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tGive a metri
 spa
e G on n nodes, with a start node r, and a deadline D(v) for ea
h vertexv, the Deadline-TSP problem is to �nd a path starting at r that visits as many nodes as possiblewithin their deadlines. This is a 
lassi
 optimization problem with no known good approximationsfor general metri
 spa
es. We give an O(logn) approximation algorithm for this problem, anduse as a subroutine a 
onstant-fa
tor approximation that we develop for a generalization of theorienteering problem in whi
h both the start and the end nodes of the path are �xed. We also givea bi
riteria approximation algorithm for Deadline TSP: Given an � > 0, our algorithm produ
esa log(1=�) approximation, while ex
eeding the deadlines by a fa
tor of 1 + �. In the pro
ess, wealso give a 3-approximation to the orienteering problem, improving on the previously best known4-approximation of [BCK+03℄.1 Introdu
tionConsider a delivery-person that starts at some position and has to deliver items to various lo
ations.However, every item has an expiration date and is useful only it if 
an be delivered to its destinationby this date. A natural goal for the delivery-person is to deliver as many items as possible withintheir deadlines, or more generally to maximize his pro�t, if ea
h item has a value asso
iated with it.We 
all this problem the Deadline-TSP. Note that if the deadlines of all the nodes are the same, theproblem redu
es to the well known Orienteering problem [AMN98, AABV99, GLV87℄, for whi
h the�rst 
onstant fa
tor approximation for this problem was re
ently given [BCK+03℄.A generalization of the Deadline-TSP, the Time Window problem, allows nodes to have release timesin addition to deadlines. The traveling salesperson is allowed to visit a node only in the time windowde�ned by the release times and deadlines. This problem has been studied extensively in the ORliterature under the name Vehi
le Routing Problem with Time Windows. Various heuristi
s [DDS92,Sav85, Tha95, TLZ00℄, su
h as lo
al sear
h, Simulated Annealing and Geneti
 algorithms, as well as
utting plane and bran
h and bound methods [TOVS93, KKT87, KR92℄ have been studied for solvingthis problem optimally. Optimal algorithms for sto
hasti
 inputs have also been proposed.In approximation algorithms literature, people have studied the geometri
 version of the time-window problem. Several 
onstant fa
tor approximations [BYES03, Tsi92, KN01℄ have been proposedfor the 
ase of points on a line. Re
ently, Chekuri and Kumar [CK04℄ 
onsidered the time-windowproblem on a general graph, but with a 
onstant number of di�erent deadlines. They give a 
onstantfa
tor approximation for this problem. Our paper is the �rst to give an approximation algorithm forthe general 
ase of the Deadline-TSP with arbitrary deadlines.�Department of Computer S
ien
e, Carnegie Mellon University. fnikhil,avrim,shu
hig�
s.
mu.edu.yUniversity of California, Los Angeles. awm�
s.u
la.edu.1



Another motivation for our problem 
omes from a 
lassi
 s
heduling problem known as s
hedulingwith sequen
e dependent setup times [AGA99, YL99, WS95, BD78℄. In this problem we are givenseveral jobs released at time zero, ea
h having a produ
tion duration pj and a delivery date Dj . Inaddition, for ea
h pair of jobs, there is a setup time sij, whi
h is in
urred when job j is undertakenfollowing job i. The goal is to s
hedule jobs as eÆ
iently as possible on a single ma
hine. This 
anbe modeled as a graph problem by assigning a length of sij to the edge between i and j. Produ
tiondurations 
an also be in
orporated by adding pj=2 to every edge in
ident on the node j, and subtra
tingthe same from the deadline Dj .The s
heduling setting is fairly general and models many problems. For example, one obje
tivemay be to minimize the makespan, whi
