DIVISION BY DIGIT RECURRENCE

SEVERAL DIVISION METHODS:

e DIGIT-RECURRENCE METHOD - studied in this chapter

e MULTIPLICATIVE METHOD (Chapter 7)

e VARIOUS APPROXIMATION METHODS (power series expansion),

e SPECIAL METHODS SUCH AS CORDIC (Chapter 11) AND CONTINUED
PRODUCT METHODS.

IMPLEMENTATIONS:
e SEQUENTIAL
e COMBINATIONAL

1. PIPELINED
2. NONPIPELINED

e COMBINATIONAL/SEQUENTIAL
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DEFINITION AND NOTATION

xr=q-d+rem

irem| < |d| - ulp and sign(rem) = sign(x)

DIVIDEND
DIVISOR d
QUOTIENT ¢
REMAINDER rem

e INTEGER QUOTIENT: ulp =1,
e FRACTIONAL QUOTIENT: ulp =r7"

TWO TYPES OF DIVISION OPERATION:
1. INTEGER DIVISION, WITH INTEGER OPERANDS AND RESULT
USUALLY REQUIRES AN EXACT REMAINDER

2. FRACTIONAL DIVISION
TO AVOID QUOTIENT OVERFLOW: x < d

QUOTIENT ROUNDED, WHICH CAN RESULT IN A NEGATIVE REMAIN-
DER
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FRACTIONAL DIVISION - ASSUMPTIONS

e OPERANDS/RESULT IN SIGN-AND-MAGNITUDE FORMAT =—-CONSIDER
MAGNITUDES ONLY

12<d<1l; z<d;, 0<g<1

e FOR SIMPLER SELECTION: ¢; € D, = {—a,—a+1,...,—-1,0,1,...,a—
l,a}
e REDUNDANCY FACTOR
a 1
p = , ;<p=1
r—1
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RECURRENCE

e QUOTIENT AFTER j STEPS: g[j] = q[0] + =/, gir™

e FINAL QUOTIENT: ¢ = g[n] = q[0] + =, g

o FINAL QUOTIENT ERROR BOUND: 0 < ¢, =% —¢ < 7"
o ERROR AT STEP j:

il = —alil < el + S max(g)r = e+

e FOR CONVERGENCE: €[j] < pr
e FOR SIMPLER SELECTION, ALLOW NEGATIVE ERRORS

=

eljll = I = aljll < pr™

e ELIMINATE DIVISION FROM ERROR BOUND: |z — dq[j]| < pdr—?

e DEFINE RESIDUAL (PARTIAL REMAINDER): wlj] = 7 (z — dg]j])
e RESIDUAL RECURRENCE: w[j + 1] = rw[j] — dgjr1  w[0] =
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cont.

e BOUND ON w(j]: |w[j]| < pd

e SELECT QUOTIENT DIGIT TO KEEP w[j + 1] BOUNDED:
¢j+1 = SEL(rwlj], d)
e REDUNDANCY IN QUOTIENT-DIGIT SET ALLOWS

—

qj+1 — SEL(?/J, d)
WHERE 3 IS TRUNCATED rwlj], etc.
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IMPLEMENTATION OF DIVISION STEP

1. ONE DIGIT ARITHMETIC LEFT-SHIFT OF w|j] TO PRODUCE rw|j];

2. DETERMINATION OF THE QUOTIENT DIGIT gj44
BY THE QUOTIENT-DIGIT SELECTION FUNCTION;

3. GENERATION OF THE DIVISOR MULTIPLE d x ¢;41; and

4. SUBTRACTION OF dg; 1 from rw|j].

5. UPDATE OF THE QUOTIENT ¢l|j] TO ¢[j + 1] BY THE ON-THE-FLY
CONVERSION

qlj + 1] = CONV(qlj],qj+1)
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w[j] - present residual
' ARITHMETIC LEFT SHIFT ! d-

rW[J] - shifted residual o A
y d

\4

SEL

qj+1

\ 4

divisor

\ 4

DIVISOR MULTIPLE
GENERATION

rwij] dj,

A 4

SUBTRACTION

|

w[j+1] - next residual

QUOTIENT CONVERSION

“—— G

|

(@ qlj+1]

da, 1 subtraction

qj+1
selection

|

|
quotient update I
(on-the-fly) |

A

recurrence step time

(b)

Figure 5.1: (a) COMPONENTS OF A DIVISION STEP. (b) TIMING.
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MAIN FACTORS AFFECTING COST AND EXECUTION TIME

e RADIX r
e QUOTIENT-DIGIT SET

1. CANONICAL: 0 < ¢; <r—1

2. REDUNDANT: ¢, e D, ={—a,—a+1,...,-1,0,1,...,a — 1,a}
e REDUNDANCY FACTOR: p = %, p> %

e REPRESENTATION OF RESIDUAL:

1. NONREDUNDANT (e.g., 2's complement)
2. REDUNDANT: carry-save, signed-digit

e QUOTIENT-DIGIT SELECTION FUNCTION
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INITIALIZATION AND TERMINATION

Initialization:
e w|0] = x — dg|0] and |w[0]| < pd. Options:
— Make ¢|0] = 0 and
* For p =1 we make w|0] = /2.
* For 1/2 < p < 1 we make w|0] = z/4
Compensated in the termination step

— Make ¢|0] = 1 and w|0] = = — d. Applicable for p < 1 because ¢ > 1+ p
not allowed.

