DIGIT-SERIAL ARITHMETIC

e Modes of operation:LSDF and MSDF
e Algorithm and implementation models
e LSDF arithmetic

e MSDF: Online arithmetic
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TIMING PARAMETERS

e radix-r number system: conventional and redundant

e Serial signal: a numerical input or output with one digit per clock cycle

e For an n digit signal, the clock cycles are numbered from 1 to n

e Timing characteristics of a serial operation determined by two parameters:

— smitial delay o: additional number of operand digits required to determine
the first result digit

— execution time 1,,; the time between the first digit of the operand and
the last digit of the result

T, =0+n+1
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cycle: 012345678 9101112

input +H—H—+—+—+—+—+—+—+—+—+—+— >
compute ——+——+—+—+—+—+—+—+—+—+— >
output ——t—t—t—t—t—t——+—+—+—+>

0=0

T,,=1+12

(a)

cycle: 3-2-10123 456 78 9101112
Input | ————————————— >
compute 1>
Output 8 :3 I 1 1 1 1 1 1 1 1 1 1 1 1 >

T,,=3+1+12

(b)

Figure 9.1: Timing characteristics of serial operation with n = 12. (a) With 6 = 0. (b) With 6 = 3.
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LSDF AND MSDF

1. Least-significant digit first (LSDF) mode (right-to-left mode)

n—1 ;
Tr= > X;r
i=0

2. Most-significant digit first (MSDF) mode (left-to-right mode)
also known as online arithmetic
initial delay called online delay

Tr= > xr
i=1
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ALGORITHM MODEL

e Operands x and y, result z: n radix-r digits

e In cycle j the result digit 2z, is computed

e Cycles labeled —0,....,0,1,...,n

e In cycle j receive the operand digits =15 and ¥y;1145, and output z;

e x[7], y|j] and z[j] are the numerical values of the corresponding signals when
their representation consists of the first 7 + 0 digits for the operands, and j
digits for the result.

In iteration j

zlj+1] = (zlj], zj1140)

yi+1 = Wl yj+1+0)

Zi+1 — F<w[j]7$[j]7$j—l—l+5ay[j]7yj—l—1+57Z[j])

2 +1 = (2., z+1)

wlj+ 1] = G<w[j]7x[j]7xj+1+57y[j]ayj—l—l—l—daZ[j]azj—i—l)
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J j+l1
Cycle I I I
xj+1+5 xj+2+8
yj+1+8 yj+2+6
Input : : :
x[j+1]— J
x[j+2]
Ziv1 Ziv2
Compute I I I
Z; Ziy1
Output : : :
(a)

xj+1+8 yj+1+6

|
> XY |
g |
x[j] yljl I
|
Ziv1 YV “ I
1 Fa :

2.
21y wlly |
z L w | |
z[j] !
wlj] (residual) l
|

— digit-serial
=P digit-parallel
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Table 9.1: Initial delay (0)

Operation LSDF MSDF
Addition 0 2 (r=

)
1(r>4)
Multiplication 0 3 (r=2)
2 (r =4)
(only MS half) n
Division 2n 4
Square root 2n 4
Max /min n 0
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a) LSDF mode

n-digit addition:

Cycle: 012

LSD MSD
Inputs: XXXXXXXZXX
Output: X XXX XXXXX

n by n --> 2n multiplication:

LSD MSD
Inputs: X XXX XXXZXX
Output: X XXXXXXXXXXXXXXXXX
MS half
b) MSDF mode
Cycle: -2-1012.
n-digit operation:
MSD LSD
Inputs: X XXXX X X X X
Output: XX X X X X X X X

online delay = 2

Figure 9.3: LSDF and MSDF modes.
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COMPOSITE ALGORITHM: EXAMPLE

e Givens method for matrix triangularization

e Rotation factors:
X Yy

S =
e The online delay of the network

Aot =01 +024 03+ 04 =13

C =

e Execution time (latency): Dot = Aoy + 1+ 4
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xh yh
Operation:
,__' _________ -
| Y Y |
811l oLsQ oLSsQ :51 Squaring
(on-line : s .
I |
AN /
AN \ 4 Y //
AN
\ 02 | OLADD 7/ Addition
N\ /
T
- fi| k=i-82-1
( p-bz.t shift A=p ! A=p
register)
33 |OLSQRT Square root
g, |p=k—063-1
54 | OLDIV |« il » OLDIV | &4 Division
c, l q=p—54-1 l s,
(a)
Yy et }——————+—+—+>
ab 5 >
f 82 ——— >
g 43 p———————————— >
¢, s 54 —H——+—+—+—+—+—+—+++—+—+>
()