h is equivalent to the TSP problem. Likewise, the obje
tive of
ompleting as many jobs as possible by their delivery date is equivalent to Deadline-TSP. Interestingly,meeting target delivery dates has been de
lared as the most important s
heduling obje
tive for pro-du
tion planners by Wisner and Siferd [WS95℄. Several heuristi
s [Jor98, GPG00℄ have been proposedfor this (and other related problems), however, no approximations were known prior to our work.We give an O(log n) approximation for the Deadline-TSP, based on a 3-approximation that weprovide for an extension of the Orienteering problem, that we 
all \point-to-point orienteering". Inpoint-to-point orienteering, both the start node and end node of the path are given, and the goal is totravel from the start to the end, traveling distan
e at most D, and visiting (approximately) as manypoints as possible. Note that we approximate the number of points, and not the distan
e traveled.Having an algorithm for the point-to-point problem is useful for Deadline-TSP be
ause it means thatif we 
an break up the problem into several subparts, then we 
an atta
k ea
h pie
e individually andpat
h the solutions together without worrying about spending too mu
h in 
onne
ting the di�erentparts. Sin
e point-to-point orienteering generalizes the standard version of this problem, this improveson the previous 4-approximation of [BCK+03℄.We also give an algorithm for the Deadline-TSP, that a
hieves a bi
riteria optimization | it a
hievesa 
onstant fa
tor approximation to the reward, while ex
eeding the deadlines by a small fa
tor. Inparti
ular, for any arbitrary � > 0, our algorithm 
olle
ts an O(log 1=�) fra
tion of the reward, whileex
eeding deadlines by a fa
tor of 1 + �.The rest of this paper is organized as follows. We begin with some notation and de�nitions in Se
-tion 2. In Se
tion 3, we give a 3-approximation algorithm for the point-to-point orienteering problem.Se
tion 4 
ontains some 
onstant fa
tor approximations for spe
ial 
ases of Deadline-TSP, that we thenuse to a
hieve our bi
riteria approximation. Se
tion 5 
ontains an O(log n)-approximation algorithm.We 
on
lude in Se
tion 6.2 Notation and PreliminariesLet G = (V;E) be a weighted graph, with a start node r, a prize (pro�t) fun
tion � : V ! Z+,deadlines D : V ! Z+, and a length fun
tion ` : E ! Z+.For any two nodes u and v, let `(u; v) denote the shortest distan
e between u and v. Given a pathP from u to v, let tP (u; v) denote the time taken (distan
e) to rea
h v from u along the path P . Theex
ess along the path P is de�ned as �P (u; v) = tP (u; v) � `(u; v). We abbreviate the time taken by apath P rooted at r to rea
h a node v, tP (r; v), by tP (v). We denote the optimal path by O. Let O alsodenote the set of nodes visited by the optimal path before their deadlines. A path starting at root r
olle
ts the prize �(v) at node v, if it rea
hes v before its deadline D(v). For a path P and set S � V ,let �P (S) =Pv2S:tP (v)�D(v) �(v) and �P = �P (V ). Note that a path 
an visit a node multiple times,but the prize at any node 
an be 
olle
ted at most on
e.The goal in the Deadline-TSP is to 
onstru
t a path starting at r, that maximizes the total prize.2



The u � v Orienteering problem is a spe
ial 
ase of this problem in whi
h all nodes have the samedeadline, D(x) = D, 8x 2 V , and any path must start from the node u and end at the node v.The minimum ex
ess path problem is de�ned as follows. Given a graph with nodes u and v, and aprize quota k, the problem is to �nd a path P from u to v that 
olle
ts at least k prize, and has theminimum possible ex
ess �P (u; v). Note that in terms of exa
t solutions, this problem is the same asthe k-TSP problem, in whi
h the goal is to �nd the shortest path between u and v that 
olle
ts at leastk prize, but we are subtra
ting `(u; v) from the obje
tive, so the min-ex
ess problem is more diÆ