Termination:

e QUOTIENT:

;= q|N] if wN|]>0
g[N] — = if w[N] <0

N — number of iterations
If dividend shifted in initialization - shift quotient (extra iteration)
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ON-THE-FLY QUOTIENT CONVERSION

10

e 5 MS DIGITS OF CONVERTED QUOTIENT

o UPDATE |
Qlj + 1] = Q[j] + ¢jrar V™Y

e SINCE ¢4+ CAN BE NEGATIVE:

Qi + qjerr~ Ut if g1 >0

Qi +1] = Qi) — = + (r — |gia|)r= UV if gy <0

e DISADVANTAGE: SUBTRACTION Q[j] —
REQUIRES THE PROPAGATION OF A BORROW - SLOW

Digital Arithmetic — Ercegovac/Lang 2003
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ON-THE-FLY CONVERSION (cont.)

11

Digital Arithmetic — Ercegovac/Lang 2003

e DEFINE ANOTHER FORM QM /]

e NEW CONVERSION ALGORITHM IS

. QU] + g1 U f 45120
+ 1] = . —(+1)
QU +1 QMIj) + (r — g1 )r~ UV if g1 <0

e SUBTRACTION REPLACED BY LOADING THE FORM QM][;]
e UPDATE FORM QM[j] AS FOLLOWS:

QM[j +1] = Q[j +1] — =6+

_ Q]+ (gj+1 — 1)7“_(j+1) | if gj11>0
QM[j] + ((r = 1) = |gjsa)r=VUH if g1 <0

e ALL ADDITIONS ARE CONCATENATIONS

5 — Division



ON-THE-FLY CONVERSION ALGORITHM

12

: _ 1 (@li] gj+1) it gj1 >0

Qb+ 1= { (QM]7], (r — |Qj+1\)) if gj41 <0
: _ (@] gje1 — 1) if ¢j11>0
QML +1)= L GR 2 a2 6

INITIAL CONDITIONS Q[0] = QM|[0] = 0 (for a positive quotient)

Digital Arithmetic — Ercegovac/Lang 2003
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EXAMPLE OF RADIX-2 CONVERSION

13

4] QU QM|

0 0 0

1/1]0.1 0.0

2/ 1]0.11 0.10

31 010.110 0.101
41110.1101 0.1100
5/-1]0.11001 0.11000

6| 0 (0.110010 0.110001

7| 0]0.1100100 0.1100011
8|-1/0.11000111 0.11000110

9/ 1/]0.110001111 0.110001110
10/ 0 /10.1100011110 | 0.1100011101
11/ 1/0.11000111101 |0.11000111100
121 0/0.110001111010/0.110001111001

Digital Arithmetic — Ercegovac/Lang 2003
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IMPLEMENTATION OF THE CONVERSION

Q ¢ QM load
Y select
2-1 MUX <
/ Qin Z
Q REG Eé‘
Q o P_: Qj+1
< L
< 5 9
QM load ©
Y Y %Iect
2-1 MUX <
/ Y om
QM;,
QM REG
QM
\/

Figure 5.2: Implementation of on-the-fly conversion.

0 shift Q with insert (Qi,) if Csniprg =1
shift QM with insert (Qin) if Cloag = 1

OM shift QM with insert (QM;,) if Cspisron =1
shift Q with insert (QM;,)  if Cloagm =1
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cont.

15

Qin

QMm —

REGISTER CONTROL SIGNALS: Ciouag = Clyi o and Cloadonr = Clyipront

Digital Arithmetic — Ercegovac/Lang 2003

|

{ ¢j+1 if g1 >0
r =gl if g <0

qj+1 — 1 if gj11>0
(r—1) = |gjr1| if gj+1 <0
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EXAMPLE OF RADIX-4 CONVERSION

(QM]j],3)

(QMj],2)

(QMj],1)

(@M]3],0)

QMm CshiftQM QM] T 1]

| 1
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.”_\n/\n/\n/\n/.|7_.|7__|7_
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B === =
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&
~
S
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£
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—
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Figure 5.3:

IMPLEMENTATION.
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DIVISION IMPLEMENTATION: (a) TOTALLY SEQUENTIAL. (b) TOTALLY COMBINATIONAL. (c) COMBINED
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EXAMPLES OF ALGORITHMS AND IMPLEMENTATIONS

e CELLS: delay function of the load; delay and area in terms of 2-NAND.

e DEGREE OF OPTIMIZATION: the same modules have been used in all de-
signs.

o INTERCONNECTIONS NOT INCLUDED: not considered the delay, area nor
load of interconnections.

e EXECUTION TIME AND THE AREA FOR 53-BIT OPERANDS AND RE-
SULT

e INCLUDED DELAY AND AREA OF REGISTERS
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SCHEMES COMPARED

r2 Scheme Radix-2 with carry-save residual.

r4 Scheme Radix-4 with a = 2 and carry-save residual.

r8 Scheme Radix-8 with a = 7 and carry-save residual.
rl6over Scheme Radix-16 with two overlapped radix-4 stages.

r512 Scheme Radix-512 with a = 511, carry-save residual, scaling, and quotient-
digit selection by rounding.

