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ABSTRACTWe present the �rst 
onstant approximation to the singlesink buy-at-bulk network design problem, where we have todesign a network by buying pipes of di�erent 
osts and 
a-pa
ities per unit length to route demands at a set of sour
esto a single sink. The distan
es in the underlying networkform a metri
. This result improves the previous bound ofO(log jRj), where R is the set of sour
es. Our algorithms are
ombinatorial and 
an be derandomized easily at the 
ost ofa 
onstant fa
tor loss in the approximation ratio.
1. INTRODUCTIONA typi
al network design problem requires laying 
ableson an underlying metri
 in order to 
onne
t a set of demandpoints. The network must support ea
h demand point oper-ating at a known peak (or average) rate, and we would likethe 
heapest possible network supporting these demands.If the 
ost of 
ables is linear in the amount of bandwidththey provide, this problem is polynomial-time solvable us-ing multi
ommodity 
ow te
hniques. However, in severalreal appli
ations the 
osts of 
ables obey e
onomies of s
ale;the 
ost-per-unit-bandwidth is less for a high-
apa
ity 
a-ble. It is not hard to observe that the 
ost of a 
able be-
omes a 
on
ave fun
tion of the demand. While this 
on
ave
ost fun
tion redu
es the total expenditure on 
ables, it alsomakes the problem NP-Hard [13℄.�AT&T Resear
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This problem arises in several other situations, in anygeneral transportation network (data, telephony, or goods)where the 
ost of 
onduit is 
on
ave in the demand.We 
onsider the 
ase where all demands need to 
onne
t toa 
ore network. This 
ore 
ould represent the internet ba
k-bone, a set of �le servers, or the fa
tories where a produ
t isprodu
ed. We 
all this problem the single-sink buy-at-bulkproblem: even though there may exist multiple sinks, thesinks are symmetri
 in that demand points do not 
are towhi
h sink they are 
onne
ted. We may view the 
ore nodesas being 
onne
ted by edges of length zero, allowing us totreat them as a single sink.Our algorithm provides the �rst 
onstant fa
tor approx-imation for the single-sink buy-at-bulk problem. It buildsa solution tree re
ursively 
onne
ting pie
es of the networkinto larger ones, 
onsidering ea
h type of 
able in turn and
onstru
ting alternate shortest-path and Steiner forests. Thisapproa
h is very di�erent from the te
hniques used earlierby [13, 2℄ whi
h relied on approximating metri
s using treesvia the results of [3, 11, 4, 5℄. Our algorithm utilizes morestru
ture spe
i�
 to the problem, and we are in the pro
essof 
omparing it to previous approa
hes.Our algorithm is randomized and 
ombinatorial with arunning time of O(kn2 log n), for n demand points and k
able types. This is signi�
antly better than the linearprogramming-based approa
hes used by [2℄ and also im-proves upon the O(kn4) running time for the O(log n) 
om-binatorial approximation given in [12℄.The algorithm may be derandomized at the 
ost of addi-tional 
onstants in the approximation fa
tor. However, therandomization simpli�es the analysis greatly, and appears tobe an interesting tool for hierar
hi
al network design prob-lems.Our te
hniques build upon the results of Guha et al [9℄ forthe A

ess Network Design problem, a spe
ial 
ase of singlesink buy-at-bulk. This problem was �rst de�ned by Andrewsand Zhang [1℄, in whi
h a feasible solution must utilize all
ables to a minimum fra
tional 
apa
ity. They observedthat the solution for the A

ess Network Design problemappears to be a re
ursive 
olle
tion of shortest path trees.However, for the problem dis
ussed herein, we show thatthe solution (upto 
onstant fa
tors, see Se
tion 2.) alter-nates between shortest-path and Steiner trees. The Steinertree aspe
t arises due to the relaxation of the minimum fra
-tional requirement, and does not allow a simple amortiza-tion of 
osts as used in [9℄. Instead, we explore a di�erentanalysis te
hnique whi
h enables us to provide 
onstant fa
-tor approximations for the buy-at-bulk problem and also