ultin terms of approximation. Blum et al [BCK+03℄ give a (2 + �)-approximation for the ex
ess problem(if the optimum path is O, the algorithm �nds a path that 
olle
ts a prize at least k and has length atmost d(u; v)+ (2+ �)�O(u; v)), and then use this to get a 4-approximation to the orienteering problem.We begin by showing how we 
an use the (2+�)-approximation to the minimum-ex
ess path problemto �nd a path from u to v that has length at most tO(u; v), and 
olle
ts prize at least k=3. In otherwords, this gives a 3-approximation to the u� v Orienteering problem, improving over [BCK+03℄ (infa
t, this is stronger than the version of the problem solved in [BCK+03℄ be
ause we get to spe
ify theending point of the path, and not just the starting point).We then show how we 
an use this as a subroutine to obtain a bi
riteria approximation|for any� > 0, our algorithm outputs a path P with ��P � 
( 1log (1=�) )�O, where ��P =Pv:tP (v)�(1+�)D(v) �(v).That is, for a 
onstant �, our algorithm obtains a 
onstant fra
tion of the reward, while ex
eedingdeadlines by a 1 + � fa
tor. The same algorithm also gives us an O(logDmax) approximation withoutapproximating deadlines, where Dmax = maxv2V D(v) is the maximum deadline in the graph.Finally, using u� v Orienteering, we also give a 3 log n approximation for the Deadline-TSP, whi
houtperforms the earlier approximation when Dmax is large.For any path P , the restri
tion of the path P to a set S of verti
es, PjS , denotes the path that visitsnodes of S in the order that P visited them, and does not visit any other nodes. Note that, for all Sand P , tPjS(v) � tP (v) for all v 2 S.3 Point-to-point OrienteeringIn this se
tion we show how we 
an use a (2 + �)-approximation algorithm for the minimum ex
essproblem, to a
hieve a 3-approximation to the point-to-point orienteering problem.We begin with some properties of ex
ess. Let P be any u � v path that visits nodes in the orderu0 = u; u1; : : : ; ul = v.Fa
t 1 �P (u0; ui) is in
reasing in i.Fa
t 2 The ex
ess fun
tion is sub-additive. That is, for any nodes ui; uj ; uk with 0 � i < j < k � l,�P (ui; uj) + �P (uj ; uk) � �P (ui; uk).Proof: The �rst fa
t follows from the triangle inequality. The se
ond follows by rewriting �P (ui; uj) +�P (uj ; uk) as tP (ui; uj)�`(ui; uj)+tP (uj ; uk)�`(uj ; uk) = tP (ui; uk)�`(ui; uj)�`(uj ; uk) and observingthat `(ui; uj) + `(uj ; uk) � `(ui; uk) by the triangle inequality.The algorithm P2P is given in Figure 1. Note that by design, the algorithm produ
es a path oflength at most D. We just need to show that it visits enough points.Theorem 1 The algorithm P2P is a 3-approximation to the point-to-point orienteering problem.Proof: Consider the optimum path O from u to v. Break this path into three pie
es, ea
h having atleast 1=3 of the total prize value, and let x and y be the endpoints of the portion su
h that �O(x; y)3



Input: Graph G = (V;E); spe
ial nodes u and v; length bound D.Output: Path P with �P � 13�O and length at most D.1. For every pair of nodes x and y, we will 
onsider a path whi
h pro
eeds from u to x, then visits some verti
es while travelingfrom x to y, and then travels dire
tly from y to v. The allowed ex
ess of the path from x to y is �xy = D� `(u; x)� `(x; y)�`(y; v). Using the 2 + �-approximation to the minimum ex
ess problem from [BCK+03℄, we 
ompute a path from x to y ofex
ess at most �xy that visits at least as many verti
es as the best path from x to y with ex
ess �xy=3.2. We now pi
k the pair (x; y) that maximizes the total reward 
olle
ted on the 
omputed path. We then travel from u to xvia a line, then x to y via the 
hosen path, then y to v.Figure 1: Algorithm P2P| 3-approximation for u� v Orienteeringis smallest. Consider now the path O0 that travels dire
tly from u to x, then follows O to y, andthen travels dire
tly from y to v. Be
ause we 
