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Abstract

This pap er relates the notion of fairness in online routing and load balancing to ve ctor

majorization as dev elop ed b y Hardy , Littlew o o d, and P oly a [9]. W e de�ne � -sup ermajorization

as an appro ximate form of v ector ma jorization, and sho w that this de�nition generalizes and

strengthens the pre�x measure prop osed b y Klein b erg, Rabani and T ardos [11 ] as w ell as the

p opular notion of max-min fairness .

The pap er revisits the problem of online load-balancing for unrelated 1- 1 mac hines from

the viewp oin t of fairness. W e pro v e that a greedy approac h is O (log n )-sup erma jorized b y all

other allo cations, where n is the n um b er of jobs. This means the greedy approac h is globally

O (log n )- fair . This ma y b e constrasted with p olynomial lo w er b ounds presen ted in [7] for fair

online routing.

W e also de�ne a mac hine-cen tric view of fairness using the related concept of submajorization .

W e pro v e that the greedy online algorithm is globally O (log m )- b alanc e d , where m is the n um b er

of mac hines.
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1 In tro duction

F air Resource Allo cation The problems of online allo cation of resources in order to minimize

load [6, 3] or maximize pro�t [4 ] ha v e b een w ell-studied. In a real system, an y allo cation m ust also

guaran tee some form of fairness. Starving one job of resources in order to increase the allo cation to

another is not alw a ys acceptable. In tuitiv ely , if particular jobs demand con
icting resources, those

resources should b e allo cated in an egalitarian manner.

Before addressing this issue, w e m ust formalize our in tuitiv e notion of fairness. Sev eral candidate

de�nitions ha v e b een prop osed. The \greatest go o d for the greatest n um b ers" criterion is equiv alen t

to maximizing the total bandwidth allo cated. This criterion optimizes for the o v erall usage of

resources, but ma y starv e a job whic h requires man y resources in fa v or of sev eral jobs whic h

require few. Another criterion maximizes the bandwidth allo cated to the job whic h receiv es least

bandwidth. F or the case of online load balancing, this w as considered b y [6 , 3] and a greedy

allo cation w as pro v en to b e O (log m ) comp etitiv e. Ho w ev er, if t w o jobs do not con
ict (demanding

distinct resources), then a guaran tee on the minim um assigned bandwidth do es not capture our

in tuition that these jobs should b e essen tially indep enden t. Y et another criterion is max-min

fairness [1 , 2, 5]. Max-min fairness mak es sense when the assignmen t of resources is �xed and

w e need to determine the split of eac h resource b et w een the jobs requiring it; ho w ev er, max-min

fairness is p o orly de�ned in the scenario where resource assignmen t m ust b e p erformed online [7].

Recen tly , Klein b erg, Rabani, and T ardos [11 ] prop osed a measure of glob al fairness whic h uni�es

all the ab o v e criteria. W e will extend and strengthen their de�nition b y relating it to the concept

of ve ctor majorization de�ned b y Hardy , Littlew o o d, and P oly a [9].

W e compute a v ector represen ting the amoun t of resources assigned to eac h request. This

b andwidth ve ctor is arranged in nondecreasing order of resources. Giv en t w o suc h v ectors X and Y ,

X is ma jorized b y Y ( X � Y ) if the sum of the �rst k terms of X is at least the sum of the �rst k

terms of Y for ev ery k , and the total sums of the v ectors are equal. Conceptually , if X is ma jorized

b y Y , then assignmen t X giv es more bandwidth to the requests receiving least, and is therefore

more fair. W e extend ma jorization b y de�ning � -sup erma jorization; X is � -sup erma jorized b y Y

if (for ev ery k ), � times the sum of the �rst k terms of X is at least equal to the sum of the �rst k

terms of Y . W e presen t sev eral useful theorems regarding sup erma jorization whic h follo w directly

from the w ork of Hardy , Littlew o o d, and P oly a [9 ] on ma jorization.