Digital Arithmetic — Ercegovac/Lang 2003 5 — Division
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2-input MUX  3-input MUX: [3:2] MODULE a b ¢ a b c
| | | | Delay: 1.6 (FULL ADDER) | |
Area: 4.4 } HA
4-input MUX: ,
Delay: 1.8 9 | p|
Area: 5.6 HA*
Delay: 1.4 VCi+1 VS
Area30 @
o Delays:
abtovs: 4.2
BUFFER REGISTER CELL
ctovs: 2.2

D —Tool—

abtovcj+1:3.8

Delay: 1.8 Delay: VCi+1 VS
. y: 4.0 ctovcj+1: 2.0
Area:2.6 ——cK | Area: 4.0 +1. &
Area: 6.7
(b) SET (©)
a bbcc a a b c d

[4:2] MODULE

abocd
L]
iy <+ [4:2] —t
Module

*_l Vi ‘— VG

-

VCi+1 ti+1 d | t
Delays: L |1
totj+1: 1.6 MUX
tovcj+1: 5.6 ¢ | #7 VCi
tovs: 6.0 VGt o Vs
Area: 15.5

Figure 5.4: Basic modules: (a) Multiplexers. (b) Buffer and register cell. (c) Full-adder. (d) [4:2] module.
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RADIX-2 DIVISION WITH CS RESIDUAL

e REDUNDANT RESIDUAL wlj| = (WC[j], WS|[j])

1. [Initialize]
WS[0] «— z/2; WCI0] «+ 0; qp < 0;Q[-1]=0
2. [Recurrence]
for j =0...n+1 (n+ 2 iterations because of initialization and guard bit)
gj+1 — SEL(Y);
(WClj+1], WS[j +1]) <= CSADDEWCYj], 2WS[j], —gjnd);
Qljl — CONVERT(Q[j - 1], 4)
end for

3. [Terminate]
If wn+ 2] <0then ¢ =2(CONVERT(Qn+ 1], g,r2—1))

else g =2(CONVERT(Qn+ 1], ¢ui2))

Digital Arithmetic — Ercegovac/Lang 2003 5 — Division
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RADIX-2 ALGORITHM (cont.)

e 1 is the precision in bits,
e SE L is the quotient-digit selection function:

1if 0<g<3/2
gj+1=SEL(y) =4 0if y=-1/2
—1if —=5/2<gy<-—1

The estimate ¥ has four bits (three integer bits and one fractional bit) of the
shifted residual in carry-save form,

e CSADD is carry-save addition

® —¢j1d is in 2's complement form, and

e CONV ERT on-the-fly quotient conversion function

Digital Arithmetic — Ercegovac/Lang 2003 5 — Division
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Dividend = = (0.10011111), divisor d = (0.11000101), scaled residual
2”(1}[0] — 2(55/2> — Xy qcomputed — q/2

2W S[0]
QW C[0]
—qd

000.10011111
000.00000001
11.00111010

yloj =05 ¢ =1

2W S[1]
oW C[1]

111.01001000
000.01101100
00.11000101

g0 =—-1 ¢ =

|
|
—

QW S[2

111.11000010
001.00110001
11.00111010

*

ylij =05 gz=1

011.10010010
100.11001001
11.00111010

*

y12] =0 qs =1

000.11000010
110.01101000
00.11000101

15 gy = —1

Digital Arithmetic — EI'CGgOV%Cé%&rl

* for 2's complement of g;.1d
¢ = 2(.11111) = .1101

1 g%%op%)xample of radix-2 division with residual in carry-save form.
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Divisord  WC[0] =0 wWc[j+1] WJ0] = x/2 Wj+1]

' S R TR I

Reg. D Reg. WC Reg. WS

d 4 2w 4 20dj] 4
buffers v v N——7~ *
g )
j+14>— 2-1 MUX 4SEL

2
d, 0, d cy by ay - )2 Lo
@09 32+ 4 21 g+1 9" g
[, WHj+1]
Yy el 110
SZ; Cfnvert < 0 0 O
G+1Y -1 0 1
q [3:2] adder
<~ 22
6.8 18 14 4

critical path Modules defined in Fig. 5.4

Figure 5.8: IMPLEMENTATION OF RADIX-2 SCHEME.
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DELAY AND AREA OF RADIX-2 STAGE

element | delay area

g-digit selection| 6.8 50

buffers|| 1.8 5

MUX| 1.4 160

CSA| 2.2 360

registers (3) | 4.0 650

Convert & Round | (NC) 1360
Cycle time | 16.2

Total area 2585
NC denotes a delay not in the critical path
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RADIX-4 DIVISION WITH CS RESIDUAL

1. QUOTIENT DIGIT SET {-2,-1,0,1,2}
2. p < 1 initialize WS[0] « x /4
3. THE NEXT RESIDUAL
(WCj+1], WS[j +1]) <= CSADDAWCj], AW S[j], —gj11d)

4. QUOTIENT-DIGIT SELECTION DEPENDS ON ESTIMATES OF SHIFTED
RESIDUAL AND DIVISOR described in terms of SELECTION CONSTANTS

my(i)

Gjv1 =k if my(i) < 9§ < mya(7)

