce a-supermajorization which is a slight variation of the notion of
supermajorization defined by Hardy, Littlewood, and Polya.

Definition 3 Given two n-dimensional vectors x and y, = is said to be a-supermajorized by y if
Q@ Zle Ty > Zle Y@y for all k <n. This is denoted by z <" y.

The following properties of supermajorization are immediate from the above definitions.

Theorem 2.2 1. 2 <%y iff ar = yP for some doubly superstochastic matriz P.
2. x<y=1z=<'y

3w =Yy y <P =<,
Approximate submajorization can be similarly defined.

Definition 4 Given two n-dimensional vectors x and y, x s said to be a-submajorized by y if
Z;C:l Tny1-i) < aZle Y(n+1—4) for all k < n. This is denoted by x <4 y.

Definition 5 A wvector is said to be globally a-fair if it is a-supermajorized by any other feasible
vector. A wvector is said to be globally a-balanced if it is a-submajorized by any other feasible vector.

In the case of load balancing, global a-fairness will be used for a job-centric view of fairness:
the k poorest jobs together in a globally a-fair solution must be at least 1/« times as rich as the
k poorest jobs in any other allocation. Global a-balance will represent a machine-centric view of
fairness: the k& most loaded machines in a globally a-balanced solution can together have a load
that is at most « times the load of the k£ most loaded machines in any other allocation. Figure 1
illustrates the difference between approximate submajorization and supermajorization.

2.1 Fairness in One-Infinity Load Balancing

We are given a set of /n machines. Jobs arrive one at a time online. Each job specifies some subset
of the machines on which it is allowed to run. We must select a machine from the stated subset on
which to assign the job. The total number of jobs is n.

Each job assigned to machine i receives bandwidth equal to 1/L; where L; is the total number
of jobs assigned to machine 3.
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Figure 1: Approximate supermajorization (a) captures fairness when z and y are allocations of
resources to jobs, while approximate submajorization (b) captures fairness when x and y are loads
on machines. In both cases above, z is at least half as fair/balanced as y.

Definition 6 The bandwidth vector for an assignment of jobs to machines is composed of the jobs’
bandwidths listed in nondecreasing order.

Definition 7 The load vector for an assignment of jobs to machines is composed of the machines’

loads (L;).

Definition 8 A solution S is « coordinate-wise competitive if and only if aSuy > T(;) for every
coordinate 1 and every legal solution T.

We observe that coordinate-wise competitivity is stronger than supermajorization. In other
words, if S is a coordinate-wise competitive, it immediately follows that S is also globally a-fair.
Note that the reverse implication does not hold (S may be globally a-fair but not coordinate-wise
competitive).

Our algorithm for 1-co load balancing will provide a solution which has a globally O(logn)-fair
bandwidth vector and a globally O(logm)-balanced load vector.

3 The Algorithm

We will use a simple greedy algorithm. Whenever a job comes in, we find the least loaded of the
machines where the job can run, and assign the job to that machine. Ties are broken in some
arbitrary way (say by assigning the job to the lowest numbered of the tied machines).

Remark 3.1 One can note that if the optimally fair algorithm places t jobs on a specific machine,
then the online cannot place more than (t+1)O(log m) jobs on this machine. This follows from the
fact that any job which the optimum placed on a machine with at least t 4+ 2 jobs cannot be legally
placed on a machine on which the optimum placed only t. It is now straightforward to prove that
there exists an allocation of bandwidths by which the greedy algorithm is globally O(log mlogn)-fair.
Using majorization techniques, it can be shown that this competitive ratio holds even if bandwidths
are divided equally between jobs on the same machine. However, we will instead present a more
complez proof to improve the result to global O(logn)-fairness.



We will first prove a straightforward claim about the number of jobs placed currently on a
machine when a new job is scheduled there. We then show that assigning arbitrary bandwidths to
jobs (instead of an equal split) cannot help make the solution more fair. We conclude by showing
coordinate-wise bandwidth competitivity against global fairness using assigned bandwidths, from
which global approximate-fairness without assigned bandwidths will follow.

3.1 Job Placement

Define R; to be the set of jobs which the online greedy algorithm placed on machines which had at
least 7 jobs on them already. Suppose for some subset R? of R;, there is a way to schedule all the
jobs in R? without exceeding b per machine. The following is a standard result for load balancing.

Theorem 3.1 The online algorithm places at least (1/2)|R?| jobs on machines which have between
1 and © + b jobs at the time they’re placed.