W e consider an allo cation of resources X to b e � -fair if ev ery other v alid allo cation Y satis�es

X �

�

Y ( Y � -sup erma jorizes X ). If there exists an allo cation whic h is 1-fair, then this allo ca-

tion is iden tical to the globally fair allo cation de�ned b y Klein b erg, Rabani, and T ardos [11 ] and

also satis�es the prop ert y of b eing max-min fair . W e b eliev e that the concept of appro ximate

sup erma jorization will �nd other imp ortan t applications in fair resource allo cation problems.

After presen ting our formal de�nition of fairness, the remainder of the pap er is dev oted to

the \one-in�nit y" mo del of online mac hine sc heduling [6 , 3 ] where eac h job will run on one of a

sp eci�ed subset of mac hines. The greedy algorithm for this problem is a sligh t restatemen t of

Graham's rule [8 ] { assign eac h job to the least loaded mac hine capable of pro cessing the job. W e

pro v e that this greedy algorithm obtains a globally O (log n )-fair allo cation of resources to the jobs.

This ma y b e con trasted with the p olynomial lo w er b ounds presen ted for the more di�cult routing

problem in [7 ]. Alternately , w e can view fairness from the standp oin t of the mac hines. W e sho w

that the loads of mac hines are O (log m )-balanced. This strengthens previous results b y sho wing

that online greedy allo cations are close to fair throughout, rather than just at the \endp oin t" of
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the minim um-bandwidth job (or maxim um-loaded mac hine).

Lo w er b ounds on the bandwidth assigned to the least-bandwidth job directly translate to lo w er

b ounds on global fairness. It follo ws that an y online algorithm m ust b e globally 
(log m )-fair as

w ell as globally 
(log m )-balanced [6, 3].

Related w ork: Klein b erg et al. [11 ] addressed the problem of fair resource allo cation in the

o�ine setting, and ga v e a p olynomial-time algorithm whic h computes a globally fair solution giv en

all the requests up-fron t. This solution is also globally 1-fair b y our de�nition. Go el, Mey erson, and

Plotkin [7 ] ga v e a globally p olylogarithmic-fair online algorithm for the more general problem of

routing in comm unication net w orks under the assumption that the routing algorithm can exercise

some con trol o v er the bandwidth allo cation.

2 Measuring F airness b y Ma jorization

F or an y v ector a = < a

1

; a

2

; : : : ; a

n

> , denote the i -th smallest comp onen t of a b y a

( i )

. Supp ose w e

are giv en t w o n -dimensional v ectors x and y with non-negativ e comp onen ts.

De�nition 1 Given two n -dimensional ve ctors x and y , x is said to b e majorize d by y ( y majorizes

x ) if e ach of the fol lowing is true:

1.

P

k

i =1

x

( i )

�

P

k

i =1

y

( i )

, for al l 1 � k � n

2.

P

n

i =1

x

( i )

=

P

k

i =1

y

( i )

We use the notation x � y to denote the ab ove r elation.

In this pap er w e will only concern ourselv es with v ectors where eac h comp onen t is non-negativ e.

Notice that ma jorization is a prop ert y of the m ultisets f x

1

; x

2

; : : : ; x

n

g and f y

1

; : : : ; y

n

g . Ho w ev er

it is adv an tageous to think of them as v ectors. Ma jorization w as �rst studied b y Hardy , Littlew o o d,

and P oly a [9 ]. They pro v ed that

P

i

g ( x

i

) �

P

i

g ( y

i

) for all con v ex functions g i� x � y . Another

in terpretation of this relation is that x � y if and only if x is a fairer (than y ) allo cation of a �xed

resource. F or a detailed exp osition of ma jorization, see [13 ]. The concept of ma jorization w as �rst

used in the con text of fairness b y Lorenz [12 ].

Hardy , Littlew o o d, and P oly a [10 ] also pro v ed the follo wing:

Theorem 2.1 x � y i� x = y P for a doubly sto chastic matrix P .

Recall that a doubly sto c hastic matrix is a matrix in whic h all ro ws and columns sum to 1.

