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ABSTRACT
This paper presents the first polylogarithmic-competitive
online algorithms for two-metric network design problems.
These problems arise naturally in the design of computer
networks (wired and wireless) as well as many other ap-
plications. In most cases the natural applications involve
changing sets of communicating nodes, making the online
model essential for addressing them.

Categories and Subject Descriptors
F.2.2 [Analysis of Algorithms and Problem Complex-
ity]: Nonnumerical Algorithms and ProblemsRouting and
Layout; C.2.1 [Computer-Communication Networks]:
Network Architecture and DesignNetwork Topology

General Terms
Algorithms, Design, Theory

1. INTRODUCTION
We consider two online problems in network design. In

each case, we are given a multigraph on which each edge
has a cost and a length. The cost function will be used
to represent one-time costs for using the edge; this models
properties such as physical installation cost or setup power
consumption. The length function represents costs which
will be paid by each node using the edge; this models proper-
ties like latency or the incremental cost (financial or in terms
of power in a wireless netowork) of increasing the available
bandwidth. Our goal is to select a subgraph to connect
certain communicating nodes, while minimizing both the
one-time costs and the total length. This can be viewed
as simultaneously optimizing latency and power consump-
tion (for example). The first problem, bounded diameter
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network design, aims to minimize the total cost while main-
taining the length (latency) to be at most a fixed bound.
The second problem, cost-distance network design, aims to
minimize a weighted sum of the total cost and average la-
tency.

These problems have wide applications in the design of
wireless (and wired) networks. In each case the natural ap-
plications are online, where nodes may join (and depart)
the communicating group. Each problem is NP-Hard even
in the offline case where the set of communicating nodes
is static. We present the first online-competitive algorithms,
thus dealing with adversarial arrival of communicating nodes.
Our algorithms guarantee performance within poly-logarithmic
factors of the best possible with full knowledge of future
events and unlimited computing time. We note that our
problems admit reductions from steiner tree, so their online
variants will not have algorithms with competitive guaran-
tees better than O(log n) against adversarial arrivals.

Our main technique involves randomly dividing the com-
municating nodes into levels. Each node communicates with
a node on the next higher level. This level structure can be
used to limit the tree depth and thereby control the latency,
without greatly increasing the power consumption.

1.1 Previous Results and Applications
The two problems we consider were first considered in an

offline setting (without arrivals or departures) by [32] and
[35]. These results gave O(log n) approximations for the
NP-Hard problems described. Our work extends this to the
online setting.

These problems are very general. In particular, the prob-
lem of building trees under concave cost functions [35] in-
cludes many other network design problems as special cases.
For a number of such special cases, better approximation
algorithms are available. These include: the steiner tree
problem [39], facility location variants [30, 25, 3, 15, 26,
14, 13, 18, 38], access network design [2, 19], buy-at-bulk
network design[40, 5, 20], and the rent-or-buy problem [22,
23]. Concave-cost flows have a long history in the operations
research literature as well [41, 10, 9].

Applications for this work are not restricted to design of
computer networks. Earlier work discussed applying net-
work design techniques to transportation networks [17, 7],
placement of warehouses [31, 28], designing telecommuni-
cations networks [2], selecting locations for web caches [27,
29], and classifying large databases [21, 37].

We observe that many of these natural applications are
effectively online. New demands (customers, network users,



database entries) will arrive after some portion of our struc-
ture has been created. In each case rebuilding our structure
from the start will be costly or computationally inefficient.

This observation is not new; previous work has dealt with
online versions of network design problems including flows [4,
6], steiner trees [8, 1, 24], facility location [33, 34], and even
access network design [36]. This paper is the first to address
the more general problems of two-metric network design in
an online setting.

Several previous papers have made use of an assumption
that the demands arrive in random (rather than adversarial)
order [36, 34] to improve the competitivity results. In our
case, the lower bound from online steiner tree will hold even
if the order of arrival is random. With this in mind we will
consider only adversarial order of arrival, as is traditional in
the online algorithms community [11].

2. ONLINE BOUNDED DIAMETER
We consider the problem of maintaining a communication

tree of bounded latency and low installation cost. The la-
tency and cost of an edge are distinct (perhaps unrelated)
values. Nodes will join the communication tree in an online
manner, and we must maintain connectivity, low cost, and
low latency at all times. In general we will assume that the
cost is paid upon connecting a pair of nodes, and that we
cannot “reconnect” a node to a new parent without paying
additional costs (if we completely remove this assumption,
the problem reduces to the offline variant). For the time be-
ing, we will assume that there are only arrivals to the set of
communicating nodes. Dealing with departures is straight-
forward and discussed in section 4. We pose this problem
as an optimization question on graphs as follows.