Figure 9.4: Online computation of rotation factors: (a) Network.
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LSDF ARITHMETIC: ADDITION/SUBTRACTION

e The cycle delay
tLSDFadd—k = topAk) T IFF

e [ he total time for n-bit addition

n
TTSDFadd—n = (k + Dtrspradd—k

e The cost: one k-bit CPA, one flip-flop, and one k-bit output register

Digital Arithmetic - Ercegovac/Lang 2003 9 — Digit-Serial Arithmetic



Operand X:
Operand Y: X, k: Z; Result Z:
Vi =7 ) SRR Ry T LE T R
k i result digit
register
SUB
c [
carry/borrow FF
(initialize to 0 if ADD
1if SUB)
(a)
Operand Y: Operand X: li Result Z:
Z; Z;
Yi0 jﬁxw—' L e B Sl
— 21 Zi1,1
yi’] —j xi,] § b > 7 —l»
I S
- Z; Z;
Yi2 —j};xi,z — > 3;3 ”2> S i-1,2
X: 3 —b Z; 41,3
Vi3 _:)) >”3 l’3> zZ —»
SUB
carry/borrow FF c
(initialize to 0 if ADD

Digital Arithmetic - Ercegovac/Lang 2003 1if SUB)
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LSDF MULTIPLICATION

e For radix-2 and 2's complement representation:

1. Serial-serial (LSDF-SS) multiplier, both operands used in digit-serial form.

2. Serial-parallel ( LSDF-SP) multiplier, one operand first converted to parallel
form

e Operation cannot be completed during the input of operands
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SERIAL-SERIAL MULTIPLIER

e Define internal state (residual)

wj] =27V (lj] x ylj] - pli))
where z[j] = Lo 22" and similarly for y[j] and pl[j].

e Both operands used in serial form; the recurrence is

UM+4]=24ﬁ”@[+HXyU 1] —plj+1]) |
= 27U (5] + 2127 ) (ylg] + Y127 = (Blj] + a2’ ™))
= 27 w[j] +ylj + + 1z + 2j|yj1 — pj1)

e This can be expressed as

vlj] = wlj] + ylj + zj1 + 7]y

and

wlj +1] = [27"]j]]
Pj+1 = v|jlmod 2
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Position
Cycle| 8 7 6 5 4 3 2 1 0
0 Yoxo
1 ToY1
Y11 Yol
2 LT1Y2 ToY2
Y22 Y1T2 Yo
3 ToY3 T1Y3 Toys3
Y33 Y23 Yi1T3 Yoxs
4 T3Ys ToYs T1Ys ToYs
YaZy Y3y Y2T4 Y1T4 Yoy

Digital Arithmetic - Ercegovac/Lang 2003
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(shift-register for load control in left-append registers not shown)

_xj+2 Xj+] y]+2
— l > LA-Reg X > —lL LA-Reg Y
n A il n g x[j] v, " Y+1] n A y[j+1]
Xit1 \4 \d J+l \i \i
Yie—> SELECTOR X 7 SELECTOR
n n
sign(x)
sign(y)
\ A \ A / ;
4:2] cycle n
ADDER
LS bits
wlj+1]: n sk o 4 s b
shifted WCl 1 shifted WS
Reg WC Reg WS carry-out
wlj]: n n
L
| SA —> MS bits

(register control signals not shown)

SA - Serial adder

Figure 9.6: Serial-serial 2's complement radix-2 multiplier.
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cont.

e The total execution time
Tssmurr = 2nteye
e The delay of the critical path in a cycle
teye = tsEL + ta—ocsa + LrF

e Cost: one n-bit [4:2] adder, 5 n-bit registers, and gates to form multiples
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SERIAL-PARALLEL MULTIPLIER

e One of the operands is a constant,
One possibility: perform operation in 3n cycles

Phase 1: Serial input and conversion of one operand to parallel form;
Phase 2: Serial-parallel processing and output of the LS half of the product.
Phase 3: Serial output of the MS half of the product.

e The critical path in a cycle

leye =tspr +tcsa +trp
e The delay of the LSDF-SP multiplier

1Isprpa = 3n X tcyc
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(shifted -in
in Phase 1 or

constant)

x, —>|  Shift-Reg X

(used serially n Xx n X x
in Phase 2) v v
y; — > SELECTOR
nA{0,xx} .
sign(y)
v v ' cycle n
3:2] in Phase 2
ADbER (shifted -out
n X n+l X in Phase 2)
N > :
+1 > HA —> LS bit
shifed we y U n 8 Ginea ws v
Reg WC Reg WS carry-out
nAg W[]] nA
(shifted -out
in Phase 3)
R
| SA —> MS bits
(register control signals not shown) SA - Serial adder

Phase 1: shift-in operand X (n cycles)
Phase 2: serial-parallel carry-save multiplication (n cycles)

shifted sum and carry bit-vectors loaded bit-parallel
Phase 3: MS bits obtained using bit-serial adder SA operating

on bits shifted out of WC and WS shift-registers (n cycles)

Digital Arithmetic - Ercegovac/Lang 2003 Figure 9.7: 3-phase serial multiplier. 9 - Digit-Serial Arithmetic
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MSDF: ONLINE ARITHMETIC

e Online arithmetic algorithms operate in a digit-serial MSDF mode

e To compute the first digit of the result, 0 + 1 digits of the input operands
needed

e Thereafter, for each new digit of the operands, an extra digit of the result
obtained

e The online delay 0 typically a small integer, e.g., 1 to 4.