improve the approximation fa
tors for the A

ess NetworkDesign problem.For this analysis te
hnique to work, we need to 
onsidersolutions of spe
i�
 stru
ture whi
h preserves near-optimality.Using this stru
ture theorem, we 
an also 
apture the near-optimal solution in a linear programming formulation. Thisallows an independent lower bounding te
hnique for the buy-at-bulk problem. Our analysis shows a 
onstant integralitygap. Garg et al [8℄ show a O(K) integrality gap for a less
onstrained but more natural LP formulation, where K isthe number of di�erent 
able types.
Previous and Related ResultsThe problem of buy-at-bulk network design was �rst intro-du
ed by Salman et al in [13℄. Related work in
ludes the re-sult of Awerbu
h and Azar [2℄ whi
h gives an O(log2 n) ap-proximation even in the 
ase where di�erent demand pointsmust 
ommuni
ate with di�erent sinks. This result maybe improved to O(log n log log n) using subsequent results ofBartal [5℄ on probabilisti
 approximation of metri
s usingtrees, and may be derandomized using the results of [6, 7℄.Independent of this work, Garg et al [8℄ obtained a O(K)approximation (where K is the number of di�erent 
abletypes) to the single sink buy-at-bulk problem by roundingthe natural LP formulation.The A

ess Network Design problem, a spe
ial 
ase of sin-gle sink buy-at-bulk, was introdu
ed by Andrews and Zhang[1℄ and the �rst 
onstant approximation was given by Guhaet al [9℄.Meyerson et al provided anO(log n) approximation in [12℄for the more general problem where 
able types may havelimited availability.
Organization of the PaperIn Se
tion 2, we state the single sink buy-at-bulk problemformally, and dis
uss some stru
tural properties of the op-timal solution. In Se
tion 3, we dis
uss a s
aling idea toremove similar pipe types, and show how it improves thestru
ture of the optimum solution. We also show that thestru
ture of this near-optimum solution (
oupled with the
onstant approximation for this near optimal solution) im-mediately suggests a linear programming formulation with
onstant integrality gap. We then present the Hierar
hyalgorithm in Se
tion 4 and show a 
onstant approximationratio. We 
on
lude by showing how to improve the approxi-mation ratio for A

ess Network Design and to derandomizeour algorithms.
2. PROBLEM STATEMENTGiven a graph G(V;E) with distan
es on the edges, thegoal is to 
onstru
t a network routing a set S1 � V of de-mand nodes to a single sink s. We are given K types of
onne
tions (pipes) ea
h with a �xed 
ost and a 
apa
ity.The 
ost of pla
ing a pipe of �xed 
ost �k along a path oflength L will be �kL. Ea
h demand node v 2 S1 needsto transport some amount of demand dv to the sink. Theobje
tive is to optimize the 
ost of buying pipes along theedges to route all demands to the sink. We are allowed tobuy multiple 
opies of a pipe along the same link.We will use an alternate formulation of this problem, in-trodu
ed by Andrews and Zhang. Instead of ea
h pipe hav-ing a 
apa
ity uk, the pipes will have in
remental 
ost de-�ned by Æk = �kuk . This represents the per-unit-
ow 
ost of