We are given a graph G = (V, E) along with a set of
steiner nodes S, and a parameter D. We additionally have
two measures on the edges, l : E → R+ and c : E → R+,
which we call length and cost. We would like to select a
subtree T of the graph such that all the steiner nodes are
members of the subtree S ⊂ T . We must guarantee that
the diameter of T along the length metric is bounded by D
(diaml(T ) ≤ D), and would like to minimize the cost of the
tree (

P
e∈T c(e)) with these constraints.

This problem was introduced by Marathe et al [32]; they
provided an algorithm with an O(log n) stretch on both the
cost and diameter. We will consider the online version of
the problem where the steiner nodes are not known in ad-
vance. Nodes announce themselves as members of S one at
a time, and we must add them to the tree while maintain-
ing bounded diameter and approximately optimum cost. If
we set the diameter D to be infinitely large, this problem
becomes equivalent to online steiner tree, giving us a log n
lower bound for online competitivity [8, 1, 24].

When the first node arrives, we assign it infinite level and
set T to be that node alone. As each subsequent node ar-
rives, we run the algorithm from figure 1. The algorithm
takes polynomial time for each node; the search for a min-
imum cost path Pv may be performed using dynamic pro-
gramming. We need to show that the tree T we construct
at the end of the algorithm has bounded diameter and cost.

Lemma 2.1. The algorithm described produces a tree with
diameter at most diaml(T ) ≤ O(log n)D.

Proof. Consider the path from any steiner node to the
first node to arrive. This path passes through at most 1 +

Input: Graph G, functions l, c, diameter target D, current
tree T and a new node v ∈ S

Output: A new tree T ′ ⊇ T such that v ∈ T ′

1. Assign level i to v, where i is chosen from 1 ≤ i ≤ log n,
level i with probability 1

2i

2. Find a path Pv from v to a node of level at least i + 1
such that l(Pv) ≤ D and c(Pv) is minimized.

3. Let T ′ = T
S

Pv

Figure 1: Algorithm Online Bounded Diameter

log n levels. The path from each node to the node of the next
level has length at most D because of the way the paths
are selected. It follows that the total length of the path
from any steiner node to the first-arriving node is at most
D log n, giving the tree a diameter bounded by 2D log n =
O(log n)D.

Lemma 2.2. The cost of the tree constructed is at most
O(log2 n)C∗ where C∗ is the cost of the optimum offline
solution satisfying the required properties.

Proof. We decompose the optimum tree into two dis-
joint components each containing at least n

3
nodes. We re-

peat this process recursively, yielding a decomposition of the
optimum tree structure through O(log n) levels.

Instead of connecting each steiner node to the closest node
of higher level, we consider connecting to a node of higher
level in our current component of the optimum. If no such
steiner node has arrived yet, we look at the next level of
the decomposition, and so forth, until we find a node of
higher level. Since this process may connect the current
steiner node to a further place, its cost is only higher than
the algorithm’s cost.

Consider any given component of the optimum, decom-
posed into two regions. How many times will we connect a
node of level i from one side of this decomposition to a node
on the other side? We expect 1 node of level i to arrive on
one side before a node of level i + 1 arrives. Once a node of
level i+1 arrives, future nodes of level i will connect to this
node rather than crossing to the other side of the set. It fol-
lows that we expect a total of log n connections which cross
from one region to the other. Each such connection has cost
at most the entire cost of the optimum component. Any
edge of the optimum solution appears in at most O(log n)
components (one at each level of the decomposition), so the
edge will be charged at most O(log2 n) times (once for each
connection which crosses the divide in a region which in-
cludes the edge). It follows that the cost of our tree is at
most O(log2 n) times the cost of the optimum.

Theorem 2.1. The algorithm described gives O(log2 n)
increase over optimum cost and O(log n) increase in diam-
eter, when compared to the optimum (offline) solution.

If the value of n is not known in advance, we can start
with only one level and increase the number of levels as more



nodes arrive. Already-arrived nodes of the maximum level
will join the next higher level with probability 1

2
, maintain-

ing the desired structure of level probabilities.

3. ONLINE COST-DISTANCE
We will now aim to minimize the sum of the total latency

and the total cost. Once again the latency and cost on
an edge will be viewed as unrelated. For this problem, it
is possible to purchase many outgoing edges from a single
node as new arrivals occur, but we will be forced to pay the
cost for each of these edges. We again assume only arrivals
to the communicating group; permitting departures is not
difficult and will be described in section 4.

We are given a graph G = (V, E) along with a sink node
t ∈ V and a set of steiner nodes S. Each edge has a cost
(c : E → R+) and length (l : E → R+). Our goal is to select
a subset T of the edges such that

P
e∈T c(e)+

P
s∈S dT (s, t)

is minimized, where dT (s, t) is the total length l(e) of edges
along the shortest path from s to t in T .