Cycle 2 -1 0 1 2

Input X1 To X3 Ty Ty *+-

Compute 21 Zy 23 -

Output 21 29 -
0 =2

Figure 9.8: Timing in online arithmetic.
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REDUNDANT REPRESENTATION

e The left-to-right mode of computation requires redundancy

e Both symmetric {—a,...,a} and asymmetric {b, ..., c}) digit-sets used in
online arithmetic

e Over-redundant digit-sets also useful

e Examples of radix-4 redundant digit sets:
{-1,0,1,2,3} (asymmetric, minimally-redundant),
{-2,-1,0,1,2} (symmetric, minimally-redundant), and
{-5,-4,-3,-2,-1,0,1,2,3,4,5} (symmetric, over-redundant)

e Heterogeneous representations to optimize the implementation

e Conversion to conventional representation: use on-the-fly conversion
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ADDITION/SUBTRACTION

e The online addition/subtraction algorithm: the serialization of a redundant
addition (carry-save or signed-digit)

e Radix r > 2
(0,212 + yj+2) if (2120 4+ yjo| <a—1
(tjsn, wive) = (Lzjpe+yjo—1) fzj0+yi0>a
(—Lzjio+yjua+7) if jp0+yj40 < —a
and
[
Zj4l = Wil + i
where z;, y;, 2; € {—a,...,a}.

Digital Arithmetic - Ercegovac/Lang 2003 9 — Digit-Serial Arithmetic



23

EXAMPLE OF ONLINE ADDITION (r =4, a = 3)

e Operands x = (.123301)  y = (.213322)
e The result z = (1.101221).

J1Tje2 Yjro\tjt1 Wiro|Wit1|2j41] %5
-1 1 211 -1 0% | 1 |o*
0, 2 -1]0 1 -1 -1 11
1/-3 -3 /|-1 -2 1 0 |-1
21 3 311 2 | -2 -110
3/ 0 2 0 2 2 2 |-1
41 -1 2 10 1 2 2 |2
500 0[]0 O 1 1 |2
6/ 0 0|0 O 0 0 |1
%

latches initialized to O.
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RADIX r» > 2 ONLINE ADDER

24

xj yj xj+] yj+l xj+2 yj+2
|| || ||
TW TW TW
SUM SUM SUM
5y i1y L2y

(a)

Figure 9.9: (a) A segment of radix-r > 2 signed-digit parallel adder. (b) Radix-r > 2 online adder. All latches cleared at start.

Digital Arithmetic - Ercegovac/Lang 2003

xj+2 yj+2

TW

j+2

latch

(b)
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RADIX-2 ONLINE ADDER

e Digit-parallel radix-2 signed-digit adder converted into a radix-2 online adder
with online delay 0 = 2

+ - + .- + -+ - + - + .- + - + .-
XielXjw1 Viwd Yiel  Xje2%42 Yie2 Yjie2 %j43%43 Vjr3 Vj+3 Xie3%i+3 Vix3 Vj+3
FA FA
O
hj - hji2 > 843
8j+1 8j+3/ hyy; [:I
gj+2
o (L Q o
FA FA
l T Wit fj+1T Wit tj+2T Wik3 a3 Yj+2
l l l l latch
+ - + - + - -y + =w,
Gl G+l Ziy2  Zja2 Zi+3 %43 Zpl = Ljer %+l Jj+l
(output latches)
(a) (b) -
Z Z+

Figure 9.10: (a) A segment of radix-2 signed-digit parallel adder. (b) Online adder.
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cont.