5. FINAL QUOTIENT = 4 x OBTAINED QUOTIENT

Digital Arithmetic — Ercegovac/Lang 2003 5 — Division



SELECTION CONSTANTS

27

® (gj+1 — k if mk(z) < :Q < mk+1(i)

e i = 16d and d divisor truncated to the 4th fractional bit and

e § is 4w[j] truncated to the 4th fractional bit.

i 8 |9 10|11 12|13 1415
mo(i)* |12 | 14 | 15 | 16 | 18 | 20 | 20 | 24
mi(i)* | 4 4|44 6|6 8|8
mo(i)* | -4 | -6 | -6 | -6 | -8 | -8 | -8 | -8
m_1(i)"|-13|-15|-16 -18 | -20 |-20 -22 |-24

+: real value = shown value/16

Digital Arithmetic — Ercegovac/Lang 2003
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Dividend o = (0.10101111), divisor d = (0.11000101) (i = 16(0.1100), = 12)
scaled residual 4w[0] = 4(x/4) = &, Geomputed = /4

AW S[0]T = 000.10101111

AWC[O]™ = 000.00000001 * g[0] = 10/16 ¢ = 1
—qdT = 11.00111010
WS = 1.10010100
WC[] = 0.01010110

AW ST = 110.01010000
AWC[L]T = 001.01011000 g[l] = —6/16 g =0
—god™ = 00.00000000
WS[2[=  1.00001000
WC[2l = 0.10100000
AW S2]F = 100.00100000
AWC2]T = 010.10000000 g[2] = —22/16 g5 = —2
—gsdT = 01.10001010
w3 = 0.00101010

* least-significant 1 for 2's complement of ¢;1d
+ only one integer bit used in the recurrence, because of the range of w[j + 1].
q[3] = .1024 = .0324

Djgital Ari tic — /Lang. 2 . . . . o — Divisi
fgllg%re g@nﬁfgmp écggorg%f&_in&vgggn with residual in carry-save form.(On-the-fly conversion and termination ngt shown
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DELAY AND AREA OF RADIX-4 STAGE

element | delay area

g-digit selection | 10.8 160

buffers| 1.8 10

MUX| 1.8 300

CSA| 2.2 360

registers (3) | 4.0 650

Convert & Round | (NC) 1360
Cycle time | 20.6

Total area 2840
NC denotes a delay not in the critical path
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Divisor d WC[0]=0 WC[j+1] WHO0] =x/4 WJj+1]

S S T T T

Reg. D Reg. WC Reg. WS
d g AwWC[j] 7 AWd]] !
buffers —~ ¥ l
qj+1z‘[>— 4-1 MUX qSEL <+3
_ {d}4
5d,d,0,d,2d} Cv_ by ay 2
» WIj+1]

K’ > WC[j+1]
SZ: Convert =

¢ 4 qj+1
g (92*, 92, g1, ql)
Qj+1= O coded as
(0,0, 0,0)
[3:2] adder

critical path Modules defined in Fig. 5.4

Figure 5.10: IMPLEMENTATION OF RADIX-4 SCHEME.
Digital Arithmetic — Ercegovac/Lang 2003
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RADIX-8 DIVISION WITH CS RESIDUAL

31

e QUOTIENT DIGIT SET {-7, ..., 7} DECOMPOSED INTO

AND

qH — {_87 _47 07 47 8}

qr — {_27 _17 07 17 2}

element delay | area

g-digit selection | (¢5) 12.2] 610

buffers 1.8 20

MU Xes 1.8 600

CSAh 2.2 360

CSAl 4.2 360

registers (3) 4.0/ 650

Convert & Round (NC) | 1360
Cycle time 26.2

Total area 3960

Digital Arithmetic — Ercegovac/Lang 2003
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Divisor d WC[0]=0 WC[j+1] WI0]=x2 Wg[j+1]
| Reg.D | | Reg.WC | | Reg.WS |
d § 8wl g owgjjf .8
buffers ¢ v — Yyv
H
O] ) 3
J+1Z¢D—‘ 4-1 MUX | oSEL
8d, 2d, 0, 4d, 8d ks
| B2l e y ]
buft ld ld Oj+1- Oj+1 Oj+1
o (decoded as
qj+1z‘D—| 4-1MUX_ | in Fig. 5.10)
(24,d,0,d2d ¥ v v (1< 0)
| [3:2] .
> WY j+1]
Yy Vv ~ WC[j+1]
| Sz; Convert -
¢ (%+1,0%1)

q

H
qj+1

122

}_ ________________________
- o{lase >~ o)
QjL+1
critical path

e W gw Wewm Wem - ero N C N
1.8 1.8 A A Fy,

2]
Yy :
|

Modules defined in Fig. 5.4

Figure 5.11: Implementation of radix-8 scheme.
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RADIX-16 DIVISION WITH TWO RADIX-4 OVERLAPPED STAGES

element | delay | area

CSA| 4.2| 220
g-digit selection| 11.2| 820
MUX| 14

buffers| 1.8| 20

MUXes| 1.8| 600
CSA1|(NC)| 360

CSA2| 2.1| 360

registers (3)| 4.0 650
Convert & Round | (NC) | 1360
Cycle time| 26.6

Total area 4390
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{d}4

Figure 5.12: Implementation of radix-16 with radix-4 stages.