the pipe. If we transport d units of demand along a path oflength L using pipe k, we will pay a total of L(�k+Ækd). It'snot hard to see that a solution under this formulation 
ostsat least as mu
h as the same solution under the 
apa
itatedmodel, and at most twi
e as mu
h as the solution under the
apa
itated model.If we number the pipes in in
reasing order of 
apa
ity, weobserve the following 
onditions: �1 < �2 < � � � < �K , andÆ1 > Æ2 > � � � > ÆK . We will de�ne fk(D) = �k + ÆkD tobe the per-unit-distan
e 
ost of routing demand D along apipe of type k. The 
apa
ity of pipe k is uk = �k=Æk.We will now try to identify stru
tural properties in theoptimal solution.
2.1 Structure of Optimal SolutionFirst, observe that as we in
rease demand along an edge,there are break-points at whi
h it be
omes 
heaper to usethe next larger pipe type. Let gk be the demand for whi
hit be
omes 
heaper to use a pipe of type k + 1 
omparedto a pipe of type k. Assume without loss of generality that0 = g0 < u1 < g1 < u2 < g2 < � � � < uK < gK =1.Observe now that if the demand amount is in the range[gi�1; ui℄, we 
an ignore the in
remental 
ost with a fa
tor2 loss in 
ost, and the 
ost of the edge will just be �i timesthe length of the edge, independent of the demand. If onthe other hand, the demand is in the range [ui; gi℄, we 
anignore the �xed 
ost with a fa
tor 2 loss in 
ost, and the
ost of the edge per unit length is Æi times the demand.This implies that the optimum solution 
an be 
onvertedwith a fa
tor 2 loss in 
ost to a layered solution. Layer ihas a Steiner forest using pipes of type i followed by a forestof shortest path trees using pipes of the same type. Ea
hpipe in the Steiner forest has at least gi�1 demand and ea
hpipe in the shortest path forest has at least ui amount ofdemand.
3. LAYERED SOLUTIONIn this se
tion, we will strengthen the stru
ture des
ribedabove to obtain a layered solution with 
ost 
lose to theoptimal 
ost.
3.1 Removing Similar PipesOur algorithm will progressively 
onstru
t partial solu-tions using ea
h pipe type in turn. In order to bound thetotal 
ost, we must guarantee that pipes are very di�erentfrom one another in terms of �xed and in
remental 
osts.We will eliminate various pipe types in order to guaranteethe following 
onditions hold for some positive � ( � < 12 tobe determined later).1. For any k < K, we have �k < ��k+1.2. For any k < K, we have �Æk > Æk+1.We need to prove that we 
an guarantee these 
onditionswithout in
reasing the 
ost of the optimum solution by toomu
h.Lemma 3.1. We 
an eliminate pipes in order to guaranteethat among the remaining pipes we have �k < ��k+1 whilein
reasing the �xed 
ost of the optimum solution by at most1=�. The in
remental 
ost of the optimum solution 
an onlyde
rease.



Proof. We �nd the largest pipe k su
h that �k � ��k+1.We eliminate this pipe, repla
ing it in the optimum solutionwith pipe k+1. We renumber the pipes and repeat. Noti
ethat if at some point some pipe type is repla
ed by pipesof type k, then we will always keep pipes of type k in the�nal solution (sin
e every higher pipe type than k is at least� higher �xed 
ost). When this �nishes, we will have thedesired property. The original optimum solution with piperepla
ements has �xed 
ost at most 1=� larger sin
e any pipewhi
h was repla
ed was repla
ed by a pipe with at most 1=�bigger �xed 
ost. The in
remental 
ost 
an only de
rease,sin
e higher �xed 
ost implies smaller in
remental 
ost.A similar pro
ess allows us to guarantee the se
ond 
on-dition.Lemma 3.2. We 
an eliminate pipes in order to guaranteethat among the remaining pipes we have �Æk > Æk+1 whilein
reasing the in
remental 
ost of the optimum solution byat most 1=�. The �xed 
ost of the optimum solution 
anonly de
rease.Combining these two lemmas, we 
an guarantee the two
onditions with only a 
onstant in
rease in the 
ost of thesolution.Theorem 3.1. There exists a solution whi
h uses onlythe remaining pipes after elimination, and whi
h has 
ost atmost 1=� times the 
ost of the original optimum solution.
3.2 Solution PropertiesWe will de�ne bk to be su
h that fk+1(bk) = 2�fk(bk). Inessen
e, bk is suÆ
ient demand that it be
omes 
onsiderably
heaper to use a pipe of type k+1 rather than a pipe of typek. We �rst show that uk � bk � uk+1.Lemma 3.3. bk � uk+1.Proof. From the de�nition of bk, we 
an write:�k+1 + Æk+1bk = 2�(�k + Ækbk)Solving this equation for bk yields:bk = �k+1 � 2��k2�Æk � Æk+1 � �k+12�Æk � Æk+1 � �k+1Æk+1 = uk+1. Lemma 3.4. bk � ukProof. When we have bk 
ow, it is 
heaper to use a pipeof type k + 1 rather than a pipe of type k. It follows that�k+1 + Æk+1bk < �k + Ækbk. Solving this for bk, we 
an seethat bk > �k+1 � �kÆk � Æk+1Sin
e � < 1=2, it follows that �k+1 > 2�k and we 
an
on
lude that bk > uk.Lemma 3.5. For any demand D � bk, fk+1(D) � 2�fk(D).