Similarly , a doubly sup ersto c hastic matrix has all ro ws and columns summing to at le ast 1. Hardy

et al. de�ne x to b e sup ermajorize d b y y i� x = y P for some doubly sup ersto c hastic matrix P .

A concept v ery similar to sup erma jorization in the con text of fair bandwidth allo cation w as

redisco v ered (b efore our w ork) b y Klein b erg, Rabani, and T ardos [11 ]. A v ector of bandwidth

allo cations x is said to b e � -pre�x-comp etitiv e with another v ector y if �

P

k

i =1

x

( i )

�

P

k

i =1

y

( i )

.

Also, x is said to b e co ordinate-wise � -comp etitiv e to y if �x

( i )

� y

( i )

. They ga v e an elegan t o�ine

algorithm that obtains a bandwidth allo cation that is sup erma jorized b y (i.e. is 1-pre�x-comp etitiv e
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to) an y other allo cation. They further presen t a solution to the single source unsplittable 
o w

problem that is 2-pre�x-comp etitiv e to an y other solution.

De�nition 2 A globally fair solution is an assignment of jobs to machines which pr o duc es a b and-

width al lo c ation that is sup ermajorize d by any other fe asible b andwidth al lo c ation.

Global fairness is a v ery strong condition, and cannot b e ac hiev ed in the con text of online

load balancing. In fact, it is not clear a priori that this prop ert y can b e ac hiev ed ev en in the

o�ine case { hence, the result of Klein b erg, Rabani, and T ardos is quite striking. T o capture

appro ximate fairness, w e in tro duce � -sup erma jorization whic h is a sligh t v ariation of the notion of

sup erma jorization de�ned b y Hardy , Littlew o o d, and P oly a.

De�nition 3 Given two n -dimensional ve ctors x and y , x is said to b e � -sup ermajorize d by y if

�

P

k

i =1

x

( i )

�

P

k

i =1

y

( i )

for al l k � n . This is denote d by x �

�

y .

The follo wing prop erties of sup erma jorization are immediate from the ab o v e de�nitions.

Theorem 2.2 1. x �

�

y i� �x = y P for some doubly sup ersto chastic matrix P .

2. x � y ) x �

1

y

3. x �

�

y ; y �

�

z ) x �

��

z .

Appro ximate subma jorization can b e similarly de�ned.

De�nition 4 Given two n -dimensional ve ctors x and y , x is said to b e � -submajorize d by y if

P

k

i =1

x

( n +1 � i )

� �

P

k

i =1

y

( n +1 � i )

for al l k � n . This is denote d by x �

�

y .

De�nition 5 A ve ctor is said to b e glob al ly � -fair if it is � -sup ermajorize d by any other fe asible

ve ctor. A ve ctor is said to b e glob al ly � -balanced if it is � -submajorize d by any other fe asible ve ctor.

In the case of load balancing, global � -fairness will b e used for a job-cen tric view of fairness:

the k p o orest jobs together in a globally � -fair solution m ust b e at least 1 =� times as ric h as the

k p o orest jobs in an y other allo cation. Global � -balance will represen t a mac hine-cen tric view of

fairness: the k most loaded mac hines in a globally � -balanced solution can together ha v e a load

that is at most � times the load of the k most loaded mac hines in an y other allo cation. Figure 1

illustrates the di�erence b et w een appro ximate subma jorization and sup erma jorization.

2.1 F airness in One-In�nit y Load Balancing

W e are giv en a set of m mac hines. Jobs arriv e one at a time online. Eac h job sp eci�es some subset

of the mac hines on whic h it is allo w ed to run. W e m ust select a mac hine from the stated subset on

whic h to assign the job. The total n um b er of jobs is n .

Eac h job assigned to mac hine i receiv es b andwidth equal to 1 =L

i

where L

i

is the total n um b er

of jobs assigned to mac hine i .
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SUM x

i

2x
y

x

(i)

x  2-submajorized by yx  2-supermajorized by y

x/2y
x

i

(n+1-i)SUM x

(b)(a)

Figure 1: Appro ximate sup erma jorization (a) captures fairness when x and y are allo cations of

resources to jobs, while appro ximate subma jorization (b) captures fairness when x and y are loads

on mac hines. In b oth cases ab o v e, x is at least half as fair/balanced as y .