7 most

Divisord ~ WC[0]=0 WC[j+2] WJ0]=x4 Wgj+2]
b I T T

[ Reg.D | [ Reg.WC | | Reg.ws |

d  awcr] aw]

y
[3:2] |<_— (G+1<0)
WC[j+1]
AWj+1]
{2d,d, 0, d, 2d} v v vy
[3:2] l«— (G:2<0)
WYj+2] WC[j+2]

@

-2-1 0.1 234567
4WS[j]xxx.xxxxxxx] .
AWC[] X X X X X X X X X X (4Wiil7

‘_‘—’<——>
7 most 8 least
(AW}, . ~
{2d}, {d}, {d}, {2d},
8 least
s,l’s 8
gSEL | [3:2] || [3:2] | | [3:2] || [3:2] |
7< 7

Digital Arithmetic — Ercegovac/Lang 2003

gSEL [ gSEL [ qSEL [ gSEL [] gSEL

| | | | |
4>| 5-1 MUX |

l Conditional truncated
Y+2 residuals

' qj+l

(b)
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CSA2
Giot N
---------- {qSEL} { buff } {MUX} {CSAl} I[ HA ] ( REG
122 - 1
Qj+2 ‘ ; ; 29| |
\ 1
{QSEL}( MUX )—»( buff )—»( Mux} HA* [T
11.2 B
—>©—> Modules defined in Fig. 5.4
critical path

Figure 5.13: Critical path in radix-16 scheme.
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RADIX-512 DIVISION WITH PRESCALING AND SELECTION BY
ROUNDING

Cycle 1 : COMPUTE M = 1/d; compare d and x and set ¢
Cycle 2 : COMPUTE z = Md (in c-s form); v = 279

Cycle 3 : INITIALIZE w|0] = Mv (in c-s form); ASSIMILATE z;
Cycles 4 to 9 : ITERATE

¢j+1 = round(y); wlj + 1] = d512w[j| — ¢j+12
Cycle 10 : CORRECTING AND ROUNDING.

Digital Arithmetic — Ercegovac/Lang 2003 5 — Division



RADIX-512 DIVISON (cont.)
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RECTANGULAR MULTIPLIER-ACCUMULATOR

DELAY-AREA

element delay | area
M-module (NC) | 1800
MUX 1.4

recoder 6.0, 70
buffer 1.8

MUX 1.8 /3000
2 levels of 4-2 CSA | 12.0|3100
registers(3) 4.0/ 650
Convert & Round | (NC)|1360
Cycle time 27

Total area 9980

Digital Arithmetic — Ercegovac/Lang 2003
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X
d
Module 45; o
M {d}ys (Initialization not shown)
]
M Z
scaleliterate + YVYYVY Y Y
» MUX MUX
Y
Y
Round &
Recode
s 8+38 53+9+5= 67
j+1 v M ; Qj+1 v 512W[J]
MULTIPLIER
- ACCUMULATOR
Md; Mx; 512w -qz <
WC[j+1] L 67 67 L WY j+1]
Y Y
w
, WCIj] WYj]
2(10+2) \ 4 v
CPA
iwcml] iwsnﬂ]
8+8
SZ; CONVERT 7 Gq

'

Figure 5.14: Implementation of radix-512 scheme.
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OVERALL COMPARISONS

39

Scheme | r2| r4| r8 rl6 (overlapped) |r512
Cycle-time factor | 1.0|1.3|1.6 1.6 1.7
Number of cyclesi | 57| 29| 20 151 10

Speedup |[1.0/1.5|1.8 24| 3.4

Area factor |1.0|1.1 /1.5 1.7/ 3.9

TCorrection: two cycles for radix-2, one cycle for other cases.

Digital Arithmetic — Ercegovac/Lang 2003
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QUOTIENT-DIGIT SELECTION FUNCTION

Quotient-digit set:
¢j+1 € Dy ={—a,—a+1,...,-1,0,1,...,a—1,a}

Redundancy factor:

© 1o ,<
r—1 2°F=

e TWO FUNDAMENTAL CONDITIONS FOR g-SELECTION
e CONTAINMENT - must guarantee bounded residual

e CONTINUITY - there must exist a valid choice of g;. in the range of shifted
residual

p:

Digital Arithmetic — Ercegovac/Lang 2003 5 — Division
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CONTAINMENT AND SELECTION INTERVALS

¢ RESIDUAL RECURRENCE
wlj +1] = rwlj] — dgj [wlj]| < pd

p=a/(r—1) —a<g;<a

SELECTION INTERVALS
If rwlj] € [Ly, Ux] then g;41 = k makes w[j + 1] bounded

L <rwlj] <Up = pd <wlj+1]=rwlj]—k-d< pd

o EXPRESSIONS FOR SELECTION INTERVALS
Up=(k+p)d Ly=(k—p)d

Digital Arithmetic — Ercegovac/Lang 2003 5 — Division
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ROBERTSON'S AND P-D DIAGRAMS

(@)

