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ABSTRACT
W e presen t the �rst constan t appro ximation to the single

sink buy-at-bulk net w ork design problem, where w e ha v e to

design a net w ork b y buying pip es of di�eren t costs and ca-

pacities p er unit length to route demands at a set of sources

to a single sink. The distances in the underlying net w ork

form a metric. This result impro v es the previous b ound of

O (log j R j ), where R is the set of sources. Our algorithms are

com binatorial and can b e derandomized easily at the cost of

a constan t factor loss in the appro ximation ratio.

1. INTRODUCTION
A t ypical net w ork design problem requires la ying cables

on an underlying metric in order to connect a set of demand

p oin ts. The net w ork m ust supp ort eac h demand p oin t op er-

ating at a kno wn p eak (or a v erage) rate, and w e w ould lik e

the c heap est p ossible net w ork supp orting these demands.

If the cost of cables is linear in the amoun t of bandwidth

they pro vide, this problem is p olynomial-time solv able us-

ing m ulticommo dit y 
o w tec hniques. Ho w ev er, in sev eral

real applications the costs of cables ob ey economies of scale;

the cost-p er-unit-bandwidth is less for a high-capacit y ca-

ble. It is not hard to observ e that the cost of a cable b e-

comes a conca v e function of the demand. While this conca v e

cost function reduces the total exp enditure on cables, it also

mak es the problem NP-Hard [13].
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This problem arises in sev eral other situations, in an y

general transp ortation net w ork (data, telephon y , or go o ds)

where the cost of conduit is conca v e in the demand.

W e consider the case where all demands need to connect to

a core net w ork. This core could represen t the in ternet bac k-

b one, a set of �le serv ers, or the factories where a pro duct is

pro duced. W e call this problem the single-sink buy-at-bulk
problem: ev en though there ma y exist m ultiple sinks, the

sinks are symmetric in that demand p oin ts do not care to

whic h sink they are connected. W e ma y view the core no des

as b eing connected b y edges of length zero, allo wing us to

treat them as a single sink.

Our algorithm pro vides the �rst constan t factor appro x-

imation for the single-sink buy-at-bulk problem. It builds

a solution tree recursiv ely connecting pieces of the net w ork

in to larger ones, considering eac h t yp e of cable in turn and

constructing alternate shortest-path and Steiner forests. This

approac h is v ery di�eren t from the tec hniques used earlier

b y [13, 2] whic h relied on appro ximating metrics using trees

via the results of [3, 11, 4, 5]. Our algorithm utilizes more

structure sp eci�c to the problem, and w e are in the pro cess

of comparing it to previous approac hes.

Our algorithm is randomized and com binatorial with a

running time of O ( k n

2

log n ), for n demand p oin ts and k

cable t yp es. This is signi�can tly b etter than the linear

programming-based approac hes used b y [2] and also im-

pro v es up on the O ( k n

4

) running time for the O (log n ) com-

binatorial appro ximation giv en in [12].

The algorithm ma y b e derandomized at the cost of addi-

tional constan ts in the appro ximation factor. Ho w ev er, the

randomization simpli�es the analysis greatly , and app ears to

b e an in teresting to ol for hierarc hical net w ork design prob-

lems.

Our tec hniques build up on the results of Guha et al [9] for

the Access Net w ork Design problem, a sp ecial case of single

sink buy-at-bulk. This problem w as �rst de�ned b y Andrews

and Zhang [1], in whic h a feasible solution m ust utilize all

cables to a minim um fractional capacit y . They observ ed

that the solution for the Access Net w ork Design problem

app ears to b e a recursiv e collection of shortest path trees.

Ho w ev er, for the problem discussed herein, w e sho w that

the solution (upto constan t factors, see Section 2.) alter-

nates b et w een shortest-path and Steiner trees. The Steiner

tree asp ect arises due to the relaxation of the minim um frac-

tional requiremen t, and do es not allo w a simple amortiza-

tion of costs as used in [9]. Instead, w e explore a di�eren t

analysis tec hnique whic h enables us to pro vide constan t fac-

tor appro ximations for the buy-at-bulk problem and also



impro v e the appro ximation factors for the Access Net w ork

Design problem.

F or this analysis tec hnique to w ork, w e need to consider

solutions of sp eci�c structure whic h preserv es near-optimalit y .