26

e The cycle time is {.yc = 2tpa + tpF

e The operation time Torapp—2 = (2+ 1+ 1)tsy.
e The cost 2 FAs and 5 FFs.

e To reduce the cycle time, pipeline the two stages:

reduces the cycle time by one tr4; increases online delay to 0 = 3

Digital Arithmetic - Ercegovac/Lang 2003
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EXAMPLE OF RADIX-2 ONLINE ADDITION

27

Tr = (.01011101)

y = (.IOTOlﬁO)

z = (I.TOIOOIOI)
7143 Yja3 ZU;F+3CU}+3 yﬁgyﬂg hjvo Gj+3]9j42 tjr1wjo Z;F+1z;+1 j
2 0 1 00 10 1 10 |00* 01 - - -
-11 1 0 10 00 1 10| 10 00 10 -
0] 0 -1 00 01 0 01]10 11 01 1
1/-1 O 01 00 0 10| 01 11 11 |-1
2 1 1 10 10 1 00| 10 00 10 0
3/ 1 -1 10 01 0 11|00 01 00 1
4, 0 -1 00 01 0 01 11 10 11 0
5/ -1 0 01 00 0 1001 11 01 0
6/ 0 O 00 00 0O 00|10 11 11 |-1
710 O 00 00 0 00| 00 00 10 0
8/ 0 O 00 00 0O 00|00 00 00 1
X

Digital Arithmetic - Ercegovac/Lang 2003

g latches initialized to 00.
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METHOD FOR DEVELOPING ONLINE ALGORITHMS

e Part 1: development of the residual recurrence

U][] -+ 1] — G<w[j]7x[j]axj+1+57y[j]7yj+1+57Z[j]v Zj—l—l)
for —0 < 7 <n — 1 where

N &« T R & S B Joo_
r|j] = X T , yljl = oy z[j] = D
1= 1= 1=

1

are the online forms of the operands and the result

e Part 2: the result digit selection

zi1 = F(wlj], 2[5, j4145, Y1J) yje146, 21])
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Part 1: RESIDUAL AND ITS RECURRENCE

Step 1. Describe the online operation by the error bound after 7 digits

|f(l5] yli]) = 2] < 7™
Step 2 Transform expression to use only
e multiplication by r (shift),
e addition/subtraction,

e multiplication by a single digit

B < G(f(zlj], ylj]) —2l]) < B

where G is the required transformation and B and B are the transformed
bounds

Example: division error expression |z[j]/y[j] — z[j]| < r~/ transformed into

2] — 2[] - ylall < Ir~ylj]l

Digital Arithmetic - Ercegovac/Lang 2003 9 — Digit-Serial Arithmetic



30
cont.

Step 3 Define a scaled residual

wlj] = (G(f([j], yli]) — =[]))
with the bound | |
w=r'B<wljjl<r’'B=w
and initial condition w|—¢] = 0. w and w are the actual bounds determined
in Step 6

—

7]
wlj+1] = rwljl+r " G(f (@[i+1], y[j+1]) = 2[5+1]) =G (f (2[5], yli]) —=[5])

Step 5 Decompose recurrence so that H; is independent of 2,4

Step 4 Determine a recurrence on w

wlj + 1] = rwlj] + Hi + Hy(zj41) = v[j] + Ha(zj11)
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cont.

Step 6 Determine the bounds of w[j + 1] in terms of Hy and H,
w=rw+maxr(H1)+ H2(a)

resulting in
. - max(H,) + Hy(a)
B r—1
Similarly,
o ~ min(H,) + Hy(—a)
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Part 2a: SELECTION FUNCTION WITH SELECTION CONSTANTS

ziv1 =k if mp < 0[j] < My

where ©]j] is an estimate of v[j] obtained by truncating the redundant repre-

sentation of v[j] to ¢ fractional bits.

Selection constants need to satisfy
max(Ly,) < my < min(U;,_)

where [Lj, Uy is the selection interval of the estimate [j]
Step 7 Determine [L;, Uj]

First, determine [L;, Uy| for v|j]

w="Uy+ Hy(k) w=Li+ Hyk)
Substituting w and w the selection intervals for v|j] is,

Uk _ _ma:L‘(Hl_)—li—HQ(a) . HQ(k)

Lk _ _ min(Hy)+Hy(—a) H2<k’>

r—1

Digital Arithmetic - Ercegovac/Lang 2003
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cont.

Now restrict the intervals because of the use of the estimate v[j]

min < VJ] — 0|j] < €max
producing the error-restricted selection interval |L;, U}| with
U: =Uk — emnar Ly = Li + |€min]
The errors are

— 2—t—|—1

e For carry-save representation e,,,. — ulp and e,,;, = 0.

e For signed-digit representation ¢,,,, = 27" —ulp and €,,;, = — (27" —ulp).

Up-1 = Ui +27')s
Ly = [Lil:

where |x]; and [z]; indicate x values truncated to t fractional bits.

Digital Arithmetic - Ercegovac/Lang 2003 9 — Digit-Serial Arithmetic



L, i 2
l l |
7 e S T (D SEn & S S b W R e e — —
® - possible choices 2! V1
for m,
L Ur.s Ukt

L
k A
(the ticks on the v[j] line represent the estimate Vv[j])

Figure 9.11: The choices of selection constant my,.