hose x; y su
h that �O(x; y) is the smallest of the threesegments, and by the triangle inequality, it must be that by traveling along O0 rather than O, we savea total of at least 2�O(x; y); that is, tO(u; v) � tO0(u; v) � 2�O(x; y). This is enough to pay for theadded length produ
ed by applying the min-ex
ess approximation from x to y. Formally, by de�nition,�xy = tO(u; v) � tO0(x; y) + �O(x; y), and plugging in the above inequality, this is at least 3�O(x; y).Sin
e the min-ex
ess algorithm gets at least as mu
h prize value as the best possible path from x to ywith ex
ess �xy=3, it is guaranteed to get at least as mu
h as this portion of the optimal path, whi
his at least 1=3 of the total prize of the optimal path.4 A Bi
riteria ApproximationIn this se
tion, we des
ribe an algorithm that for any � > 0, obtains an O(log 1� ) fra
tion of the rewardobtained by O, if it is allowed to ex
eed deadlines by a fa
tor of 1 + �.We begin with a few spe
ial purpose algorithms, and then des
ribe how to 
ombine them for thegeneral 
ase. We �rst 
onsider the 
ase when O visits a large fra
tion of the nodes very 
lose to theirdeadlines (the small margin 
ase). Then we 
onsider the 
ase when O visits most nodes mu
h beforetheir deadlines (the large margin 
ase). Towards the end of this se
tion, we show that the bi
riteriaresult also implies a O(logDmax)-approximation to Deadline-TSP.4.1 The small margin 
aseAt the heart of our bi
riteria approximation is a pro
edure that obtains a 
onstant fra
tion of theoptimal reward (while approximating deadlines to within a small fa
tor), if O visits most nodes v 2 Overy 
lose to their deadlines (within some multipli
ative fa
tor).Let � be a �xed 
onstant. Consider the set of nodes V� = fv : D(v)=(1 + �) � tO(v) � D(v)g.The algorithm A will obtain a 
onstant fra
tion of �O(V�) as reward, while approximating deadlinesto within a fa
tor of 1 + �.Let f = 11+� . We divide the nodes of V� into segments as follows. Segment Sj 
onsists of nodes inV� that have deadlines in (f jDmax; f j�1Dmax℄ (Figure 2). The following Lemma 2 shows that for anyj, all verti
es in Sj \O are visited after all verti
es in Sj+2 \O (see Figure 2). Furthermore, if we usepoint-to-point orienteering to approximate the path in segment Sj, then every point in this segment isvisited before the last time that O visits this segment. Lemma 3 shows that this time is at most (1+ �)times the deadline of the any node in Sj. Thus the path returned by path-to-path orienteering ex
eedsdeadlines by a fa
tor of at most 1 + �. 4
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1Figure 2: Division of set V� into segments SjLemma 2 For any j and any nodes u 2 Sj \ O and v 2 Sj+2 \ O, tO(v) < tO(u).Proof: We have D(v) � f j+1Dmax. So, tO(v) � D(v) � f j+1Dmax. Likewise, Du > f jDmax. So, bythe de�nition of V�, tO(u) � fDu > f j+1Dmax.Lemma 3 For any two nodes u; v 2 Sj \ O, tO(u) < (1 + �)D(v).Proof: By the de�nition of V�, tO(u) � Du. But, sin
e u and v belong to the same segment, Du �f j�1Dmax < D(v)=f . Thus, tO(u) < D(v)=f .The two lemmas suggest a natural strategy for approximating the reward 
olle
ted by O in V�. LetS0 = [1j=0S2j and S1 = [1j=0S2j+1. Then, S0 [ S1 = V�. Then, one of the two sets 
ontains at leasthalf of the total reward in V�. Let this be Sk.We approximate the reward obtained by O0 = OjSk as follows. Guess the �rst and the last vertexthat O0 visits in Sj, and the time at whi
h it visits them. Constru
t a path of the guessed lengthbetween the two guessed end points using the P2P algorithm, and pat
h up the paths to get path P .From Lemma 3, we know that the path P visits nodes in Sk before (1+�) times their deadlines. Welose a fa
tor of 2 in reward by leaving out verti
es in S1�k, and another fa
tor of 3 by using algorithmP2P. Thus, we get the following theorem. Figure 3 des