De�nition 6 The bandwidth v ector for an assignment of jobs to machines is c omp ose d of the jobs'

b andwidths liste d in nonde cr e asing or der.

De�nition 7 The load v ector for an assignment of jobs to machines is c omp ose d of the machines'

lo ads ( L

i

).

De�nition 8 A solution S is � c o or dinate-wise c omp etitive if and only if �S

( i )

� T

( i )

for every

c o or dinate i and every le gal solution T .

W e observ e that co ordinate-wise comp etitivit y is stronger than sup erma jorization. In other

w ords, if S is � co ordinate-wise comp etitiv e, it immediately follo ws that S is also globally � -fair.

Note that the rev erse implication do es not hold ( S ma y b e globally � -fair but not co ordinate-wise

comp etitiv e).

Our algorithm for 1- 1 load balancing will pro vide a solution whic h has a globally O (log n )-fair

bandwidth v ector and a globally O (log m )-balanced load v ector.

3 The Algorithm

W e will use a simple greedy algorithm. Whenev er a job comes in, w e �nd the least loaded of the

mac hines where the job can run, and assign the job to that mac hine. Ties are brok en in some

arbitrary w a y (sa y b y assigning the job to the lo w est n um b ered of the tied mac hines).

Remark 3.1 One c an note that if the optimal ly fair algorithm plac es t jobs on a sp e ci�c machine,

then the online c annot plac e mor e than ( t + 1) O (log m ) jobs on this machine. This fol lows fr om the

fact that any job which the optimum plac e d on a machine with at le ast t + 2 jobs c annot b e le gal ly

plac e d on a machine on which the optimum plac e d only t . It is now str aightforwar d to pr ove that

ther e exists an al lo c ation of b andwidths by which the gr e e dy algorithm is glob al ly O (log m log n ) -fair.

Using majorization te chniques, it c an b e shown that this c omp etitive r atio holds even if b andwidths

ar e divide d e qual ly b etwe en jobs on the same machine. However, we wil l inste ad pr esent a mor e

c omplex pr o of to impr ove the r esult to glob al O (log n ) -fairness.
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W e will �rst pro v e a straigh tforw ard claim ab out the n um b er of jobs placed curren tly on a

mac hine when a new job is sc heduled there. W e then sho w that assigning arbitrary bandwidths to

jobs (instead of an equal split) cannot help mak e the solution more fair. W e conclude b y sho wing

co ordinate-wise bandwidth comp etitivit y against global fairness using assigned bandwidths, from

whic h global appro ximate-fairness without assigned bandwidths will follo w.

3.1 Job Placemen t

De�ne R

i

to b e the set of jobs whic h the online greedy algorithm placed on mac hines whic h had at

least i jobs on them already . Supp ose for some subset R

b

i

of R

i

, there is a w a y to sc hedule all the

jobs in R

b

i

without exceeding b p er mac hine. The follo wing is a standard result for load balancing.

Theorem 3.1 The online algorithm plac es at le ast (1 = 2) j R

b

i

j jobs on machines which have b etwe en

i and i + b jobs at the time they'r e plac e d.

Pro of: Consider subset S of R

b

i

, where S is the set of jobs whic h the online placed on mac hines

with at least i + b jobs already presen t. Assign eac h mem b er of S to the mac hine it w ould b e placed

in had w e sc heduled all the jobs in R

b

i

without exceeding b p er mac hine. A t the time eac h job in S

arriv ed, it w as placed on a mac hine with at least i + b jobs. Therefore its \assigned" mac hine had

at least i + b jobs. A t most b jobs from S are assigned to eac h mac hine, and eac h mac hine with

an y jobs from S assigned to it has at least i + b jobs. It follo ws that at least j S j jobs w ere placed

\b et w een" i and i + b , so at least (1 = 2) R

b

i

jobs m ust ha v e b een placed on mac hines whic h had, at

the time of placemen t, b et w een i and i + b jobs.