34
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cont.

Step 8 Determine ¢ and 0. To determine my, we need
min(Uy_1) — max(Lg) > 0

This relation between ¢ and J is used to choose suitable values.

Step 9 Determine the selection constants my, and the range of v[j] as

|7w + min(Hy) — enae |t < 0J] < 1w+ maz(Hy) + |eminl |:

Digital Arithmetic - Ercegovac/Lang 2003 9 — Digit-Serial Arithmetic
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Part 2b: SELECTION BY ROUNDING

e In algorithms using a higher radix (r > 4)

wlj +1] = rwlj] + Hi + Hy(zj41) = v[j] + Ha(2j41)

e In the rounding method, the result digit is obtained as

1 = Loli] +

with |v[j]| < 7 — J to avoid over-redundant output digit.

wlj+1] = vlj] + Ha(ofj] + )

e For CS form of t fractional bits, the estimate error

=271 —ulp

emax
e When 0[j] = my — 27" it must be possible to choose z;,1 =k — 1

2k — 1 _
myprp — 2_t—|‘€max = T+2_t S Uk—l
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GENERIC FORM OF EXECUTION AND IMPLEMENTATION.

e Execution: n + ¢ iterations of the recurrence, each one clock cycle
e Iterations (cycles) labeled from —d to n — 1

e One digit of each input introduced during cycles —0 to n — 1 — 0 and digits
value 0 thereafter

e Result digits 0 for cycles —0 to —1 and z; is produced in cycle 0

e Result digit z; is output in cycle j (one extra cycle to output 2,)

Digital Arithmetic - Ercegovac/Lang 2003 9 — Digit-Serial Arithmetic



38
cont.

e The actions in cycle j:

— Input ;1145 and Y1145

— Update x[j+1] = (z[j], 7;1115) and y[j+1] = (y[j], yj+1+s) by appending
the input digits.

— Compute v[j] = rw[j] + H;

— Determine z;; using the selection function.

— Update z|j + 1] = (2|j], zj+1+s) by appending the result digits.
— Compute the next residual w[j + 1] = v[j] + Ha(2;4+1)

— Output result digit z;

Digital Arithmetic - Ercegovac/Lang 2003 9 — Digit-Serial Arithmetic
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IMPLEMENTATION

e Similar structure of algorithms — all implemented with same basic compo-
nents, such as
(i) registers to store operands, results, and residual vectors;
(i) multiplication of vector by digit;
(iii) append units to append a new digit to a vector;
)

(iv) Two-operand and multioperand redundant adders, such as signed digit
adders, [3:2] carry-save adders and their generalization to [4:2] and [5:2]
adders:

(v) converters from redundant representations (i.e., signed digit and carry
save) to conventional representations;

(vi) carry-propagate adders of limited precision (3 to 6 bits) to produce esti-
mates of the residual functions; and

(vii) digit-selection schemes to obtain output digits.
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cont.

e Online algorithm implementation similar to implementation of digit-recurrence
algorithms

e Algorithms and implementations developed for most of basic arithmetic op-
erations and for certain composite operations

e Larger set of operations possible than with LSDF approach
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DIGIT-SLICE ORGANIZATION

xj+1+8 yj+1+8

| 1 1k :
- ] >
p! ] -
Yy v | v v . ! Y l
| Batoka E 9 E YY) : m
—— - -
: L kk |
Ziy1 l digit slice |
*  paths for appending input digits
*%  [eft-shifted bits of the residual
l *¥% the width of the MS slice depends
i on the selection function

Figure 9.12: A typical digit-slice organization of online arithmetic unit
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ONLINE MULTIPLICATION

e Online forms

B PR
vl = X ™, ylil = Xy pljl = X pir

1=1

—1

e The error bound at cycle j
(5] - yli] = plill <77
e The residual |
wlj] = r(z]j] - ylj] — plj])
with the bound |w[j]| < w

e [ he residual recurrence

wlj +1] = rwlj] + (@3]yjr 106 + yld + Uzjp106)r™" — pjis
= U[j] — Pj+1
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SELECTION FUNCTION

e Decomposition
Hy = (x[lyjies +ylj + Nojras)r ™ Hy = —pji

e Bound
w=—w=w=p(l—2r")

e Selection intervals
U, = p(1—=2r7%) +k

Ly = —p(1—=2r ) +k

e With carry-save representation for w/j| and v|j], the grid-restricted intervals

are -
U, = |p(1=2r7") +k—27"],

L, = [—p(1 —=2r=%) + k],
e [he expression to determine ¢ and 9:
p(1—=2r Y+ k—1—2"", = [—p(1 =2r )+ k], >0

resulting in
p(1—2r7)], 2 27 (14 27")
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cont.