Figure 5.16: ROBERTSON'S DIAGRAM
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rwij]

selection region
for 0j+1= k

Ug=rpd

k>0

Digital Arithmetic — Ercegovac/Lang 2003

\

k<O

(b) L.g=-rpd

Figure 5.16: P-D DIAGRAM (for d > 0).
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CONTINUITY CONDITION, OVERLAP, AND Q-DIGIT SELECTION

qj+1 = SEL(wlj], d)
e SFEL represented by the set {s;},—a < k < q,

gj1 =k if s <rwlj] < spq —ulp

sk, defined as the minimum value of rw|j| for which ¢;1; = k&
si.'s are functions of the divisor d

CONTAINMENT: L; < s, < Uy,
CONTINUITY: gj+1 = k — 1 for rw|j| = s — ulp < U,

Up>Up1+ulp — Ly < s, < Up—1 +ulp or Ly < s < Up_q
e OVERLAP
Up-1— Ly =(k =1+ p)d — (k= p)d = (2p — 1)d
RESULTING IN
p>27"

e REDUNDANCY IN g-DIGIT SET — OVERLAP BETWEEN SELECTION
INTERVALS - SIMPLER SELECTION

Digital Arithmetic — Ercegovac/Lang 2003 5 — Division



rwij]
L, - » U
k K k
Ly = > Uy
k-1
< » overlap
k or
k-1

(@)

Figure 5.17: Overlap between selection intervals.
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r'wij] a

— U
k-1

P
Lk

>~
1 » d
1/2< h‘

|
normalized divisor range

(b)

Figure 5.17: Selection function.
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qj+1:k

overlap
(kor k-1)

qJ+1: k‘l
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SELECTION USING CONSTANTS

47

e USE CONSTANTS my, INDEPENDENT OF DIVISOR
max (L) < my < min(Ug_1) + ulp
max and min for the range 27! < d < 1

e Fork >0
(k—p) <mp < (k—=1+p)2~" +ulp
which requires .
_I_
Py
o For kK <0
(k—p)27 ' <k—14p
which requires
(—k)+2
- 3

Digital Arithmetic — Ercegovac/Lang 2003
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Figure 5.18: BOUNDS ON my.
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RADIX-2 DIVISION WITH NON-REDUNDANT RESIDUAL

49

e EXTENSION OF NON-RESTORING DIVISION: {-1,0,1} SRT
e ALLOWS SKIPPING OVER ZEROS

Uy = 2d L =0
Uy=d>1/2 Ly=—-d<—1/2
U_,=0 Li=-2d

o SELECTION CONSTANTS:
0<mi <1/2, —1/2<my<0

Choose: my =1/2 and my = —1/2
e THE QUOTIENT-DIGIT SELECTION FUNCTION
1if 1/2 < 2]
gj+1 = 0if —1/2 <2wlj] <1/2
—1if 2wlj] < —1/2

Digital Arithmetic — Ercegovac/Lang 2003
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1U0

Loi

(@)

5 — Division
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STAIRCASE SELECTION FUNCTION

e FOR r > 2, m; DEPENDS ON DIVISOR

e DIVIDE RANGE OF DIVISOR INTO INTERVALS |[d;, d; 1) with

1
dy = 5’ diyg=d;+27°

0 MS FRACTIONAL BITS OF DIVISOR REPRESENT THE INTERVAL

e FOR EACH INTERVAL, THERE IS A SET of selection constants my(i)

ford € [di,dit1), qjr1="Fk it mp(i) <rwlg] < mgpp(i) — ulp

Digital Arithmetic — Ercegovac/Lang 2003 5 — Division



DEFINITION OF my(3)

93

rwij] 1 o
: < qj+1:k+1
M () ———=  ulp
: <o qj+1_k
m (i) ———
1 1 . d
DR .
| 2_6 |
d d

Digital Arithmetic — Ercegovac/Lang 2003

Figure 5.20: DEFINITION OF my (7).

5 — Division



04

RANGE CONDITION FOR SELECTION CONSTANTS

maz(Li(d;), Li(div1)) < mi(i) < min(Ug_1(d;), Up_1(dis1)) + ulp

min(U,,(c), Uy 41(d; 1)

rw(j] 1
region for m,(i)
Uit
Ly \
max(Ly(d), Ly(d,. 1)
| 1 . d
- .
I 2_6 I
dl di+1

Figure 5.21: SELECTION CONSTANT REGION.
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LOW-PRECISION SELECTION CONSTANTS
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mk(z) = Ak(’i)Q_c
WHERE A, (i) IS INTEGER

e CAN USE TRUNCATED RESIDUAL IN COMPARISONS
WITH SELECTION CONSTANTS

e RESIDUAL MUST BE IN 2's COMPLEMENT

e SELECTION CONDITIONS

for k > 0 Li(di +27°) < Ap(i)27¢ < Up_1(d;)

for k£ <0 L/{;(dZ') < Ak(i)Q_c < Uk;_l(dz' + 2_5) + ulp

Digital Arithmetic — Ercegovac/Lang 2003

(5.1)

5 — Division



o6

USE OF SELECTION CONSTANTS

A

rwij]