Using this structure theorem, w e can also capture the near-

optimal solution in a linear programming form ulation. This

allo ws an indep enden t lo w er b ounding tec hnique for the buy-

at-bulk problem. Our analysis sho ws a constan t in tegralit y

gap. Garg et al [8] sho w a O ( K ) in tegralit y gap for a less

constrained but more natural LP form ulation, where K is

the n um b er of di�eren t cable t yp es.

Previous and Related Results
The problem of buy-at-bulk net w ork design w as �rst in tro-

duced b y Salman et al in [13]. Related w ork includes the re-

sult of Aw erbuc h and Azar [2] whic h giv es an O (log

2

n ) ap-

pro ximation ev en in the case where di�eren t demand p oin ts

m ust comm unicate with di�eren t sinks. This result ma y

b e impro v ed to O (log n log log n ) using subsequen t results of

Bartal [5] on probabilistic appro ximation of metrics using

trees, and ma y b e derandomized using the results of [6, 7].

Indep enden t of this w ork, Garg et al [8] obtained a O ( K )

appro ximation (where K is the n um b er of di�eren t cable

t yp es) to the single sink buy-at-bulk problem b y rounding

the natural LP form ulation.

The Access Net w ork Design problem, a sp ecial case of sin-

gle sink buy-at-bulk, w as in tro duced b y Andrews and Zhang

[1] and the �rst constan t appro ximation w as giv en b y Guha

et al [9].

Mey erson et al pro vided an O (log n ) appro ximation in [12]

for the more general problem where cable t yp es ma y ha v e

limited a v ailabilit y .

Organization of the Paper
In Section 2, w e state the single sink buy-at-bulk problem

formally , and discuss some structural prop erties of the op-

timal solution. In Section 3, w e discuss a scaling idea to

remo v e similar pip e t yp es, and sho w ho w it impro v es the

structure of the optim um solution. W e also sho w that the

structure of this near-optim um solution (coupled with the

constan t appro ximation for this near optimal solution) im-

mediately suggests a linear programming form ulation with

constan t in tegralit y gap. W e then presen t the Hierar chy

algorithm in Section 4 and sho w a constan t appro ximation

ratio. W e conclude b y sho wing ho w to impro v e the appro xi-

mation ratio for Access Net w ork Design and to derandomize

our algorithms.

2. PROBLEM STATEMENT
Giv en a graph G ( V ; E ) with distances on the edges, the

goal is to construct a net w ork routing a set S

1

� V of de-

mand no des to a single sink s . W e are giv en K t yp es of

connections (pip es) eac h with a �xed cost and a capacit y .

The cost of placing a pip e of �xed cost �

k

along a path of

length L will b e �

k

L . Eac h demand no de v 2 S

1

needs

to transp ort some amoun t of demand d

v

to the sink. The

ob jectiv e is to optimize the cost of buying pip es along the

edges to route all demands to the sink. W e are allo w ed to

buy m ultiple copies of a pip e along the same link.

W e will use an alternate form ulation of this problem, in-

tro duced b y Andrews and Zhang. Instead of eac h pip e ha v-

ing a capacit y u

k

, the pip es will ha v e incremen tal cost de-

�ned b y �

k

=

�

k

u

k

. This represen ts the p er-unit-
o w cost of

the pip e. If w e transp ort d units of demand along a path of

length L using pip e k , w e will pa y a total of L ( �

k

+ �

k

d ). It's

not hard to see that a solution under this form ulation costs

at least as m uc h as the same solution under the capacitated

mo del, and at most t wice as m uc h as the solution under the

capacitated mo del.

If w e n um b er the pip es in increasing order of capacit y , w e

observ e the follo wing conditions: �

1

< �

2

< � � � < �

K

, and

�

1

> �

2

> � � � > �

K

. W e will de�ne f

k

( D ) = �

k

+ �

k

D to

b e the p er-unit-distance cost of routing demand D along a

pip e of t yp e k . The capacit y of pip e k is u

k

= �

k

=�

k

.

W e will no w try to iden tify structural prop erties in the

optimal solution.