ribes the algorithm in detail.Theorem 4 Algorithm A returns a path P with ��P � 16�O(V�).4.2 The large margin 
aseLet V 12 = fv : tO(v) � D(v)2 g. In this se
tion we will des
ribe an algorithm that 
olle
ts a 
onstantfra
tion of the reward �O(V 12 ).For all nodes v, de�ne new deadlines D0(v) = D(v)2 . Note that for all v 2 V 12 , O visits v before itsnew deadline D0(v). We divide nodes into subsets as follows. For i � 0, the set Si 
ontains nodes vthat have D0(v) 2 [(1:5)i; (1:5)i+1). Let � = 5. For j 2 f0; � � � ; � � 1g, de�ne Sj = [i�0S�i+j . Then,[j���1Sj = V . 5



Input: Graph G = (V;E) with deadlines D(v); Constant �; f = 11+� .Output: Path P with �P � 16�O(V�) and tP (v) � (1 + �)D(v) for all v 2 P , where V� is de�ned as above.1. For all j, for all u; v 2 Sj , and for all integers t � fj�1Dmax, use algorithm P2P to �nd a path of length t from u to v. Letthis reward be �(u; v; t).2. For k = 0; 1 do the following:(a) Let �0(v; j; t) denote the (approximately) maximum reward that 
an be 
olle
ted from Sk up to segment Sj � Sk usinga path of length t that ends at v 2 Sj .(b) Compute �0(v; j; t) using the following re
urren
e.�0(v; j; t) = maxt0�fj�1Dmax;u2Sj ;u02Sj+2f�0(u0; j � 2; t0) + �(u; v; t� t0 � `(u0; u))g3. Output the path 
orresponding to the maximum prize 
olle
ted until the last segment.Figure 3: Algorithm A|Bi
riteria approximation for the small margin 
aseLet Pi be a path returned by the P2P algorithm with parameter D = (1:5)i+1 when applied to thegraph indu
ed by frg [ Si. Note that Pi 
olle
ts at least 13�O(Si) reward. Let Ti be a tour that startsat the root, follows path Pi and returns to the root. For some j < �, 
onsider the path 
onstru
ted byappending all T�i+j for i � 0. Let this path be 
alled Qj .Lemma 5 For any i and j and v 2 S�i+j, tQj (v) � D(v).Proof: The length of the path Qj upto set S�i+j is Pk<i jT�k+j j+ jP�i+j j �Pk<i 2jP�k+j j+ jP�i+j j �2Pk<i(1:5)�k+j+1 + (1:5)�i+j+1 = 2(1:5)j+1 (1:5)�i�1(1:5)��1 + (1:5)�i+j+1 � (1:5)�i+j+1( 21:5��1 + 1). On theother hand, the deadline of v is D(v) = 2D0(v) � 2(1:5)�i+j . Thus, tQj (v) � 1:52 ( 21:5��1 + 1)D(v).Taking � = 5, we get the result.Note that the paths Qj for j 2 f0; � � � ; � � 1g together 
over all the nodes in V 12 . Furthermore, wehave �Qj � 13Pi�O(S�i+j). Thus, one of the paths Qj gives a 3� = 15 approximation to the reward
olle
ted by O in V 12 . Our algorithm for �nding the best Qj is given in Figure 4.Theorem 6 Algorithm B returns a path P with �P � 115�O(V 12 ).Input: Graph G = (V;E) with deadlines D(v).Output: Path Q with �Q � 115�O(V 12 ) and tQ(v) � D(v) for all v 2 Q, where V 12 is de�ned as above.1. For all i, use the algorithm P2P on graph G(frg [ Si) to 
onstru
t a path Pi with length at most (1:5)i+1 . Let Ti be the
orresponding tour.2. For all j 2 f0; � � � ; � � 1g, let Qj be the 
on
atenation of P�i+j for all i � 0 and let �j =Pi �P�i+j (S�i+j).3. Return the path Qj 
orresponding to the maximum reward �j over all j.Figure 4: Algorithm B|Approximation for the large margin 
ase6



4.3 The general 
aseNow we will give an algorithm that produ
es a bi
riteria approximation for the entire graph. Inparti
ular, given a parameter �, we will 
onstru
t a path that obtains reward at least O(log 1� )�O fromnodes rea
hed within a fa
tor of 1 + � of their deadlines. As before, let f = 11+� . Let s be de�ned asthe smallest integer for whi
h f2s � 12 . Then s = O(log 1� ).Our algorithm pro
eeds as follows. Divide all the nodes into s + 2 groups as follows. Group i,1 � i � s, is given by Vi = fv : tO(v) 2 (f2iD(v); f2i�1D(v)℄g. Group 0 is given by V0 = fv : tO(v) 2(fD(v);D(v)℄g. Group s + 1 is de�ned as Vs+1 = fv : tO(v) 2 (0;D(v)=2℄g. These groups together
over all the nodes in O. So, one of the groups 
ontains at least a 1s+2 fra
tion of the total reward
olle
ted by O. Let Vi be su
h a group.If i = 0, we 