Proof: Consider subset S of Rg’, where S is the set of jobs which the online placed on machines
with at least i+ b jobs already present. Assign each member of S to the machine it would be placed
in had we scheduled all the jobs in Ri-’ without exceeding b per machine. At the time each job in S
arrived, it was placed on a machine with at least 7+ + b jobs. Therefore its “assigned” machine had
at least ¢ + b jobs. At most b jobs from S are assigned to each machine, and each machine with
any jobs from S assigned to it has at least ¢ + b jobs. It follows that at least |S| jobs were placed
“between” ¢ and 7 + b, so at least (1/2)R$~’ jobs must have been placed on machines which had, at
the time of placement, between ¢ and ¢ 4+ b jobs. [ |

3.2 Bandwidth Assignment

Suppose we could assign any bandwidth we like to the jobs, provided only that the total bandwidths
of jobs on each machine is at most one. We prove that any globally a-fair solution which can assign
arbitrary bandwidth to jobs will remain at least as fair if the jobs split the machines equally instead.

Theorem 3.2 Suppose there exists an assignment S of bandwidths to jobs and jobs to machines.
If we define S" to assign jobs in the same way while splitting bandwidth equally among jobs sent to
the same machine, then S'<'S.

Proof: Consider reassigning the bandwidths to jobs on a certain machine, so that each job receives
the average bandwidth. This is equivalent to multiplying the vector S by a doubly stochastic matrix
with 1/ in the positions corresponding to pairs of the j jobs on the certain machine and the identity
matrix elsewhere. Since the product of doubly stochastic matrices is doubly stochastic, we apply
theorem 2.1 to show that S'<'S. [ |

3.3 Global O(logn)-fairness

We will compare our online solution to some solution 77. We prove that, for any 7" which splits
the bandwidth of every machine in an equal fashion, we can assign bandwidths to the jobs without
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Figure 2: The machine loads for the schedule T’

exceeding one unit of bandwidth per machine, such that our bandwidth vector is coordinate-
wise within O(logn) of the bandwidth vector of T". It follows that our solution is O(logn)-
supermajorized by T’. By applying theorem 3.2, we proceed to show that even if we were to
divide bandwidths equally (eliminating the need for prior knowledge of T"), our solution would still
be O(logn)-supermajorized by T". From this it follows that our solution is O(log n)-fair.

We define m to be the number of machines and ¢ to be the maximum number of jobs which
solution 7" places on any machine. If n is the total number of jobs, we can guarantee that t < n
and m < n since allowing machines on which 7" places zero jobs can only help our algorithm.

We define the set J; (see figure 2 for an illustration) of machines to consist of all the machines
except the m(1/2)" to which solution 7" (to which we are comparing) assigns most jobs. Notice
that Jo is empty and Jy410g, is all the machines. We define k; to be the maximum number of jobs
on a machine in J;. It follows that 0 = kg < k1 < ky... < k1410gm = .

Define j? to be the number of jobs which solution 7" places on machines in .J;, counting at most
b jobs per machine (i.e. sum of the min of b and the machine load for each machine).

Define % to be the total jobs “under” b+ Z;;llkz in the online solution S (i.e. the sum over

machines of the min of the online load of the machine and b+ %' _' k).

Lemma 3.1 For everyi > 1 and b > 0 we have rf > 721’

Proof: The proof will be by induction on 1.

Base Case: i = 1. Exactly half the machines are in J;. We pair each machine in J; with a
machine not in J;. The machine not in J; always has at least as many jobs as the machine in Jy,
because of the definition of the set. Thus the total number of jobs “below” b in solution 7" is at
least 2j%. Solution T scheduled at least 25% jobs using b capacity per machine, so the online will
schedule at least half that many “under” b (see theorem 3.1). It follows that r? > 4% as desired.

Inductive step. We suppose b < k;. Since every machine not in J; has at least k; jobs on it,



there are exactly mb(1/2)* jobs below b and not in Ji. Overall, solution 7" must place 5? +mb(1/2)’
jobs below b. The online solution schedules 7" ' jobs below ki + ko + ... + k;_1. Thus at least

3o — r ' 4+ mb(1/2)" jobs were scheduled below b in T" but above k; + kg +..+ki_1in S. In the
next b capamty, we will schedule at least half of them (see theorem 3.1). This means S schedules

at least . . . .
. ki_ m ki m
SOl =i+ ) > S+

b ki_
Ti 2 Ti*ll + 9 9

)
jobs below b+ ki + ko + ... + k1.
Using the inductive hypothesis, we know that rz 1> _]Z T

Each machine in J; 1 has at most k;_1 jobs on it, so it follows that jffll represents all the jobs
on machines in J;_1. It follows that /'3 > j0 .