2.1 Structure of Optimal Solution
First, observ e that as w e increase demand along an edge,

there are break-p oin ts at whic h it b ecomes c heap er to use

the next larger pip e t yp e. Let g

k

b e the demand for whic h

it b ecomes c heap er to use a pip e of t yp e k + 1 compared

to a pip e of t yp e k . Assume without loss of generalit y that

0 = g

0

< u

1

< g

1

< u

2

< g

2

< � � � < u

K

< g

K

= 1 .

Observ e no w that if the demand amoun t is in the range

[ g

i � 1

; u

i

], w e can ignore the incremen tal cost with a factor

2 loss in cost, and the cost of the edge will just b e �

i

times

the length of the edge, indep enden t of the demand. If on

the other hand, the demand is in the range [ u

i

; g

i

], w e can

ignore the �xed cost with a factor 2 loss in cost, and the

cost of the edge p er unit length is �

i

times the demand.

This implies that the optim um solution can b e con v erted

with a factor 2 loss in cost to a la y ered solution. La y er i

has a Steiner forest using pip es of t yp e i follo w ed b y a forest

of shortest path trees using pip es of the same t yp e. Eac h

pip e in the Steiner forest has at least g

i � 1

demand and eac h

pip e in the shortest path forest has at least u

i

amoun t of

demand.

3. LAYERED SOLUTION
In this section, w e will strengthen the structure describ ed

ab o v e to obtain a la y ered solution with cost close to the

optimal cost.

3.1 Removing Similar Pipes
Our algorithm will progressiv ely construct partial solu-

tions using eac h pip e t yp e in turn. In order to b ound the

total cost, w e m ust guaran tee that pip es are v ery di�eren t

from one another in terms of �xed and incremen tal costs.

W e will eliminate v arious pip e t yp es in order to guaran tee

the follo wing conditions hold for some p ositiv e � ( � <

1

2

to

b e determined later).

1. F or an y k < K , w e ha v e �

k

< ��

k +1

.

2. F or an y k < K , w e ha v e ��

k

> �

k +1

.

W e need to pro v e that w e can guaran tee these conditions

without increasing the cost of the optim um solution b y to o

m uc h.

Lemma 3.1. We 
an eliminate pipes in order to guaranteethat among the remaining pipes we have �

k

< ��

k +1

whilein
reasing the �xed 
ost of the optimum solution by at most
1 =� . The in
remental 
ost of the optimum solution 
an onlyde
rease.



Pr oof. W e �nd the largest pip e k suc h that �

k

� ��

k +1

.

W e eliminate this pip e, replacing it in the optim um solution

with pip e k + 1. W e ren um b er the pip es and rep eat. Notice

that if at some p oin t some pip e t yp e is replaced b y pip es

of t yp e k , then w e will alw a ys k eep pip es of t yp e k in the

�nal solution (since ev ery higher pip e t yp e than k is at least

� higher �xed cost). When this �nishes, w e will ha v e the

desired prop ert y . The original optim um solution with pip e

replacemen ts has �xed cost at most 1 =� larger since an y pip e

whic h w as replaced w as replaced b y a pip e with at most 1 =�

bigger �xed cost. The incremen tal cost can only decrease,

since higher �xed cost implies smaller incremen tal cost.

A similar pro cess allo ws us to guaran tee the second con-

dition.

Lemma 3.2. We 
an eliminate pipes in order to guaranteethat among the remaining pipes we have ��

k

> �

k +1

whilein
reasing the in
remental 
ost of the optimum solution byat most 1 =� . The �xed 
ost of the optimum solution 
anonly de
rease.
Com bining these t w o lemmas, w e can guaran tee the t w o

conditions with only a constan t increase in the cost of the

solution.

Theorem 3.1. There exists a solution whi
h uses onlythe remaining pipes after elimination, and whi
h has 
ost atmost 1 =� times the 
ost of the original optimum solution.
3.2 Solution Properties

W e will de�ne b

k

to b e suc h that f

k +1

( b

k

) = 2 �f

k

( b

k

). In

essence, b

k

is su�cien t demand that it b ecomes considerably

c heap er to use a pip e of t yp e k + 1 rather than a pip e of t yp e

k . W e �rst sho w that u

k

� b

k

� u

k +1

.