This problem was introduced by Meyerson et al [35] and
an O(log n) approximation was given. We will consider the
online version of the problem where the steiner nodes are not
known in advance. Nodes announce themselves as members
of S one at a time, and we must add them to T while main-
taining a cost which is competitive against the optimum.
We will give a polylogarathmic-competitive algorithm for
this problem.

We will first define a new cost and length metric. For
each edge and integer i between 1 and log n, we will define
a new edge with cost C(e) = c(e)+2il(e) and length L(e) =
1
2i c(e) + l(e). Note that this new cost and length is strictly
greater than the old. On the other hand, if we consider the
optimum solution according to the old edges, if the solution
sends flow 2i ≤ f ≤ 2i+1 on some edge, we can use the
new edge copy number i and the cost increases by at most a
factor of 3. It follows that the optimum on the new costs is at
most 3 times more expensive than the old optimum. When
we refer to an edge of type i, we mean an edge which was
thus scaled to have C(e) = 2iL(e), and we will let Li(u, v)
represent the minimum length of a path from u to v using
only type i edges.

Lemma 3.1. There is a solution which takes the form of
a binary tree, such that the demand on every edge is a power
of two, which has cost C∗ + L∗ ≤ OPT (log n).

Proof. Consider sending flow upwards along the opti-
mum tree from the steiner nodes. Instead of accumulating
all the flow at a given point, we will send separately all
powers of two. The total flow along any edge in this model
is unchanged. However, we have separately purchased each
edge up to log n times (once for each power of two amount of
demand). This produces a new tree with cost at most log n
times the original cost, where every edge sends a power of
two. If we have a node of high degree (in other words, the
tree is not binary) we can place dummy nodes and edges of
length zero to produce the required binary tree.

Our algorithm is described in figure 2. We will first bound
the total length of the selected paths Pv. Of course, these are
not the actual paths that will be used in the network since
only the first step of such a path is necessarily followed. We
define Pv to be the path which was initially selected for v
when it arrived. The set Si represent the steiner nodes of
level i.

Input: Graph G, functions l, c, current tree T and a new
node v ∈ S

Output: A new tree T ′ ⊇ T such that s ∈ T ′

1. Select a level 1 ≤ i ≤ log n, level i with probability 1
2i

and assign level i to v. Set τ(v) = 2i.

2. While there exists any level i and node v of that
level such that τ(v) ≥ 2i, select a path Pv which
visits nodes in increasing order of level, starting at
v = wi and continuing through wi+1, wi+2 and so
forth ending at t. These nodes are selected to min-
imize L(Pv) =

Pj=log n
j=i Lj(wj , wj+1). Add an edge

of type i from v to wi+1. Set τ(v) = 0 and increase
τ(wi+1) by 2i.

Figure 2: Algorithm Online Cost-Distance

Lemma 3.2. E[
Plog n

i=1

P
v∈Si

2iL(Pv)] ≤ 2L∗ log3 n.

Proof. We consider the following routing scheme. We
will send each node’s demand upward along the optimum
tree until we find that we are at the root of a subtree which
contains a steiner node of level at least i + 1. We will then
route downwards to this node, then progress upwards once
again until we find a node of higher level, and so on. This
routing scheme sends node v of level i to some wi+1, wi+2

and so forth. Since our original routing scheme finds the
best such sequence of nodes, this modified routing scheme
can only increase L(Pv).

Now consider a single edge in the optimum solution. Sup-
pose this edge emerges from a subtree which contains 2δ

nodes from S. How much will our routing scheme pay to
send demand across this edge? We assume the optimum
tree is binary and has depth at most log n by lemma 3.1.
Consider each branch along the path from our edge to the
root. Demand travels from this branch across our edge from
vertices of type i only if this branch does not contain its own
type i+1 vertex. We expect only 2i+1 nodes to arrive in this
branch before it builds its own type i+1 vertex, and the ex-
pected demand carried by these nodes is at most 2i+1 log n.
We conclude that the total demand crossing our edge from
level i vertices is at most an expected 2i+1 log2 n. On the
other hand, if there is no vertex of level i+1 in our subtree,
there cannot be any demand from level i or higher vertices.
It follows that with probability at least 2δ−i, there is no
demand from level i vertices crossing the edge. Level i ver-
tices pay 2−ic(e) + l(e) on our edge e, so the total expected
payment is bounded by:

X
i≤δ

2i+1(log2 n)(2−ic(e)+l(e))+
X
i>δ

2δ+1(log2 n)(2−ic(e)+l(e))

We can bound this sum by 2δ+1(log3 n)l(e)+2(log3 n)c(e).
The optimum solution pays 2δL(e) = 2δl(e) + c(e) on this
edge so we are within O(log3 n) of optimum.

We now consider any edge in the network. We will con-
tinue using this edge until the lower-level adjacent node at-



tains τ(v) = 2i. We can use this fact to bound the total cost
of the tree c(T ).