e Several examples of relations between r, p, t, and ¢

Radix| p |t |0
2 1 23
4 1 |22

2/31313
8 2/3]2]3
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RADIX-2 ONLINE MULTIPLICATION

e0=3and t =2
e Selection constants m;'s obtained from
Ly <my < Up-y

where -
U= [1-27+k—-2"7%y=k+27!
Ek = (—1+2_2+M2:k—3x2_2

eSinceUjp_1=k—2"1and L, =k —3 x 272 mp =k — 27 is acceptable.
The selection constants are

e Range of vj] is
e The selection function SELM (v[j]) is

P = SELM(o]j]) =10 if —1/2 < vlj] < 1/4

Digital Arithmetic - Ercegovac/Lang 2003 9 — Digit-Serial Arithmetic
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IMPLEMENTATION OF SELECTION FUNCTION

e Estimate v represented by (v_1, vy, v1, v3)

e Product digit p; 11 = (pp, pn) with the code

Pj+1 | PP Pn
1 '1 O
0O 0 O
-1 10 1

e Switching expressions:

pp = v (vg +v1)
pn = v (v) +vy)
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U V100102 | Pj+1
7/4 01.11 1
6/4 01.10 1
5/4 01.01 1

1 01.00 1
3/4 00.11 1
1/2 00.10 1
1/4 00.01 0

0 00.00 0
—1/4 11.11 0
-1/2 11.10 0
—3/4 11.01 -1
-1 11.00 -1
-5/4 10.11 -1
—6/4 10.10 -1
—7/4 10.01 -1
-2 10.00 -1
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1. [Initialize]
r[=3] = y[=3] = w[=3] = 0
for j =—-3,-2,—1
x| + 1] — CA(z[j], mj4a); ylj + 1] — CA(ylj], yj+4)
o] = 2lj]) + ({7101 + ¥l + y10)2"
wlj + 1] «— vlj]
end for
2. [Recurrence]
for =0...n—1
zlj + 1] « CA(z|j], zj44); ylj + 1] — CA(ylj], yjra)
vlj] = 2wlj] + (@[jlyjea + ylj + zjra)27
pjr1 = SELM(v[jl);
wlj + 1] —vlj] = pj+1
Pout < Pj+1
end for

Figure 9.13: Radix-2 online multiplication algorithm.
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(shift-register for load control in right-append registers not shown)

predecessor
on-line unit predecessor on-line
"""" ! unit ~TTTTTTT
xj+5 E :
—|LX l > CA-Reg X Yips —|LY '—lL CA-Reg Y
I (D (7 n A¥[+1] n g y[+1]
j+4 \d v Vi+d y \d
Yieg —> SELECTOR Xivg —> SELECTOR
n n /*’
l 4 \ * .
c=1ifx,, ,<0
[4:2] « A
ADDER < .
cy:] zfyj+4 <0
n+2 v[jl] n+2
v 7] y
3 44 A
SELM |« vl -
y
ol 7
Piyg 'l—jw:l wired shift left
\ IR I Y !
Pout 5 2wlj+1]
v y ofi] VS_; VS, . VS; VS, VS5 VS,
p; Reg WS Reg WC / VC_;VCy. VC; VL VEZVCy .
ni2f  2wlj] n+2 estimate of v[j "1 0 "1 Y2

V block produces estimate of v
M block performs subtraction of Py

(register control signals not shown) (a)

%
% % .V Vs, VS
2W[]+I] 0 1 2 3 "4

v, =v, XOR |pj+]|
(b)

Figure 9.14: (a) Implementation of radix-2 online multiplier. (b) Calculation of 2w[j + 1].
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EXAMPLE OF RADIX-2 ONLINE MULTIPLICATION

Operands:

v = (.11011011)

y = (.10111110)
J|Tjralyiralzly + 1 Jylg+1] ol pjr1wlj + 1]
3111 1 00.0001 0 00.0001
201 0 .11 .10 00.00110 0 |00.00110
-1 0 | 1 |.110 101 00.011110 0 [00.011110
0 -1 -1 .1011 .1001 00.1100011 1 111.1100011
1/ 1 | -1 |.10111 .10001 11.10000111 0 [11.10000111
2,0 | 1 |.101110 |.100011 |11.001001010 | -1 |00.001001010
3/ -1 1 |.1011011 |[.1000111 |00.0100111101 | O [00.0100111101
4/ 1 | 0 |.10110111,.10001110|00.10110000010/ 1 [11.10110000010
5/ 0 0 |.10110111/.10001110(11.0110000010 | -1 |00.0110000010
6, 0 | 0 |.10110111|.10001110/00.110000010 1 |11.110000010
7,0 | 0 |.10110111|.10001110(11.10000010 0 [11.10000010