Lemma 3.3. b

k

� u

k +1

.
Pr oof. F rom the de�nition of b

k

, w e can write:

�

k +1

+ �

k +1

b

k

= 2 � ( �

k

+ �

k

b

k

)

Solving this equation for b

k

yields:

b

k

=

�

k +1

� 2 ��

k

2 ��

k

� �

k +1

�

�

k +1

2 ��

k

� �

k +1

�

�

k +1

�

k +1

= u

k +1

.

Lemma 3.4. b

k

� u

k

Pr oof. When w e ha v e b

k


o w, it is c heap er to use a pip e

of t yp e k + 1 rather than a pip e of t yp e k . It follo ws that

�

k +1

+ �

k +1

b

k

< �

k

+ �

k

b

k

. Solving this for b

k

, w e can see

that

b

k

>

�

k +1

� �

k

�

k

� �

k +1

Since � < 1 = 2, it follo ws that �

k +1

> 2 �

k

and w e can

conclude that b

k

> u

k

.

Lemma 3.5. For any demand D � b

k

, f

k +1

( D ) � 2 �f

k

( D ) .

Pr oof. Supp ose D = b

k

+ x for some x � 0. Then,

f

k +1

( D ) = �

k +1

+ �

k +1

( b

k

+ x ) = 2 � ( �

k

+ �

k

b

k

) + �

k +1

x

Noting that �

k +1

� ��

k

, it immediately follo ws that f

k +1

( D ) �

2 �f

k

( D ).

There exists a near-optim um solution whic h uses pip e t yp e

k + 1 only if at least b

k

demand is b eing routed. This solution

also routes all demand whic h en ters a no de using pip es of

t yp e k out of that no de using pip es of t yp es k or k + 1.

This structural observ ation ab out a nearly (within constan t

factor) optim um solution will b e imp ortan t in our pro of of

the appro ximation ratio, since w e will appro ximate this near

optimal structure.

Theorem 3.2. There exists a solution whi
h uses pipetype k + 1 on a link only if at least b

k

demand is being routeda
ross that link, and whi
h routes all demand whi
h entereda node using pipe k out of that node using pipes k and k + 1 .This solution pays at most 2

�

+ 1 times the optimum.
Pr oof. W e consider the no des of the optim um solution

tree from the b ottom up. Supp ose a no de has 
o w outgoing

on a pip e of t yp e k . W e can conclude that all incoming


o w w as on pip es of t yp e k or less, since otherwise w e could

impro v e the optim um solution b y c hanging one of the pip e

t yp es. Consider the 
o w incoming on pip es of t yp e i in

increasing order of i . Either the total 
o w incoming on pip es

of t yp e i is at least b

i

or it is not. If it is at least b

i

, then

w e add a pip e of length zero from this no de to itself; this

pip e has t yp e i + 1 and carries the 
o w whic h w as incoming

on pip es of t yp e i . Adding this pip e do es not increase the

cost of the solution, since the pip e has length zero. If there

is not b

i

demand incoming on pip es of t yp e i , then w e add

a new pip e of t yp e i from the no de to its paren t whic h will

carry all the 
o w whic h w as incoming on pip es of t yp e i .

The total 
o w tra v eling from this no de to its paren t has

not c hanged. W e can see that the new solution constructed

will ha v e the desired prop erties; w e m ust guaran tee that it

is within a constan t of optim um. Consider an edge in the

optim um tree. The original optim um placed a pip e of t yp e

k here. W e ma y ha v e placed an additional pip e of eac h t yp e

1 through k � 1 along this edge. The pip e of t yp e i routes

at most b

i


o w. The total cost of these additional pip es is

therefore at most

P
i = k � 1

i =1

f

i

( b

i

). Using Lemma 3.3 and the

de�nition of b

i

, w e can guaran tee that f

i

( b

i

) =

1

2 �

f

i +1

( b

i

) �

1

2 �

f

i +1

( u

i +1

) =

2 �

i +1
2 �

. Substituting this in to the equation,

the additional pip e cost is at most

2

2 �

P
i = k

i =2

�

i

. Because eac h

�xed cost is at most half the next higher �xed cost, w e can

b ound this sum b y

4

2 �

�

k

and the total cost of the solution

has increased b y at most a factor of

2

�

+ 1.