Lemma 3.3. E[
P

e∈T C(e)] ≤ O(log3 n)L∗.

Proof. We can view the algorithm as accumulating flow
τ(v) at node v, then sending it all out together when 2i

accumulates. While this is not actually what occurs, the
cost of the solution is equivalent since we can amortize the
initial flow against the artificial 2i units of flow starting at
node v.

This “accumulating” algorithm sends 2i demand along
any outgoing edge from a vertex of type i. Additionally,
vertices of type i use edges which have C(e) = 2iL(e). It
follows that the total cost of edges is bounded by the total
cost of in terms of L(e) of moving demands from one vertex
to another. Consider any demand. We send it along the
shortest path, except that we might possibly delay at some
intervening vertices. Let Rv represent the route used by the
“accumulating” algorithm to send from v to the sink. This
is typically not the same as Pv (the original path selected for
v) because the flow will typically accumulate at some inter-
vening node. However these delays only make paths shorter
(as additional nodes might arrive while we wait) so we can
conclude that L(Rv) ≤ L(Pv). Any edge for which we pay
the cost has 2i demand so we conclude that

P
e∈T C(e) ≤P

v∈S L(Rv). Making use of lemma 3.2, we conclude that

E[
P

e∈T C(e)] ≤ E[
P

i

P
v∈Si

2iL(Pv)] ≤ 2L∗ log3 n yield-
ing the desired bound.

We must now bound the total incremental cost of the
solution,

P
s∈S dT (s, t).

Lemma 3.4. E[
P

v∈S dT (v, t)] ≤ O(log3 n)L∗.

Proof. We split the nodes v ∈ S into two groups. First,
we have the nodes whose demand would reach t in the “accu-
mulating” version of our algorithm. For these nodes, we will
have dT (v, t) ≤ L(Pv). However, there are other demands
which were still being delayed at some intermediate node.
The total demand waiting at a node of type i is bounded
by 2i − 1 at any given time. On the other hand, we ob-
serve that our algorithm assumed a demand of 2i arrived
with each node of type i, whereas in reality only 1 unit of
demand arrived at this time. It follows that each node of
type i is sending out 2i − 1 units of “fake” demand in our
algorithm. We can send the delayed demand along the path
used by this “fake” demand, incurring the same cost. It
follows that

P
v∈S dT (v, t) ≤

P
i

P
v∈Si

2iL(Pv), and using
lemma 3.2 along with the observation that the paths are only
shorter because of the delay mechanism gives the required
result.

Theorem 3.1. We have designed an O(log4 n) competi-
tive algorithm for online cost-distance.

Proof. We combine lemmas 3.4 and 3.3 to show that the
cost of our solution is at most an expected O(log3 n) times
the cost of the best binary tree solution L∗ + C∗. Using
lemma 3.1, this solution has cost at most O(log n) times the
optimum cost, yielding the O(log4 n) expected competitivity
result.

4. DEALING WITH DEPARTURES
The algorithms described considered only arrivals to the

steiner set and not departures. Fortunately departures are
easy to deal with. When a node departs, we simply recon-
nect its “children” into the tree by connecting to the nearest
node of highest level (or constructing a path and connecting
to the first node along that path, in the case of the second
algorithm). Since we are now comparing against a dynamic
optimum solution (otherwise our cost would be unbounded
in comparing against a solution where many nodes arrive
and then depart, since we had to serve those nodes some-
how and the optimum final solution serves nothing) and the
adversary is presumed unaware of our random choices, this
will not change the competitive ratio. We observe that our
construction still looks like a construction that could have
been built without the removed nodes.

In addition, we consider the possibility of maintenance
costs. Suppose that the “cost” portion of the result is paid at
regular intervals (i.e. power consumption is per minute, not
a one-time payment). We can simply recompute the tree at
these intervals. If there is a setup cost which may exceed the
maintenance cost, recompute with probability equal to the
ratio of the maintenance over setup cost. This guarantees
that we don’t switch too often (the expected maintenance
cost equals the setup) but also that we don’t over-maintain
a non-useful connection.

5. OPEN PROBLEMS
This paper gives the first online algorithms for several

network design problems. Of course, the competitive ratios
could potentially be improved (to no better than O(log n)).

The major remaining open problems in network design
are in the offline domain. In particular, the problem of mul-
ticommodity concave flow remains open from an approxima-
tion standpoint. No non-trivial approximation algorithms
are known for this problem. Assuming that the concave
function is the same over all graph edges, an O(log n) ap-
proximation can be devised by combining the work of [5]
with [16]. Another important open problem involves the
approximability of cost-distance in the offline case. The
best known approximation is O(log n) by [35] with a de-
randomization by [12] but the only known lower bound is
from facility location, leaving the problem complexity open.
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