There are m(1/2)" machines in .J; — .J; 1, and each contributes at most b jobs below b, so we
know 57 < j} y +mb(1/2)".

It follows that 2" + mb(1/2)! > jP.

Thus we can write the following.

, ; mb 1.
re> (G ) > G+ ) > 4

1
2

which proves the claim for b < k;. On the other hand, if b > k; then jzl’ represents all jobs on
machines in J; and it follows that rb > r > ki — 72 |

We assign bandwidth to jobs in the online solution S. We define a = logm + logt. Suppose
a job is the ath job on the machine it’s running on. There is some unique choice of ¢ and b such
that a = k1 + ko + ... + k; + b and b < kj 1. The job receives bandwidth equal to the minimum of
1/ak; and 1/ab. 1f i = 0, the bandwidth assigned is 1/ab. We will first show that this allocation is
coordinate-wise competitive, then use theorem 3.2 to complete the proof of global O(log n)-fairness.

Lemma 3.2 For any coordinate j, oSy > T'(j).

Proof: Let b =1/T"(;). Let i be the maximum integer such that k; < b. Any machine not in J; 11
has at least k; 11 > b jobs on it. Therefore the jobs on this machine receive less than 1/b bandwidth
in solution 7". It follows that all jobs receiving 1/b are on machines with at most b jobs, all of which
are in J;41. Thus at most jfﬂ jobs receive 1/b bandwidth or more in solution 77. We conclude
that j > n — 52, .

In the online S, any job scheduled “below” ki + ko + ...+ k; will receive at least (1/ak;) > (1/ab)
bandwidth. Jobs scheduled between ki + k9 + ... + k; and k1 + k9 + ... + k; + b receive bandwidth
at least equal to 1/ab. So all jobs which the online schedules “below” ki + ko + ... + k; + b receive
at least 1/ab bandwidth. This means 77, jobs receive at least 1/ab bandwidth. Lemma 3.1 shows
that r§’+1 > jle. The largest index for which S(;) < 1/ab would be n — TfH < 7. It follows that
S(]) > 1/ab, and OtS(j) > T’(j). |

Coordinate-wise competitivity immediately implies supermajorization, so we know that S<*T".
We still need to show that our bandwidth assignment was legal; in other words, that we did not
exceed one unit of bandwidth on any machine.



Lemma 3.3 The total bandwidth on any machine is at most 1.

Proof: For ¢ > 1, the total bandwidth assigned to jobs “between” job ki + k2 + ... + k; and job
ki+ ko + ...+ k41 is at most

1 1 1 1
ok el ) Talat2) T el

which is bounded by

1+ (log ki+1) — (log kz)
a

The bandwidth assigned to the first through kyst jobs on the machine is bounded by (1/)(1 +
(1/2) +(1/3) + ... + 1/ky1), or (logki)/c.

The sum over all values of ¢ from 0 to 1 + logm telescopes to

logm +logk1410gm  logm +logt

1
o o

Lemma 3.1 shows that r?+10gn encompasses all the jobs, so the overall total bandwidth on a
machine is at most 1 as desired. [ |

We now proceed to prove our desired result; the greedy algorithm is globally O(logn)-fair.

Theorem 3.3 Let S’ represent the assignment of jobs to machines and bandwidths to jobs obtained
by running the greedy online algorithm and then splitting bandwidth equally on each machine. For
any other possible assignment T' (including the globally fair assignment), S'<*T where a = logm +
log t.

Proof: Let S represent the solution which assigns bandwidth by the method described above. Let
T’ represent the assignment 7" with bandwidths equalized. Lemma 3.2 guarantees that S<®T".
Lemma 3.3 guarantees that we have a legal bandwidth assignment. We now apply theorem 3.2 to
show that §'<'S and T"<'T. Two applications of theorem 2.2 suffice to prove S'<°T as desired.

|

Finally, we notice that ¢ < n. We can assume m < n since having machines upon which solution
T places no jobs can only help our algorithm. It follows that a < 2logn. Thus we have proven
global O(logn) -fairness for the greedy algorithm.

The following theorem follows from remark 3.1.

Theorem 3.4 The greedy online algorithm results in a schedule that is globally O(logm)-balanced.

Lower bounds Any online algorithm must be globally Q(logm)-fair as well as globally Q(logm)-
balanced.



4 Open Problems

In the job centric model, it would be interesting to either prove global O(logm)-fairness or prove
a lower bound of Q(logn), where m is the number of machines and n the number of jobs.
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