3.3 LP Formulation
W e can enco de the structural observ ation ab o v e in to an

in teger program form ulation. W e denote b y x

v ek

whether

the demand at no de v uses a pip e of t yp e k on edge e . By

y

ek

w e denote whether there exists a pip e of t yp e k on edge

e . Also, let f

ek l

denote a 
o w of t yp e k on edge e that will

use a pip e of t yp e l on the next edge it tra v erses. Note



that the only v alid ( k ; l ) pairs are ( k ; k ) and ( k ; k + 1). The

in teger program can then b e form ulated as follo ws

1

:

Minimize

X
e

X
k

�

k

� y

ek

+

X
e

X
v

X
k

�

k

� d

v

� x

v ekX
e 2 In ( v )

f

ek � 1 k

+ f

ek k

=

P
e 2 Out ( v )

f

ek k +1

+ f

ek k

8 v 2 V ; kX
v

d

v

x

v ek

= f

ek k

+ f

ek k +1

8 e 2 E ; k

x

v ek

� y

ek

8 e 2 E ; k

x

v ek

; y

ek

2 f 0 ; 1 g

Theorem 3.3. The linear relaxation of the above IP has
onstant integrality gap.
The pro of of the ab o v e theorem follo ws easily from the

algorithm describ ed b elo w. The only additional detail is

the fact that the LPs for b oth Steiner tree construction and

facilit y lo cation problems ha v e constan t in tegralit y gap.

4. THE ALGORITHM
W e will no w presen t the Hierar chy algorithm for single

sink buy-at-bulk based on the structural observ ations w e

made ab o v e. The scaling idea from the previous section

allo ws us to compare the cost of our solution in eac h la y er

against the resp ectiv e costs of the optim um solution.

Let s denote the sink no de. Our algorithm constructs

forests in la y ers. W e will illustrate the construction for la y er

i . Let S

i

b e the set of demand p oin ts w e ha v e at this stage.

S

1

is the original set of demand p oin ts. W e include s in all

the sets S

i

. La y er i will use pip e t yp e i exclusiv ely .

W e will use the load balanced facilit y lo cation problem [9,

10] as a sub-routine b elo w. This problem is a v arian t of the

classical facilit y lo cation problem, where w e ha v e a lo w er

b ound on the amoun t of demand an y op en facilit y m ust

serv e. W e can appro ximate this to a constan t factor of �r

pro vided w e relax the lo w er b ound b y factor � =

� � 1

� +1

. Here,

r is the b est kno wn appro ximation for facilit y lo cation, and

can b e tak en as 1 : 728.

Steiner T rees Construct a Steiner tree on S

i

. The edge

cost p er unit length is �

i

. Ro ot this tree at s . T rans-

p ort the demands from S

i

up w ards along the tree. If

on an y edge, the amoun t of demand is larger than u

i

,

w e \cut" the tree at that edge. This giv es us a forest

on S

i

where eac h edge has at most u

i

demand through

it.

Consolidate Consider an y ro ot in this forest. This has at

least u

i

amoun t of demand coming to it from no des in

S

i

. Let the set of demand p oin ts sending demand to

some ro ot j b e S

ij

. Pic k a no de at random from S

ij

in prop ortion to its demand and send all the demand

at j to this no de.

Shortest P ath T rees W e solv e a load balanced facilit y lo-

cation instance on S

1

with the facilit y lo w er b ound b

i

on all no des and the edge cost p er unit length �

i

. If

1

The b oundary and 
o w constrain ts are omitted for simplic-

it y . In( v ) denotes the set of edges coming in to on no de v ,

and Out( v ) the set going out of v .

there do es not exist b

i

total demand, then w e instead

route directly to the sink. W e get a forest of shortest

path trees. W e route our curren t demands along these

trees to their ro ots.

Consolidate Consider an y ro ot in this forest. Some set of

no des from S

1

w ere assigned to this ro ot, and their

(original) total demand is at least � b

i

. W e c ho ose one

suc h no de at random, in prop ortion to their original

demands. W e send all the demand from the ro ot to

the c hosen no de W e set S

i +1

to these new demand

lo cations.

Our solution will route the demands through the forests

of increasing pip e t yp es. This solution need not b e a tree,

but can easily b e con v erted to one of no greater cost.