Proof. Suppose D = bk + x for some x � 0. Then,fk+1(D) = �k+1 + Æk+1(bk + x) = 2�(�k + Ækbk) + Æk+1xNoting that Æk+1 � �Æk, it immediately follows that fk+1(D) �2�fk(D).There exists a near-optimum solution whi
h uses pipe typek+1 only if at least bk demand is being routed. This solutionalso routes all demand whi
h enters a node using pipes oftype k out of that node using pipes of types k or k + 1.This stru
tural observation about a nearly (within 
onstantfa
tor) optimum solution will be important in our proof ofthe approximation ratio, sin
e we will approximate this nearoptimal stru
ture.Theorem 3.2. There exists a solution whi
h uses pipetype k+1 on a link only if at least bk demand is being routeda
ross that link, and whi
h routes all demand whi
h entereda node using pipe k out of that node using pipes k and k+1.This solution pays at most 2� + 1 times the optimum.Proof. We 
onsider the nodes of the optimum solutiontree from the bottom up. Suppose a node has 
ow outgoingon a pipe of type k. We 
an 
on
lude that all in
oming
ow was on pipes of type k or less, sin
e otherwise we 
ouldimprove the optimum solution by 
hanging one of the pipetypes. Consider the 
ow in
oming on pipes of type i inin
reasing order of i. Either the total 
ow in
oming on pipesof type i is at least bi or it is not. If it is at least bi, thenwe add a pipe of length zero from this node to itself; thispipe has type i+1 and 
arries the 
ow whi
h was in
omingon pipes of type i. Adding this pipe does not in
rease the
ost of the solution, sin
e the pipe has length zero. If thereis not bi demand in
oming on pipes of type i, then we adda new pipe of type i from the node to its parent whi
h will
arry all the 
ow whi
h was in
oming on pipes of type i.The total 
ow traveling from this node to its parent hasnot 
hanged. We 
an see that the new solution 
onstru
tedwill have the desired properties; we must guarantee that itis within a 
onstant of optimum. Consider an edge in theoptimum tree. The original optimum pla
ed a pipe of typek here. We may have pla
ed an additional pipe of ea
h type1 through k � 1 along this edge. The pipe of type i routesat most bi 
ow. The total 
ost of these additional pipes istherefore at most Pi=k�1i=1 fi(bi). Using Lemma 3.3 and thede�nition of bi, we 
an guarantee that fi(bi) = 12�fi+1(bi) �12�fi+1(ui+1) = 2�i+12� . Substituting this into the equation,the additional pipe 
ost is at most 22�Pi=ki=2 �i. Be
ause ea
h�xed 
ost is at most half the next higher �xed 
ost, we 
anbound this sum by 42��k and the total 
ost of the solutionhas in
reased by at most a fa
tor of 2� + 1.
3.3 LP FormulationWe 
an en
ode the stru
tural observation above into aninteger program formulation. We denote by xvek whetherthe demand at node v uses a pipe of type k on edge e. Byyek we denote whether there exists a pipe of type k on edgee. Also, let fekl denote a 
ow of type k on edge e that willuse a pipe of type l on the next edge it traverses. Note



that the only valid (k; l) pairs are (k; k) and (k; k+ 1). Theinteger program 
an then be formulated as follows1 :MinimizeXe Xk �k � yek +Xe Xv Xk Æk � dv � xvekXe2In(v) fek�1k + fekk = Pe2Out(v) fekk+1 + fekk 8v 2 V; kXv dvxvek = fekk + fekk+1 8e 2 E; kxvek � yek 8e 2 E; kxvek; yek 2 f0; 1gTheorem 3.3. The linear relaxation of the above IP has
onstant integrality gap.The proof of the above theorem follows easily from thealgorithm des
ribed below. The only additional detail isthe fa
t that the LPs for both Steiner tree 
onstru
tion andfa
ility lo
ation problems have 
onstant integrality gap.
4. THE ALGORITHMWe will now present the Hierar
hy algorithm for singlesink buy-at-bulk based on the stru
tural observations wemade above. The s
aling idea from the previous se
tionallows us to 
ompare the 
ost of our solution in ea
h layeragainst the respe
tive 
osts of the optimum solution.Let s denote the sink node. Our algorithm 
onstru
tsforests in layers. We will illustrate the 
onstru
tion for layeri. Let Si be the set of demand points we have at this stage.S1 is the original set of demand points. We in
lude s in allthe sets Si. Layer i will use pipe type i ex
lusively.We will use the load balan
ed fa
ility lo
ation problem [9,10℄ as a sub-routine below. This problem is a variant of the
lassi
al fa
ility lo
ation problem, where we have a lowerbound on the amount of demand any open fa
ility mustserve. We 
an approximate this to a 
onstant fa
tor of �rprovided we relax the lower bound by fa
tor � = ��1�+1 . Here,r is the best known approximation for fa
ility lo
ation, and
an be taken as 1:728.Steiner Trees Constru
t a Steiner tree on Si. The edge
ost per unit length is �i. Root this tree at s. Trans-port the demands from Si upwards along the tree. Ifon any edge, the amount of demand is larger than ui,we \
ut" the tree at that edge. This gives us a foreston Si where ea
h edge has at most ui demand throughit.Consolidate Consider any root in this forest. This has atleast ui amount of demand 
oming to it from nodes inSi. Let the set of demand points sending demand tosome root j be Sij . Pi
k a node at random from Sijin proportion to its demand and send all the demandat j to this node.Shortest Path Trees We solve a load balan
ed fa
ility lo-
ation instan
e on S1 with the fa
ility lower bound bion all nodes and the edge 
ost per unit length Æi. If1The boundary and 
ow 
onstraints are omitted for simpli
-ity. In(v) denotes the set of edges 
oming into on node v,and Out(v) the set going out of v.