Digital Arithmetic - Ercegovac/Lang 2003
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cont.

e Computed product: p = (.10101110)

e The exact double precision product p* = (.0110010110000010)

e The absolute error wrt to the exact product truncated to 8 bits:
|p o p:rl — 2_8

e Note: p[8] + w[8]27° = p*
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ONLINE DIVISION

e Online forms

I S = R
vl = X ™, ylil = Xy g = X g

e Error bound at cycle j

z[] — qljld[j]] < d[j]r™

e Residual

e Residual recurrence

wli + 1) = rwli] + 11407 — qlildj1er ™ — d[j + 1gj
= v|j] —dlj + 1]gjn
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RADIX-2 ONLINE DIVISION

ed)=4andt =3

e Selection intervals and selection constants
minUy = Upldlj +1]=1/2] =21 -234+0-23 =272
maxL; = Lyfd[j+1]=1=-1+23+1=273
resulting in m; = 272
mnU_; = U_[djj +1]=1=1-23-1-23= 2772
max Ly = Lold[j +1]=1/2] = 271 +273=-3x273

so that mg = —22.
1 if 1/4 <woj] <15/8

g1 = SELD@[j]) =10 if —1/4 <[] <1/8
—1if —2<alj]<—-1/2
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1. [Initialize]
r[—4] = d[—4] = w[=4] = ¢[0] = 0
for j=—-4,...,-1
dlj +1] — CA(d[j], d;15)
vlj] = 2w[j] + ;4527
wlj +1] = vlj]
end for
2. |Recurrence]
for y=0...n—1
dlj + 1] — CA(d}), djvs)
vlj] = 2wlj] + 215271 — qljld; 527"
gj+1 = SELD(vlj]);
wlj + 1]« vlj] = gjndlj + 1]
qlj + 1] — CAlqlj], ¢j+1)

Qout — gj+1
end for

Digital Arithmetic - Ercegovac/Lang 2003
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(shift-register for load control in right-append registers not shown)

predecessor on-line
unit ~" "7 777 [

9j+; —> CA-Reg Q d,s —>|LD :—lL CA-Reg D
n il n fql] - le n Adfj+1] n f d[j+1]
\/ \d i+5 A A
dj+5 > SELECTOR 4jv; —> SELECTOR
________ : qS - n n
xj+6 : xj+5_|_E U ws wc
> LX \(single digit) 7, |
all 6 bits wide <~[=1=1=
Yy YV A i .
i S W LS
' ADDER or (djy5 < 0 and g<0)
s vlj]
\d JL oy \d
\Y% [3:2]
A ADDER .
SELD |le—o B ¢, =1if(q,,,> 0 and d>0)
or (qj4+1 < 0and d<0)
qj+1 R __
v ol | | wired left shift
Qout 2wlj+1]
\ Y
Reg WS Reg WC
4;
n+2 n+2
register control signals not shown .
(reg 4 ) 2wj]
ws wce
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REDUCTION OF DIGIT-SLICES

e Selection valid if (¢ fractional bits)

p—2h+0>t

Qp—I—h:’n—I-5

2n+0 +t
3

-

e Total number of bit-slices: ib + p, b - no. integer bits

e For example, the number of bit-slices for 32-bit radix-2 online multiplication

S 2% 324342

3
compared to 34 in implementation without slice reduction.

= 2423 =125
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d

I RN NN

ib t

not implemented

n

after left shift:

(a)

p
XXXXXXXXXXX

XXXXXXXXXXX
XXXXXXXXXXX
XXXXXXXXXXX

XXXXXXe
XXXxXxxee

XXXxXxxee
XxXxxeee

(b)

Figure 9.17: Reduction of bit-slices in implementation.
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MULTI-OPERATION AND COMPOSITE ONLINE ALGORITHMS

e To reduce the overall online delay of a group of operations

- combine several operations into a single multi-operation online algorithm
o Example: 22 + y* + 2°
e Inputs in [1/2,1), output in [1/4, 3)
e Online delay 0, = 0 when the output digit is over-redundant.
e Online delay (3+2+2=7) of the corresponding network
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ALGORITHM FOR SUM OF SQUARES

1. [Initialize]
w[0] = z[0] = y[0] = 2[0] = 0
2. [Recurrence]
for 7=0...n—1
vlg] = 2wlj] + 2xlj] + 2,27 )x; + (2y[7] + y;277 )y, + (22[5] + 2277 )2
w|j + 1] < esfract(v|j])
S01 < csint(u]7])
fg[j + 1] — (@] zj); ylj + 1 — Wil yjs); 27 + 1] — (2], zj41)
end for

Figure 9.18: Radix-2 online sum of squares algorithm.
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—> serial Ty Yisl 2y
—» parallel

APPEND [+| (APPEND «{ |[APPEND [+

N N
x[j] yljl zlj]
o ! !