4.1 Analysis
W e de�ne C

�

k

to b e the total cost whic h this near-optim um

solution pa ys using pip es of t yp e k . The total cost of the

solution is therefore

P
k = K

k =1

C

�

k

= C

�

.

Let d

v

b e the demand of no de v in the original ( S

1

) de-

mands. W e de�ne D

v

to b e the demand at no de v in the

curren t stage of the algorithm.

Let T

I

i

b e the incremen tal cost of the Steiner T ree at la y er

i and T

F

i

b e its �xed cost. The total cost of the Steiner T ree

at la y er i is T

i

= T

I

i

+ T

F

i

.

Let P

I

i

b e the incremen tal cost of the shortest path tree

at la y er i and P

F

i

b e its �xed cost. The total cost of the

shortest path tree at la y er i is P

i

= P

I

i

+ P

F

i

.

Let N

i

b e the total cost of the consolidation steps for la y er

i . The total cost of our solution is therefore

P
i

( T

i

+ P

i

+ N

i

).

A t eac h la y er w e will construct an o v erall solution to the

problem on the no des S

i

. Let C

i

( j ) represen t the total cost

whic h this solution on the no des S

i

pa ys using pip es of t yp e

j .

Lemma 4.1. At the end of any 
onsolidation step, everynode has E [ D

v

] = d

v

.
Pr oof. W e will pro v e this b y induction on the steps i .

Supp ose that the statemen t is true at some step. W e will

sho w that it is true at the next step.

Supp ose that the demand at no de v after the previous

consolidation step w as x

v

. By the induction h yp othesis,

E [ x

v

] = d

v

. There are t w o cases to consider; either w e

p erformed a Steiner T ree step or a Shortest P ath T ree step.

Supp ose w e ha v e just p erformed a Steiner T ree step. The

curren t no de is routed to some ro ot with total demand D .

W e then c ho ose a no de for consolidation. The probabilit y

that w e c ho ose no de v is x

v

=D . If w e c ho ose v , demand

D will b e placed there; otherwise no demand can b e placed

there. Th us the exp ected amoun t of demand placed at v is

x

v

; b y induction w e can claim that E [ D

v

] = E [ x

v

] = d

v

as

desired.

Supp ose w e ha v e just p erformed a Shortest P ath T ree

step. The curren t no de is routed to some ro ot whic h w ould

ha v e demand D if the demands w ere as in the S

1

stage. The

probabilit y w e consolidate to v is d

v

=D ; if w e do, the total

demand at v will b e the total of the curren t demands of all

the no des routed to this ro ot. Let V b e the set of no des

routed to v . E [ d

v

] is therefore E [

d

v

D

P
w 2 V

x

w

]. Observ e

no w that:

E [

X
w 2 V

x

w

] =

X
w 2 V

E [ x

w

] =

X
w 2 V

d

w

= D



Th us E [ D

v

] = d

v

.

Lemma 4.2. E [ N

i

] � T

i

+ P

i

.
Pr oof. The consolidation step follo wing a tree construc-

tion alw a ys has exp ected cost at most the cost of the tree

construction.

Lemma 4.3. E [ P

I

i

] � �r

P
j = i

j =1

�

i � j

C

�

j

.
Pr oof. Supp ose the demands at the sources w ere those

from S

1

. Then one p ossible solution w ould b e the optim um

problem solution up un til pip es of t yp e i + 1 w ere used. W e

kno w that the optim um solution m ust gather the desired b

i


o w b efore using pip es of t yp e i + 1. It follo ws that w e can

�nd a solution with cost at most �r times the incremen tal

cost of the optim um using pip es of t yp e 1 through i . Since w e

will alw a ys pa y the incremen tal cost �

i

, and the incremen tal

costs scale b y � , w e can guaran tee a total cost of at mostP
j = i

j =1

�

i � j

C

�

j

for this solution. Our actual demand at eac h

no de has exp ected v alue equal to the original demand, so

the exp ected v alue of P

I

i

is b ounded as ab o v e.

Lemma 4.4. P

F

i

� P

I

i

.
Pr oof. The Steiner T ree stage guaran tees at least u

k

demand or zero ev erywhere. If an edge has zero demand


o wing on it, w e will pa y zero for that edge. Otherwise

there is at least u

k

demand on the edge and w e pa y an

incremen tal cost whic h exceeds the �xed cost.