3.2 Bandwidth Assignmen t

Supp ose w e could assign an y bandwidth w e lik e to the jobs, pro vided only that the total bandwidths

of jobs on eac h mac hine is at most one. W e pro v e that an y globally � -fair solution whic h can assign

arbitrary bandwidth to jobs will remain at least as fair if the jobs split the mac hines equally instead.

Theorem 3.2 Supp ose ther e exists an assignment S of b andwidths to jobs and jobs to machines.

If we de�ne S

0

to assign jobs in the same way while splitting b andwidth e qual ly among jobs sent to

the same machine, then S

0

�

1

S .

Pro of: Consider reassigning the bandwidths to jobs on a certain mac hine, so that eac h job receiv es

the a v erage bandwidth. This is equiv alen t to m ultiplying the v ector S b y a doubly sto c hastic matrix

with 1 =j in the p ositions corresp onding to pairs of the j jobs on the certain mac hine and the iden tit y

matrix elsewhere. Since the pro duct of doubly sto c hastic matrices is doubly sto c hastic, w e apply

theorem 2.1 to sho w that S

0

�

1

S .

3.3 Global O (log n ) -fairness

W e will compare our online solution to some solution T

0

. W e pro v e that, for an y T

0

whic h splits

the bandwidth of ev ery mac hine in an equal fashion, w e can assign bandwidths to the jobs without
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Number of jobs

J

J

J

k
k

k

Machines

2

3

1

3
2

1
b

j b
1

Figure 2: The mac hine loads for the sc hedule T

0

exceeding one unit of bandwidth p er mac hine, suc h that our bandwidth v ector is co ordinate-

wise within O (log n ) of the bandwidth v ector of T

0

. It follo ws that our solution is O (log n )-

sup erma jorized b y T

0

. By applying theorem 3.2, w e pro ceed to sho w that ev en if w e w ere to

divide bandwidths equally (eliminating the need for prior kno wledge of T

0

), our solution w ould still

b e O (log n )-sup erma jorized b y T

0

. F rom this it follo ws that our solution is O (log n )-fair.

W e de�ne m to b e the n um b er of mac hines and t to b e the maxim um n um b er of jobs whic h

solution T

0

places on an y mac hine. If n is the total n um b er of jobs, w e can guaran tee that t � n

and m � n since allo wing mac hines on whic h T

0

places zero jobs can only help our algorithm.

W e de�ne the set J

i

(see �gure 2 for an illustration) of mac hines to consist of all the mac hines

except the m (1 = 2)

i

to whic h solution T

0

(to whic h w e are comparing) assigns most jobs. Notice

that J

0

is empt y and J

1+log m

is all the mac hines. W e de�ne k

i

to b e the maxim um n um b er of jobs

on a mac hine in J

i

. It follo ws that 0 = k

0

� k

1

� k

2

::: � k

1+log m

= t .

De�ne j

b

i

to b e the n um b er of jobs whic h solution T

0

places on mac hines in J

i

, coun ting at most

b jobs p er mac hine (i.e. sum of the min of b and the mac hine load for eac h mac hine).

De�ne r

b

i

to b e the total jobs \under" b + �

i � 1

x =1

k

x

in the online solution S (i.e. the sum o v er

mac hines of the min of the online load of the mac hine and b + �

i � 1

x =1

k

x

).

Lemma 3.1 F or every i � 1 and b � 0 we have r

b

i

� j

b

i

.

Pro of: The pro of will b e b y induction on i .

Base Case: i = 1. Exactly half the mac hines are in J

1

. W e pair eac h mac hine in J

1

with a

mac hine not in J

1

. The mac hine not in J

1

alw a ys has at least as man y jobs as the mac hine in J

1

,

b ecause of the de�nition of the set. Th us the total n um b er of jobs \b elo w" b in solution T

0

is at

least 2 j

b

1

. Solution T sc heduled at least 2 j

b

1

jobs using b capacit y p er mac hine, so the online will

sc hedule at least half that man y \under" b (see theorem 3.1). It follo ws that r

b

1

� j

b

1

as desired.