Figure 5.22: QUOTIENT-DIGIT SELECTION WITH SELECTION CONSTANTS.
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SELECTION WITH TRUNCATED RESIDUAL AND DIVISOR

o7

Urwij I ¢

log,r +c +9

1+log,r +c f

Y

SELECTION | —« {d}5
FUNCTION 5-1

Y U+

Figure 5.23: SELECTION WITH TRUNCATED RESIDUAL AND DIVISOR.
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LOWER BOUND ON ¢

e CONSIDER CASE k > 0 (similar argument for k& < 0);
e FROM CONTINUITY CONDITION

U]{_l(di> — Lk(di + 2_5> >0

(p+k—=1)d; = (=p+k)(di+27°) >0

(2p — 1)d; > (k — p)2°°
e Worstcase: d > 1/2and k < a:
50 < 2p — 1 _ 2p — 1
~2a—p) 2p(r—2)

e MINIMUM VALUE OF 6 CAN RESULT IN A LARGE VALUE OF ¢
e OPTIMIZE THE VALUES OF 9 AND ¢ TOGETHER

Digital Arithmetic — Ercegovac/Lang 2003 5 — Division



RADIX-4 DIVISION WITH NONREDUNDANT RESIDUAL

e Known as Robertson’s division

e c{-2,-1,0,1,2}

e Uy=0G+k)d Ly=(-2+k)d
e BOUND ON 9o

Digital Arithmetic — Ercegovac/Lang 2003
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> Aw[j]

(b)

Figure 5.24: ROBERTSON'S AND PD DIAGRAMS FOR RADIX-4 AND a = 2.
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d;, div1)" [8,9) | [9, 10) |[10, 11)[11, 12)
Lo(disq),Ui(d;)” | 36,40 | 40, 45 | 44, 50 | 48, 55
mo(1)* 6 7 8 8
Li(diy1),Up(d)? | 9,16 | 10,18 | 11,20 | 12, 22
mq (1) 2 2 2 2
Lo(d;),U_1(d;1)" | -16, -9 |-18, -10 -20, -11|-22, -12
mo(1) -2 -2 -2 -2
L_ (dz), _o(di1)7 | -40, -36 | -45, -40|-50, -44 | -55, -48
_1(4) -6 -7 -8 -8
[dz,d2+1>+ [12, 13) | [13, 14) | [14, 15) | [15, 16)
Ly(d;1),Ui(d;)? | 52,60 | 56, 65 | 60, 70 | 64, 75
mo(1) 10 10 10 12
Li(di), Up(d)* | 13,24 | 14,26 | 15,28 | 16, 30
m1 (1) 4 4 4 4
Lo(d;), U_i(d;s1)7 | -24, -13|-26, -14|-28, -15|-30, -16
mo(1) -4 -4 -4 -4
L_1(d;),U_5(d;41)7 | -60, -52 | -65, -56 |-70, -60 | -75, -64
m_1 (i) -10 | -10 | -10 | -12

Digital Arithmetic — Ercegovac/Lang 2003
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QUOTIENT-DIGIT SELECTION FOR RADIX-4 DIVISION;
NON-REDUNDANT RESIDUAL

{(anil}; , Y1
m,(7) 128 | S {4[jl};  {d},
118 - 1 J‘ L XK XXX 0.1xxx
" 2
My(4.56) 1058 - /k/ 6 f fs
o8 - ‘ S Iqj+1:2
m(23) 1- — SRR SELECTION
1) 7/8- i Al
i el T Iq,-+1=1 3
m,(0) 6/8 == T i
11 I 4
| — — {d},
12 ' 1016 ' 1216 ' 14116 | 1 (b)

016 1116 1316  15/16
(@)

Figure 5.25: QUOTIENT-DIGIT SELECTION: (a) FRAGMENT OF THE P-D DIAGRAM. (b) IMPLEMENTATION.
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USE OF REDUNDANT ADDER

e SO FAR: COMPUTE rwj] IN FULL PRECISION, TRUNCATE, AND COM-
PARE WITH LOW-PRECISION CONSTANTS

e FULL-PRECISION ADDITION: significant portion of the cycle time

e OVERLAP BETWEEN SELECTION INTERVALS
—>COULD USE AN ESTIMATE OF rwlj]

e ERROR IN ESTIMATE:

Emin S Yy — @ S €max

e BASIC CONSTRAINT: if we choose g;1 = k for an estimate ¥ then

Y ~ [g + €Emins ?/J + Emax]

K
ng — Lk — €min

*
Uk — Uk — €mazx

Digital Arithmetic — Ercegovac/Lang 2003 5 — Division



CONSTRAINTS ON SELECTION CONSTANTS
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maz(Ly(d;), Ly(dit1)) < my(i) < min(U;_(d;), Ug_1(di1))
U,
} Y1

region for my (i)

€ max
*
.- Lk
p— L — L
~Emin k
di di+1

Figure 5.26: CONSTRAINTS FOR SELECTION BASED ON ESTIMATES.