Lemma 4.5. Let D

v

be the demand at v 2 S

i

, where v 6=

s . Then, E [ D

v

] � � b

i � 1

.
Pr oof. W e obtain the no des S

i

b y solving a load bal-

anced facilit y lo cation instance on S

i

with lo w er b ounds

b

i � 1

. In this solution, eac h no de in S

i

except s has demand

at least � b

i � 1

. Consider an y no de w in S

1

, and supp ose

that the demand our solution so far has there is x

w

. Then,

E [ x

w

] = d

w

. Therefore, E [ D

v

] � � b

i � 1

.

Lemma 4.6. At stage i we 
an 
onstru
t a solution whi
huses only pipes i and higher. This solution has 
ost C

i

( j )using pipes of type j , where E [ C

i

( j )] � C

�

j

for j > i , C

i

( j ) =

0 for j < i , and E [ C

i

( i )] �

P
j = i

j =1

1

�

(2 � )

i � j

C

�

j

.
Pr oof. F or i = 1 w e use the near-optim um solution itself

and the claim follo ws immediately .

Consider stage i . If w e use the pip es as in the near-

optim um solution, our exp ected cost using eac h pip e t yp e j

w ould b e equal to C

�

j

. F or eac h pip e of t yp e j < i , w e re-

mo v e the pip e if the total demand 
o wing across it is zero.

Otherwise w e replace the pip e with a pip e of t yp e i . The

cost of this replacemen t pip e is f

i

( D ) where D is the de-

mand 
o wing across it. Giv en that the demand is nonzero,

the no de m ust lie along the path from one of the c hosen

consolidation no des from the previous stage. Eac h of these

no des has exp ected demand at least � b

i � 1

. It follo ws that

E [ f

i

( D )] �

1

�

(2 � )

i � j

f

j

( D ). W e can therefore b ound the

cost of this mo di�ed solution using pip es of t yp e i b y an

exp ected

P
j = i

j =1

1

�

(2 � )

i � j

C

�

j

.

Lemma 4.7. E [ T

F

i

] � 2

j = KX
j = i +1

�

j � i

C

�

j

+2

j = iX
j =1

1

�

(2 � )

i � j

C

�

j

.
Pr oof. The solution giv en in Lemma 4.6 is one p ossible

Steiner tree. The �xed cost of this Steiner tree is b ounded

b y the follo wing exp ected cost:

j = KX
j = i +1

�

j � i

C

�

j

+

j = iX
j =1

1

�

(2 � )

i � j

C

�

j

This holds b ecause the cost on a pip e of t yp e i + k will b e

reduced b y �

k

since w e pa y only for a pip e of t yp e i . W e can

�nd a Steiner T ree of at most t wice this cost, so the claim

follo ws.

Lemma 4.8. T

I

i

� T

F

i

.
Pr oof. Since w e cut the tree at an y edge with more than

u

k

demand along it, w e guaran tee that the �xed cost paid on

an y edge w e actually use exceeds the incremen tal cost.

Theorem 4.1. The Hierar chy algorithm is a 
onstant-approximation for single-sink buy-at-bulk.
Pr oof. The total cost of our solution is b ounded b yP

i

2(2 T

F

i

+ 2 P

I

i

). Using Lemmas 4.3 and 4.7, w e conclude

that the exp ected cost of our solution is b ounded b y the

follo wing:

4

X
i

(2

j = KX
j = i +1

�

j � i

C

�

j

+ 2

j = iX
j =1

1

�

(2 � )

i � j

C

�

j

+ �r

j = iX
j =1

�

i � j

C

�

j

)

By rev ersing orders of summation, w e can b ound this b y:

4(

2

1 � �

+

2

� (1 � 2 � )

+

�r

1 � �

) C

�

This is our appro ximation against the near-optim um so-

lution. Theorem 3.2 allo ws us to b ound our o v erall appro x-

imation ratio b y:

(

4

�

)(1 +

2

�

)(

2

1 � �

+

2

� (1 � 2 � )

+

�r

1 � �

)

5. IMPROVED ALGORITHM FOR ACCESS
NETWORK DESIGN

The Access Net w ork Design problem is a sp ecial case of

Single Sink buy-at-bulk with additional restrictions on the

costs of the pip e t yp es. The main restriction is that a t yp e

k pip e is c heap er only when it routes signi�can t demand.