Inductiv e step. W e supp ose b � k

i

. Since ev ery mac hine not in J

i

has at least k

i

jobs on it,
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there are exactly mb (1 = 2)

i

jobs b elo w b and not in J

i

. Ov erall, solution T

0

m ust place j

b

i

+ mb (1 = 2)

i

jobs b elo w b . The online solution sc hedules r

k

i � 1

i � 1

jobs b elo w k

1

+ k

2

+ ::: + k

i � 1

. Th us at least

j

b

i

� r

k

i � 1

i � 1

+ mb (1 = 2)

i

jobs w ere sc heduled b elo w b in T

0

but ab o v e k

1

+ k

2

+ ::: + k

i � 1

in S . In the

next b capacit y , w e will sc hedule at least half of them (see theorem 3.1). This means S sc hedules

at least

r

b

i

� r

k

i � 1

i � 1

+

1

2

( j

b

i

� r

k

i � 1

i � 1

+

mb

2

i

) �

1

2

( j

b

i

+ r

k

i � 1

i � 1

+

mb

2

i

)

jobs b elo w b + k

1

+ k

2

+ ::: + k

i � 1

.

Using the inductiv e h yp othesis, w e kno w that r

k

i � 1

i � 1

� j

k

i � 1

i � 1

.

Eac h mac hine in J

i � 1

has at most k

i � 1

jobs on it, so it follo ws that j

k

i � 1

i � 1

represen ts all the jobs

on mac hines in J

i � 1

. It follo ws that j

k

i � 1

i � 1

� j

b

i � 1

.

There are m (1 = 2)

i

mac hines in J

i

� J

i � 1

, and eac h con tributes at most b jobs b elo w b , so w e

kno w j

b

i

� j

b

i � 1

+ mb (1 = 2)

i

.

It follo ws that r

k

i � 1

i � 1

+ mb (1 = 2)

i

� j

b

i

.

Th us w e can write the follo wing.

r

b

i

�

1

2

( j

b

i

+ r

k

i � 1

i � 1

+

mb

2

i

) �

1

2

( j

b

i

+ j

b

i

) � j

b

i

whic h pro v es the claim for b � k

i

. On the other hand, if b > k

i

then j

b

i

represen ts all jobs on

mac hines in J

i

and it follo ws that r

b

i

� r

k

i

i

� j

k

i

i

= j

b

i

.

W e assign bandwidth to jobs in the online solution S . W e de�ne � = log m + log t . Supp ose

a job is the a th job on the mac hine it's running on. There is some unique c hoice of i and b suc h

that a = k

1

+ k

2

+ ::: + k

i

+ b and b � k

i +1

. The job receiv es bandwidth equal to the minim um of

1 =�k

i

and 1 =�b . If i = 0, the bandwidth assigned is 1 =�b . W e will �rst sho w that this allo cation is

co ordinate-wise comp etitiv e, then use theorem 3.2 to complete the pro of of global O (log n )-fairness.

Lemma 3.2 F or any c o or dinate j , �S

( j )

� T

0

( j )

.

Pro of: Let b = 1 =T

0

( j )

. Let i b e the maxim um in teger suc h that k

i

� b . An y mac hine not in J

i +1

has at least k

i +1

> b jobs on it. Therefore the jobs on this mac hine receiv e less than 1 =b bandwidth

in solution T

0

. It follo ws that all jobs receiving 1 =b are on mac hines with at most b jobs, all of whic h

are in J

i +1

. Th us at most j

b

i +1

jobs receiv e 1 =b bandwidth or more in solution T

0

. W e conclude

that j � n � j

b

i +1

.