an apply algorithm A right away and obtain a path P with �P � 16�O(V0) that visitsits nodes within a fa
tor of (1 + �) of their deadlines.Consider the 
ase when 1 � i � s. S
ale all the deadlines down by a fa
tor of f2i�1 , that is, de�neD0(v) = f2i�1D(v). Then the path O visits all nodes in Vi at time tO0(v) 2 (f2i�1D0(v);D0(v)℄. Nowapply algorithm A with parameter f2i�1 . Then, the obtained path 
olle
ts reward �P � 16�O(Vi) andvisits all nodes v before time D0(v)(1 + �)2i�1 = D(v).Finally 
onsider the 
ase when i = s + 1. Note that this is the large margin 
ase 
onsidered in aprevious subse
tion. So we 
an use algorithm B to obtain a 15-approximation in this 
ase.Putting everything together, we get the following theorem. The algorithm is des
ribed in Figure 5.Theorem 7 Algorithm C returns a path P with ��P � 115(s+2)�O = 
( 1log 1� )�O.Input: Graph G = (V;E) with deadlines D(v); parameter �.Output: Path P with �P � 
( 1log 1� )�O and tP (v) � (1 + �)D(v) for all v 2 P .1. Let f = 11+� and s be the smallest integer for whi
h f2s � 12 .2. Apply algorithm A with parameter f to the graph, and let P0 be the path obtained.3. Apply algorithm B to the graph, and let Ps+1 be the path obtained.4. For all i 2 f1; � � � ; sg, do the following:(a) For all v 2 V , de�ne D0(v) = D(v)f2i�1 .(b) Apply algorithm A with parameter f2i�1 to the graph with the new deadlines D0, and let Pi be the path obtained.5. Among the paths 
onstru
ted above, return the one with the maximum reward.Figure 5: Algorithm C|Bi
riteria approximation for the general 
aseAs a simple 
orollary of the above theorem, we get an O(logDmax)-approximation to Deadline-TSPwithout ex
eeding deadlines.Corollary 8 Algorithm C with � = 1=Dmax gives an O(logDmax)-approximation to the Deadline-TSP.Proof: Note that from Theorem 7, we know that the path P 
olle
ts an O(logDmax) fra
tion of thereward from nodes v visited before (1 + �)D(v). For � = 1=Dmax, (1 + �)D(v) � D(v) + 1. Sin
e, alledge lengths and deadlines are integral by assumption, node v is visited by D(v).7



5 An O(logn) ApproximationIn this se
tion we give an O(log n) approximation algorithm for the Deadline-TSP problem. We beginwith some notation.Let r = u0; u1; : : : ; ul denote the verti
es visited by the optimal path O. It is 
onvenient to view theverti
es in O as lying on the two dimensional plane, with the horizontal and verti
al axes 
orrespondingto time and deadlines respe
tively. That is, vertex ui lies at the point pi = (tO(ui);D(ui)) (See Figure6(a)).We 
all a vertex ui minimal if for any other vertex uj , either tO(uj) � tO(ui) or D(uj) � D(ui).Pi
torially, these are verti
es that form the lower envelope on the points pi (see Figure 6). Let M =fv00; : : : ; v0mg denote the set of minimal verti
es, ordered in in
reasing order of deadlines. Without lossof generality, we assume that D(r) = 0, so r 2 M. Similarly, for the purposes of analysis we assumethat there is a dummy vertex uend whi
h is at distan
e 2Pe2E `(e) from the root and has a deadlineof 4Pe2E `(e). Without loss of generality we 
an assume that uend is always visited in the end by anytour. Note that uend 2M.For any three minimal verti
es v0h; v0j ; v0k 2 M with h � j � k, let R(h; j; k) denote the set ofverti
es u in O su
h that D(v0j) � D(u) � D(v0k) and tO(v0h) � tO(u) � tO(v0j). Thus, R(h; j; k) isthe set of points lying in the re
tangular region de�ned by the 
onstraints above (see Figure 6). Aninteresting property of a re
tangle is that we 
onsider the optimum path O restri
ted to the verti
eswithin a re
tangle, then all the verti
es are visited no later than the vertex with the least deadline. Ina sense, this will allow to apply to the orienteering subroutine later.Two re
tangles R1 = R(h1; j1; k1) and R2 = R(h2; j2; k2) are 
alled disjoint if h2 � j1 and j2 � k1,(or equivalently if h1 � j2 and j1 � k2). Pi