F ormally , the restrictions can b e stated as follo ws:

1. F or 2 � k � K , if d <

�

k

�

k

, then d�

k � 1

+ �

k � 1

<

d�

k

+ �

k

.

2. The smallest demand lo oks lik e the smallest pip e ca-

pacit y , or more precisely , d � �

1

> �

1

.



3.

P
�<k

�

�

= O ( �

k

).

Andrews and Zhang [1] sho w that the optimal solution

can b e con v erted with a constan t factor loss in to a la y ered

solution of shortest path forests.

W e can impro v e the analysis of the ab o v e algorithm for

Access Net w ork Design. As sho wn in [9], for the Access Net-

w ork Design w e ha v e a la y ered shortest path forest solution

with a reduction in cost at eac h la y er. W e can pro v e the

follo wing theorem:

Theorem 5.1. There exists a solution to the A

ess Net-work Design problem in whi
h we only use pipe types satis-fying the 
ondition �

i

=

�

i +1
�

i

� � , and in whi
h any pipeof type i has at least u

i

amount of demand 
owing throughit. The �xed and in
remental 
osts of this solution are ea
hwithin 1

�

of the original optimum whi
h used all pipe typesand whi
h had at least u

k

demand in any pipe of type k .
Let �

k

=

�

k

�

k � 1 . W e can assume with a loss of

1

�

in the

appro ximation ratio that all �

k

� � < 1. Our algorithm

will la y pip es in increasing order of t yp es.

Let S

i

denote the demand p oin ts at stage i . W e main tain

the in v arian t that ev ery demand p oin t has at least � u

i

de-

mand. W e solv e the load balanced facilit y lo cation instance

on S

i

with lo w er b ound u

i +1

(except on the sink s ). W e

route the demands to the op en facilities using pip es of t yp e

i . F or ev ery op en facilit y , w e c ho ose one of the demand

p oin ts sending demand to it at random in prop ortion to its

demand, and route all the demand to this p oin t using pip es

of t yp e i + 1. Let S

i +1

b e the �nal set of demand p oin ts

to where w e route the demands. Note that ev ery demand

p oin t has at least � u

k +1

demand.

Let P

I

i

b e the routing cost at stage i , and let P

F

i

b e the

�xed cost. Note that P

F

i

�

1

�

P

I

i

b ecause of the in v arian t on

the demands.

W e de�ne C

�

i

to b e the total incremen tal cost incurred b y

the optimal solution using pip es of t yp e i . Note that the

total cost of the optimal solution is C

�

�

P
i

C

�

i

.

Lemma 5.1. E [ P

I

i

] � �r (1 + � )(

P
j = i � 1

j =1

�

i � j � 1

C

�

i

) .
Pr oof. The routing cost that the optim um solution pa ys

in routing the original demand p oin ts till stage i using pip es

of t yp e i is at most

P
j = i � 1

j =1

�

i � j � 1

C

�

i

. This follo ws from [9]

and from the analysis in Section 4. This is an instance of the

load balanced facilit y lo cation problem, and so the exp ected

cost of our solution is within �r times this solution. F or

routing bac k to randomly c hosen no des, w e pa y � times

this cost in the exp ected sense, as w e use a pip e of larger

t yp e.

It is no w easy to see the follo wing.

Lemma 5.2. E [

P
i

( P

I

i

+ P

F

i

)] � (1 +

1

�

) �r

1+ �

1 � �

C

� .
Note that w e lost a factor of

1

�

up fron t in the routing cost

b ecause of scaling the pip e t yp es. Our appro ximation ratio

is therefore

2 r �

2
� � 1

1+ �

� (1 � � )

. Cho osing � = 2 and � =

p

2 � 1,

w e ha v e a 80 : 566 appro ximation.

Theorem 5.2. We have a randomized 
onstant approxi-mation for A

ess Network Design.

6. DERANDOMIZATION
The algorithms men tioned ab o v e can b e derandomized as

follo ws. Instead of constructing the trees starting from S

1

,

w e construct it from the no des in S

i � 1

and do not route

bac k. The cost w e pa y in la y er i has geometrically decreasing

con tribution from previous la y ers. W e omit the details.
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