there does not exist bi total demand, then we insteadroute dire
tly to the sink. We get a forest of shortestpath trees. We route our 
urrent demands along thesetrees to their roots.Consolidate Consider any root in this forest. Some set ofnodes from S1 were assigned to this root, and their(original) total demand is at least �bi. We 
hoose onesu
h node at random, in proportion to their originaldemands. We send all the demand from the root tothe 
hosen node We set Si+1 to these new demandlo
ations.Our solution will route the demands through the forestsof in
reasing pipe types. This solution need not be a tree,but 
an easily be 
onverted to one of no greater 
ost.
4.1 AnalysisWe de�ne C�k to be the total 
ost whi
h this near-optimumsolution pays using pipes of type k. The total 
ost of thesolution is therefore Pk=Kk=1 C�k = C�.Let dv be the demand of node v in the original (S1) de-mands. We de�ne Dv to be the demand at node v in the
urrent stage of the algorithm.Let T Ii be the in
remental 
ost of the Steiner Tree at layeri and TFi be its �xed 
ost. The total 
ost of the Steiner Treeat layer i is Ti = T Ii + TFi .Let P Ii be the in
remental 
ost of the shortest path treeat layer i and PFi be its �xed 
ost. The total 
ost of theshortest path tree at layer i is Pi = P Ii + PFi .Let Ni be the total 
ost of the 
onsolidation steps for layeri. The total 
ost of our solution is thereforePi(Ti+Pi+Ni).At ea
h layer we will 
onstru
t an overall solution to theproblem on the nodes Si. Let Ci(j) represent the total 
ostwhi
h this solution on the nodes Si pays using pipes of typej. Lemma 4.1. At the end of any 
onsolidation step, everynode has E[Dv℄ = dv.Proof. We will prove this by indu
tion on the steps i.Suppose that the statement is true at some step. We willshow that it is true at the next step.Suppose that the demand at node v after the previous
onsolidation step was xv. By the indu
tion hypothesis,E[xv℄ = dv. There are two 
ases to 
onsider; either weperformed a Steiner Tree step or a Shortest Path Tree step.Suppose we have just performed a Steiner Tree step. The
urrent node is routed to some root with total demand D.We then 
hoose a node for 
onsolidation. The probabilitythat we 
hoose node v is xv=D. If we 
hoose v, demandD will be pla
ed there; otherwise no demand 
an be pla
edthere. Thus the expe
ted amount of demand pla
ed at v isxv; by indu
tion we 
an 
laim that E[Dv ℄ = E[xv℄ = dv asdesired.Suppose we have just performed a Shortest Path Treestep. The 
urrent node is routed to some root whi
h wouldhave demand D if the demands were as in the S1 stage. Theprobability we 
onsolidate to v is dv=D; if we do, the totaldemand at v will be the total of the 
urrent demands of allthe nodes routed to this root. Let V be the set of nodesrouted to v. E[dv℄ is therefore E[ dvD Pw2V xw℄. Observenow that: E[Xw2V xw℄ = Xw2V E[xw℄ = Xw2V dw = D