torially, R1 and R2 are disjoint if for any two points r1 inthe interior of R1 and r2 in the interior of R2, both the x-
oordinates and the y-
oordinates of r1 and r2are di�erent (Figure 6). Observe that no vertex 
an lie in two disjoint re
tangles. Finally, a 
olle
tionof re
tangles C = fR1; : : : ;Rrg is 
alled disjoint if for all pairs Ri;Rj 2 C, Ri and Rj are disjoint. Thisnotion of disjointness of re
tangles will be useful as it will allow us to solve an orienteering problemseparately for various re
tangles, and pat
h up the paths obtained without double 
ounting the reward.The main idea of our O(log n) approximation is the following. First, we show that there is a lognsize family of disjoint 
olle
tions of re
tangles fC1; : : : ; Clog ng su
h that ea
h vertex ui 2 O lies in are
tangle 
ontained in at least one Ci. This implies that the total reward 
ontained in this family of
olle
tions is at least �O. Therefore, there is some 
olle
tion Ci that has at least a 1= log n fra
tion ofthis reward. Se
ond, we will give a polynomial time pro
edure to 
ompute a path that 
olle
ts at leastan O(1) fra
tion of the reward 
ontained in the best disjoint 
olle
tion of re
tangles. Together, thesewill imply an O(log n) approximation.We �rst des
ribe the family C1; : : : ; Clog n. The 
olle
tions Ci are parameterized by sets of integers.Let S be a set of integers fn1; � � � ; nsg, where ea
h ni � m, and, let n0 = 0 and ns+1 = m. We 
anasso
iate a disjoint 
olle
tion of re
tangles with this set, C(S) = fR(ni�1; ni; ni+1) : 1 � i � sg. Fori 2 f0; : : : ; logm� 1g, let Si = fj2i + 2i�1 : 0 � j � 2logm�i � 1g, and let Ci = C(Si) (Figure 6). Thuswe have a family F = fC1; : : : ; Clogmg 
onsisting of logm � logn 
olle
tions.Lemma 9 For ea
h vertex u visited in the optimum tour O, there is at least one 
olle
tion Ci 2 F ,su
h that u lies in some re
tangle in Ci.Proof: Consider a vertex u 2 O and let v0i be the minimal vertex for whi
h D(v0i) � D(u) < D(v0i+1).Likewise, let v0j be the minimal vertex su
h that tO(v0j�1) < tO(u) � tO(v0j). Observe that i � j. Ifi = j, then u is the minimal vertex v0i and in this 
ase, u 2 C0. If i 6= j, observe that i and j lie in somere
tangle in Cb if and only if jSb \ [i; j℄j = 1, i.e. Sb 
ontains exa
tly one number between i and j. Let8
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(a) The 2-dimensional layout and re
tangles (b) Family of disjoint 
olle
tions of re
tanglesFigure 6: An example illustrating the 
onstru
tion of the re
tangles R(h; j; k).b be su
h that 2b � i� j < 2b+1. For this 
hoi
e of b, either jSb \ [i; j℄j = 1 or jSb \ [i; j℄j = 2. In the�rst 
ase, we are already done. In the se
ond 
ase, let x and y be the points in Sb \ [i; j℄, then observethat (x+ y)=2 2 Sb+1 and sin
e i� j < 2b+1, exa
tly one point from Sb+1 lies in the range [i; j℄.5.1 Approximating the reward in the best 
olle
tionWe now show how we 
an �nd a path su
h that the total reward 
olle
ted in that path is a 
onstantfa
tor of the reward in the best 
olle
tion.The idea is the following: Consider the 
olle
tion C 2 F that has the maximum reward. Let us
onsider the optimum path restri
ted to the verti
es in C. Then this path remains a feasible path (i.e.meets all its deadlines) for a more restri
ted instan
e, where for ea
h vertex v in R(i; j; k) 2 C weassign a smaller deadline D0(v) = D(v0) � D(v). Thus, if we 
ould run the point to point orienteeringsubroutine on the instan
e restri
ted to verti
es inR(i; j; k), we would be guaranteed a 
onstant fra
tionof the reward that O 
olle
ts in the re
tangle R(i; j; k). However, we do not know whi
h verti
es areminimal, and therefore do not know whi
h verti
es lie in R(i; j; k) (the de�nition of a minimal vertexdepends on when O visits that vertex). To get around this problem, we 
an do the following: Observethat the verti
es v0j inM have in
reasing deadlines. This allows to write dynami