In the online S , an y job sc heduled \b elo w" k

1

+ k

2

+ ::: + k

i

will receiv e at least (1 =�k

i

) � (1 =�b )

bandwidth. Jobs sc heduled b et w een k

1

+ k

2

+ ::: + k

i

and k

1

+ k

2

+ ::: + k

i

+ b receiv e bandwidth

at least equal to 1 =�b . So all jobs whic h the online sc hedules \b elo w" k

1

+ k

2

+ ::: + k

i

+ b receiv e

at least 1 =�b bandwidth. This means r

b

i +1

jobs receiv e at least 1 =�b bandwidth. Lemma 3.1 sho ws

that r

b

i +1

� j

b

i +1

. The largest index for whic h S

( j )

< 1 =�b w ould b e n � r

b

i +1

< j . It follo ws that

S

( j )

� 1 =�b , and �S

( j )

� T

0

( j )

.

Co ordinate-wise comp etitivit y immediately implies sup erma jorization, so w e kno w that S �

�

T

0

.

W e still need to sho w that our bandwidth assignmen t w as legal; in other w ords, that w e did not

exceed one unit of bandwidth on an y mac hine.
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Lemma 3.3 The total b andwidth on any machine is at most 1 .

Pro of: F or i � 1, the total bandwidth assigned to jobs \b et w een" job k

1

+ k

2

+ ::: + k

i

and job

k

1

+ k

2

+ ::: + k

i +1

is at most

k

i

1

�k

i

+

1

� ( k

i

+ 1)

+

1

� ( k

i

+ 2)

+ ::: +

1

� ( k

i +1

)

whic h is b ounded b y

1 + (log k

i +1

) � (log k

i

)

�

The bandwidth assigned to the �rst through k

1

st jobs on the mac hine is b ounded b y (1 =� )(1 +

(1 = 2) + (1 = 3) + ::: + 1 =k

1

), or (log k

1

) =� .

The sum o v er all v alues of i from 0 to 1 + log m telescop es to

log m + log k

1+log m

�

=

log m + log t

�

= 1

Lemma 3.1 sho ws that r

0

1+log n

encompasses all the jobs, so the o v erall total bandwidth on a

mac hine is at most 1 as desired.

W e no w pro ceed to pro v e our desired result; the greedy algorithm is globally O (log n )-fair.

Theorem 3.3 L et S

0

r epr esent the assignment of jobs to machines and b andwidths to jobs obtaine d

by running the gr e e dy online algorithm and then splitting b andwidth e qual ly on e ach machine. F or

any other p ossible assignment T (including the glob al ly fair assignment), S

0

�

�

T wher e � = log m +

log t .

Pro of: Let S represen t the solution whic h assigns bandwidth b y the metho d describ ed ab o v e. Let

T

0

represen t the assignmen t T with bandwidths equalized. Lemma 3.2 guaran tees that S �

�

T

0

.

Lemma 3.3 guaran tees that w e ha v e a legal bandwidth assignmen t. W e no w apply theorem 3.2 to

sho w that S

0

�

1

S and T

0

�

1

T . Tw o applications of theorem 2.2 su�ce to pro v e S

0

�

�

T as desired.

Finally , w e notice that t � n . W e can assume m � n since ha ving mac hines up on whic h solution

T places no jobs can only help our algorithm. It follo ws that � � 2 log n . Th us w e ha v e pro v en

global O (log n ) -fairness for the greedy algorithm.

The follo wing theorem follo ws from remark 3.1.

Theorem 3.4 The gr e e dy online algorithm r esults in a sche dule that is glob al ly O (log m ) -b alanc e d.

Lo w er b ounds An y online algorithm m ust b e globally 
(log m )-fair as w ell as globally 
(log m )-

balanced.

8



4 Op en Problems

In the job cen tric mo del, it w ould b e in teresting to either pro v e global O (log m )-fairness or pro v e

a lo w er b ound of 
(log n ), where m is the n um b er of mac hines and n the n um b er of jobs.

Ac kno wledgemen t

The �rst author w ould lik e to thank Da vid Tse for in tro ducing him to the concept of ma jorization.
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