Thus E[Dv ℄ = dv.Lemma 4.2. E[Ni℄ � Ti + Pi.Proof. The 
onsolidation step following a tree 
onstru
-tion always has expe
ted 
ost at most the 
ost of the tree
onstru
tion.Lemma 4.3. E[P Ii ℄ � �rPj=ij=1 �i�jC�j .Proof. Suppose the demands at the sour
es were thosefrom S1. Then one possible solution would be the optimumproblem solution up until pipes of type i+1 were used. Weknow that the optimum solution must gather the desired bi
ow before using pipes of type i+ 1. It follows that we 
an�nd a solution with 
ost at most �r times the in
remental
ost of the optimum using pipes of type 1 through i. Sin
e wewill always pay the in
remental 
ost Æi, and the in
remental
osts s
ale by �, we 
an guarantee a total 
ost of at mostPj=ij=1 �i�jC�j for this solution. Our a
tual demand at ea
hnode has expe
ted value equal to the original demand, sothe expe
ted value of P Ii is bounded as above.Lemma 4.4. PFi � P Ii .Proof. The Steiner Tree stage guarantees at least ukdemand or zero everywhere. If an edge has zero demand
owing on it, we will pay zero for that edge. Otherwisethere is at least uk demand on the edge and we pay anin
remental 
ost whi
h ex
eeds the �xed 
ost.Lemma 4.5. Let Dv be the demand at v 2 Si, where v 6=s. Then, E[Dv ℄ � �bi�1.Proof. We obtain the nodes Si by solving a load bal-an
ed fa
ility lo
ation instan
e on Si with lower boundsbi�1. In this solution, ea
h node in Si ex
ept s has demandat least �bi�1. Consider any node w in S1, and supposethat the demand our solution so far has there is xw. Then,E[xw℄ = dw. Therefore, E[Dv℄ � �bi�1.Lemma 4.6. At stage i we 
an 
onstru
t a solution whi
huses only pipes i and higher. This solution has 
ost Ci(j)using pipes of type j, where E[Ci(j)℄ � C�j for j > i, Ci(j) =0 for j < i, and E[Ci(i)℄ �Pj=ij=1 1� (2�)i�jC�j .Proof. For i = 1 we use the near-optimum solution itselfand the 
laim follows immediately.Consider stage i. If we use the pipes as in the near-optimum solution, our expe
ted 
ost using ea
h pipe type jwould be equal to C�j . For ea
h pipe of type j < i, we re-move the pipe if the total demand 
owing a
ross it is zero.Otherwise we repla
e the pipe with a pipe of type i. The
ost of this repla
ement pipe is fi(D) where D is the de-mand 
owing a
ross it. Given that the demand is nonzero,the node must lie along the path from one of the 
hosen
onsolidation nodes from the previous stage. Ea
h of thesenodes has expe
ted demand at least �bi�1. It follows thatE[fi(D)℄ � 1� (2�)i�jfj(D). We 
an therefore bound the
ost of this modi�ed solution using pipes of type i by anexpe
ted Pj=ij=1 1� (2�)i�jC�j .

Lemma 4.7. E[TFi ℄ � 2 j=KXj=i+1�j�iC�j+2 j=iXj=1 1� (2�)i�jC�j .Proof. The solution given in Lemma 4.6 is one possibleSteiner tree. The �xed 
ost of this Steiner tree is boundedby the following expe
ted 
ost:j=KXj=i+1�j�iC�j + j=iXj=1 1� (2�)i�jC�jThis holds be
ause the 
ost on a pipe of type i+k will beredu
ed by �k sin
e we pay only for a pipe of type i. We 
an�nd a Steiner Tree of at most twi
e this 
ost, so the 
laimfollows.Lemma 4.8. T Ii � TFi .Proof. Sin
e we 
ut the tree at any edge with more thanuk demand along it, we guarantee that the �xed 
ost paid onany edge we a
tually use ex
eeds the in
remental 
ost.Theorem 4.1. The Hierar
hy algorithm is a 
onstant-approximation for single-sink buy-at-bulk.Proof. The total 
ost of our solution is bounded byPi 2(2TFi + 2P Ii ). Using Lemmas 4.3 and 4.7, we 
on
ludethat the expe
ted 
ost of our solution is bounded by thefollowing:4Xi (2 j=KXj=i+1�j�iC�j + 2 j=iXj=1 1� (2�)i�jC�j + �r j=iXj=1 �i�jC�j )By reversing orders of summation, we 
an bound this by:4( 21� � + 2�(1� 2�) + �r1� � )C�This is our approximation against the near-optimum so-lution. Theorem 3.2 allows us to bound our overall approx-imation ratio by:( 4� )(1 + 2� )( 21� � + 2�(1� 2�) + �r1� � )
5. IMPROVED ALGORITHM FOR ACCESS