 program in a naturalway. We 
an arrange all the verti
es of G in the in
reasing order of deadlines as v1; : : : ; vn. For every1 � j � k � n, we 
onsider the graph Gj;k restri
ted to verti
es vl su
h that j � l < k, and solve apoint to point orienteering instan
e (assuming some start time to a

ount for distan
e traveled before
onsidering this interval) su
h that ea
h vertex is visited before the deadline of v0j . We now give thedetails.Lemma 10 We 
an 
ompute in time O(poly(n;Dmax)) a feasible path that 
olle
ts at least a third ofthe the reward 
olle
ted by the best 
olle
tion Ci.Proof: Let v1; : : : ; vn denote the verti
es in G in the in
reasing order of their deadlines. We 
omputethe following quantity: For every tuple of verti
es vj; vk su
h that j � k, and every vertex vg and vhsu
h that D(vg);D(vh) 2 [D(vj);D(vk)) and start and �nish times t1 and t2, su
h that t1 � t2 � D(vj),let �(j; k; g; h; t1 ; t2) be the reward 
olle
ted by the optimum path that begins at vg at time t1, �nishes9



at vh at time t2 and only visits verti
es su
h that their deadlines are in the interval [D(vj);D(vk)). To
ompute this approximately (upto a fa
tor of 3), we run the point to point orienteering subroutine onthe graph restri
ted to nodes v su
h that for D(vj) � D(v) < D(vk).Having obtained these O(n4D2) quantities, we use a dynami
 program to �nd the maximum rewardpath obtained by pat
hing the paths 
orresponding to disjoint intervals [vj ; vk℄, 
omputed above. Notethat sin
e the verti
es are ordered by deadlines, no vertex is double 
ounted in the reward. Moreoverthe path obtained is feasible, sin
e every vertex v in an interval [vj ; vk℄ is visited before D(vj) and hen
ebefore D(v). Finally, observe that any path 
orresponding to a 
olle
tion Ci would be 
onsidered bythis dynami
 program, as this 
orresponds to pat
hing intervals 
orresponding to the disjoint re
tanglesin Ci. Hen
e modulo the fa
tor 3 that we lose in the point to point orienteering subroutine, we 
anobtain at least the reward 
ontained in the optimum 
olle
tion Ci.By Lemma 9 and 10 we have that,Theorem 11 The algorithm is des
ribed in Figure 7 is an O(log n) approximation algorithm for theDeadline-TSP problem.Input: Graph G = (V;E) with deadlines D(v).Output: Path P with �P � 13 log n�O .1. Let Vjk denote the set of verti
es with deadlines between D(vj) and D(vk). For all j 6= k � n, for all t � D(vj), and forall vg ; vh 2 Vj;k, apply algorithm P2P to the graph restri
ted to Vjk with distan
e bound t, and let �(j; k; g; h; t) denote thereward obtained.2. Let �0(k; t) with t � D(vk) denote the (approximately) maximum reward that 
an be obtained by a path of length t visitingnodes with deadline at most D(vk).3. For all k � n and t � D(vk), 
ompute �0(k; t) and the 
orresponding path by the following re
urren
e�0(k; t) = maxj�g;h�k;withD(vj)�t;t0�tf�0(j; t0) + �(j; k; g; h; t� t0)g4. Return the path 
orresponding to maximum reward 
omputed in the last step.Figure 7: O(log n)-approximation algorithm6 Con
lusionWe present a log-fa
tor approximation algorithm for the Deadline-TSP problem based on an approxi-mation to the point-to-point orienteering problem. We also give an improved 3-approximation to thepoint-to-point orienteering problem. The main open question is whether it is possible to a
hieve a
onstant-fa
tor approximation for the Deadline-TSP. Interestingly, obtaining a 
onstant fa
tor approx-imation to the unrooted version of the problem (where the path 
an begin at any node) is as hard asfor the rooted version. Another open problem would be to 
onsider arbitrary release times for verti
es.There is no approximation algorithm known for this 
ase in general graphs.A
knowledgementsThis work was supported in part by NSF grants CCR-0105488 and NSF-ITR CCR-0122581.10
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