Digital Arithmetic — Ercegovac/Lang 2003

5 — Division



65

MINIMUM OVERLAP AND RANGE OF ESTIMATE

e OVERLAP
i Uy (de), Uy (disn)) — maz(Li(d:), Li{disn)) > 0
e RANGE
irwljl| < rpd <rp (ford < 1)

—TP — €max < g < TP — €Emin

y=rwj]

—»‘gmaxH — _emin «

¥ (estimate)
-rp rp

Figure 5.27: RANGE OF ESTIMATE
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REDUNDANT ADDER

-q d rw[j] | (redundant)
j+1

(a) REDUNDANT ADDER

wj+1] 1 (redundant)
WS X X X. X X X

XX XXX
WCE X X X. X X XX X X X X

-+ b+ [\

X X X XXX

X X X X X

rwij] rwij]

YYYVYYY o<e<2tlyp YYVYYYY -@tup <e< 2tup
SR (truncation error) L (truncation error)

§ (estimate) 0 (estimate)
(b) (©

Figure 5.28: USE OF REDUNDANT ADDER: (a) Redundant adder. (b) Carry-save case. (c) Signed-digit case.
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CARRY-SAVE ADDER
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e ERRORS

Emin — 0 €mar — 2_t+1 - ulp
e RESTRICTED SELECTION INTERVAL
Uf =U,— 27" +ulp

Li =Ly
Uk—l — I_Ulj—l —|— 2_”15 — \_U]{;_l - 2_tJt

Ly = [Lile = [Li]s

Digital Arithmetic — Ercegovac/Lang 2003
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CaseA: U, ;isonthegrid;

U, .= U, +2onthegrid

CaseB: U, , isoff thegrid;

U, > U, , onthegrid

Ukt

® L/jk-l (representedby @)

|_Ak (represented by @)
— L Lk

Digital Arithmetic — Ercegovac/Lang 20@3gure 5.29: U and L for residual in carry-save form.
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LOWER BOUND FOR ¢ and ¢

69

(for positive k)

Digital Arithmetic — Ercegovac/Lang 2003
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RADIX-2 DIVISION WITH CARRY-SAVE ADDER

70

1
T x 270>t
9

o~ o~

max(L(d;), Li(diy1)) < my(i) < min(Uy_1(d;), Up_1(dis1))

Li(1) =0
Up(1/2) = 0
Lo(1/2) = —1/2
U_(1) = —1/2

(L4(1) = 0) < my < (Ty(1/2) = 0)
(Lo(1/2) = —1/2) < my < (T4(1) = —1/2)

This results in the selection constants m; = 0 and my = —1/2

Digital Arithmetic — Ercegovac/Lang 2003
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SELECTION FUNCTION

71

[—2—271], <y < [2—wulp)s

<y <3/2

DO | Ot

1if 0<g<3/2
gis1=43 0if g=-1/2
1 —5/2<g< —1

Digital Arithmetic — Ercegovac/Lang 2003
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RADIX-2 WITH CSA: PD PLOT

72

A XXX. X
Y[]] XXX. X

4+4

SELECTION

yli] .

~d FUNCTION

qj+1 l

(b)

Figure 5.30: RADIX-2 DIVISION WITH CARRY-SAVE ADDER: (a) P-D PLOT. (b) SELECTION FUNCTION.
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IMPLEMENTATION

73

dj+1 — (QSa Qm)

Gm = (P-100p1)
qs = P—2 D (9—1 + P-190 + P—1P0g1)
where
Pi = Ci D S; gi = Ci " S

and

(6—27 c—1, Cop, Cl)
(5—27 S—1, 50, Sl)

¢Gi+1=0  (gs,qm) = (1,0)

Digital Arithmetic — Ercegovac/Lang 2003
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RADIX-4 ALGORITHM WITH CARRY-SAVE ADDER

74

1_%2—522—75

6 3

L1 11

<=
o 12 12

|—8/3—1/16]|, <y < |8/3 — ulp|4

44 42
—— <y < —
16 16

Digital Arithmetic — Ercegovac/Lang 2003
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[d;, dip)* 8,9) | [9,10) | [10, 11) | [11, 12)
Lo(disr), Uy(d)™ || 12,12 | 14,14 | 15,15 | 16, 17
ma(i)* 12 14 15 16
Li(digr), Up(dy)* 3,4 4,5 4,5 4,6
ma (7) 4 4 4 4
Lo(dy), U_(di)T | -5,-4 | -6,-5 | -6,-5 | -7,-5
mo (1) -4 -6 -6 -6
L_y(d)),U_s(disr)* | -13,-13 | -15, -15 | -16, -1 6 | -18, -17
m_1(i) -13 -15 -16 -18
di, dir)t (12, 13) | [13, 14) | [14, 15) | [15, 16)
Lo(dis1),Ur(dy)t | 18,19 | 19,20 | 20,22 | 22,24
ms (1) 18 20 20 24
Li(dir), Up(dy) ™ 4,7 5,7 5,8 6,9
m (1) 6 6 8 8
Lo(d), U_(dis))™ | -8,-6 | -8,-6 | -9,-6 | -10,-7
mo (1) -8 -8 -8 -8
L_y(d;), U_s(dizr)™ | -20,-19 | -21, -20 | -23, -2 1 | -25, -23
m_1(i) -20 -20 -22 -24

+: real value = shown value/16; L, = [ L4, U, = Uy — 1—16j4.
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12/8 -

18 -

108 -

98 -

718 -

6/8 -

518 -

76

A XXXXXXX 0.1xxx

7 3

SELECTION
FUNCTION

l%+l
(b)

my(i)

12 9/16 10/16 1116 12/16 13/16 14/16 15/16 1

o >

region of choice for @)

my(i)

Figure 5.31: SELECTION FUNCTION FOR RADIX-4 SCHEME WITH CARRY-SAVE ADDER: (a) Fragment of P-D diagram. (b)

Implementation.
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