MUL/ [« MUL/ <« [ MUL/ [«
APPEND APPEND APPEND

il vy y v v

[5:2] ADDER
CPA l l
Sjv1 w[F+1]
Sout APPEND MUL/APPEND
implements implements
l xlj+1]=x[j+x;, 27 2x[jIx;, 457, 277
S.in {0 ..... 8} (a)
6SS = 0
X.XXXXXXXXX :
2wlj]
X.XXXXXXXXX
. -j-1
X.XXXXXXXXX (Zx[J]xj+]+x]2+]2] )
X.XXXXXXXXX .
>~ (0l Y 27

X.XXXX xxxxx\ J J

- : 2 5l

csint csfrac (2z[j ]zj 1% 1277)
max(csint) = 8
Note: the fractional portion of the 5-2 CSA
Digital Arithmetic - Ercegovac/Lang 2003
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COMPOSITE ALGORITHM

61

od=/(z?+y>+ 2%
e Overall online delay of 5

e A network of standard online modules: online delay of 11

Digital Arithmetic - Ercegovac/Lang 2003

9 — Digit-Serial Arithmetic



— serial

—» parallel

x[j+1]
\4

w[j+1]

vy

xj+5

. Z: .
Vs J+S Operation:

APPEND [+

APPEND [+ [APPEND

A

A A
\ 4 \ 4

IR

RN

¢

' v

MUL/
APPEND

MUL/ MUL/

Sum of squares
APPEND APPEND

we
2wl § 4

v

v v

[5:2] ADDER

CPA

Sout

{0,...8)

1

l

w[j+1]

R[j+1]

v

RC

T & BLIEL

On-the-Fly
converter

CONVERT
d d

APPEND

y u=—(2dljld;, +d, 277)

%41

Square root

dsel

[3:2] ADDER

j+1

Dout

4

Figure 9.20: Composite scheme for computing d =
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{-1,0,1}
\

Vo

R[F+1]

(22 + 2 + 22).
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ONLINE IMPLEMENTATION OF RECURSIVE FILTER

e |IR filter
y(k) = ary(k — 1) + agy(k — 2) + b (k)

e Conventional parallel arithmetic

— time to obtain y[k|: Toony = 6tmodute-

_ tmodule ~ 6tFA

— rate of filter computation: Reony ~ 1/(4 X 6tpa)
e LSDF serial arithmetic

— time to obtain y|k|: Trspr = ntpa.
— rate of filter computation: Rypspr ~ 1/(n X tpa)
e Online arithmetic
— Multioperation modules of type vu + w, online delay of 4
— cycle time t); = 3tpy

— Throughput independent of working precision but not the number of online
units

— Rate: Ror = 1/<Aiter X tM) ~ 1/(1275FA>
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MUL

=L

x[k]
MUL ADD
b I
ADD
(a)
coefficients

[ S S

MUL

=

ylk-1]

ylk-2]

—L

ylk]

M1 M2 ™ |:| M3 M4 M5 —>
(Multiply)  (Multiply-add) ([4:2] adder) ([4:2] adder) (CPA)
— S form (b)
CYCLE: k k+1 k+2 k+3 k+4 k+5
Module:
M1 | bxtk, aplk2ly | aplk-y bafk+1],
M2 (bx(k]g) (ay[k-2]p)+ | (a,ylk-1]p)+
+bx([k],, aylk-2]; aylk-1],
M3 (bx[k]) +
(ay[k-2])
(bx[k] +
M4 ay[k-2])+
(apylk-1])
M5 ylk]
(c)

64

Figure 9.21: Conventional implementation of second-order IIR filter: (a) Filter. (b) 5-stage pipeline. (c) Timing diagram.
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ylk-2] ylk-1]

: 0=2 =3 =3 :
MODULE M | !
| 2 2|
‘b= S|, = t|a, = L !
x[k] ——] > > T k]
S ¢ __T—d ___—— _ :
(a)
k2 - yIk-2]
> M >
5
= =
<= -l =)
T A el > k1] | HS
. (T > M » 7 .
A @ - g E o yljl
—> o S .
Py o~
o I;J i M > o >
<= Tz
O
Xk+1] R ylk+1]
> M >
Array for n=16 and Ay,,.=4 (b)
ylk-2] HH————————————> from other
ylk-1] H—H—H—t——t———————t— modules
x(k] —H—+—+—+—+—+—+—+—+—+—+++>
c H—+—+—+—4—+—+—+—+—+—+++>
d —H—+—+—+—+++—+— >

Fi 22:
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ylk]

(c)

Online implementation of second-order IIR filter.
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