NETWORK DESIGNThe A

ess Network Design problem is a spe
ial 
ase ofSingle Sink buy-at-bulk with additional restri
tions on the
osts of the pipe types. The main restri
tion is that a typek pipe is 
heaper only when it routes signi�
ant demand.Formally, the restri
tions 
an be stated as follows:1. For 2 � k � K, if d < �kÆk , then dÆk�1 + �k�1 <dÆk + �k.2. The smallest demand looks like the smallest pipe 
a-pa
ity, or more pre
isely, d � Æ1 > �1.



3. P�<k �� = O(�k).Andrews and Zhang [1℄ show that the optimal solution
an be 
onverted with a 
onstant fa
tor loss into a layeredsolution of shortest path forests.We 
an improve the analysis of the above algorithm forA

ess Network Design. As shown in [9℄, for the A

ess Net-work Design we have a layered shortest path forest solutionwith a redu
tion in 
ost at ea
h layer. We 
an prove thefollowing theorem:Theorem 5.1. There exists a solution to the A

ess Net-work Design problem in whi
h we only use pipe types satis-fying the 
ondition �i = Æi+1Æi � �, and in whi
h any pipeof type i has at least ui amount of demand 
owing throughit. The �xed and in
remental 
osts of this solution are ea
hwithin 1� of the original optimum whi
h used all pipe typesand whi
h had at least uk demand in any pipe of type k.Let �k = ÆkÆk�1 . We 
an assume with a loss of 1� in theapproximation ratio that all �k � � < 1. Our algorithmwill lay pipes in in
reasing order of types.Let Si denote the demand points at stage i. We maintainthe invariant that every demand point has at least �ui de-mand. We solve the load balan
ed fa
ility lo
ation instan
eon Si with lower bound ui+1 (ex
ept on the sink s). Weroute the demands to the open fa
ilities using pipes of typei. For every open fa
ility, we 
hoose one of the demandpoints sending demand to it at random in proportion to itsdemand, and route all the demand to this point using pipesof type i + 1. Let Si+1 be the �nal set of demand pointsto where we route the demands. Note that every demandpoint has at least �uk+1 demand.Let P Ii be the routing 
ost at stage i, and let PFi be the�xed 
ost. Note that PFi � 1�P Ii be
ause of the invariant onthe demands.We de�ne C�i to be the total in
remental 
ost in
urred bythe optimal solution using pipes of type i. Note that thetotal 
ost of the optimal solution is C� �Pi C�i .Lemma 5.1. E[P Ii ℄ � �r(1 + �)(Pj=i�1j=1 �i�j�1C�i ).Proof. The routing 
ost that the optimum solution paysin routing the original demand points till stage i using pipesof type i is at mostPj=i�1j=1 �i�j�1C�i . This follows from [9℄and from the analysis in Se
tion 4. This is an instan
e of theload balan
ed fa
ility lo
ation problem, and so the expe
ted
ost of our solution is within �r times this solution. Forrouting ba
k to randomly 
hosen nodes, we pay � timesthis 
ost in the expe
ted sense, as we use a pipe of largertype.It is now easy to see the following.Lemma 5.2. E[Pi(P Ii + PFi )℄ � (1 + 1� )�r 1+�1��C�.Note that we lost a fa
tor of 1� up front in the routing 
ostbe
ause of s
aling the pipe types. Our approximation ratiois therefore 2r�2��1 1+��(1��) . Choosing � = 2 and � = p2 � 1,we have a 80:566 approximation.Theorem 5.2. We have a randomized 
onstant approxi-mation for A

ess Network Design.

6. DERANDOMIZATIONThe algorithms mentioned above 
an be derandomized asfollows. Instead of 
onstru
ting the trees starting from S1,we 
onstru
t it from the nodes in Si�1 and do not routeba
k. The 
ost we pay in layer i has geometri
ally de
reasing
ontribution from previous layers. We omit the details.
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