MULTIPLICATION

pP=T XY
x (multiplicand), y (multiplier), and p (product) signed integers

e SCHEMES

a) SEQUENTIAL ADD-SHIFT RECURRENCE

x CPA, CSA, SIGNED-DIGIT ADDER
* HIGHER RADIX AND RECODING

b) COMBINATIONAL

x CPA, CSA, SIGNED-DIGIT ADDER
* HIGHER RADIX AND RECODING

c) COLUMN REDUCTION
d) ARRAYS WITH k x I MULTIPLIERS
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TOPICS (cont.)

e MULTIPLY-ADD AND MULTIPLY-ACCUMULATE

e SATURATING MULTIPLIERS

e TRUNCATING MULTIPLIERS

e RECTANGULAR MULTIPLIERS

e SQUARERS

e CONSTANT AND MULTIPLE CONSTANT MULTIPLIERS
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SIGN-AND-MAGNITUDE

e EACH OPERAND:
sign with value 41 and —1 and n-digit magnitude

e RESULT: a sign and a 2n-digit magnitude
e HIGH-LEVEL ALGORITHM
sign(p) = sign(z) - sign(y)

| = [=[ly]
e REPRESENTATIONS OF MAGNITUDES

X =(rp 1,Tn 9,...,20) |x| =232 0 3327“ (multiplicand)
Y = (Yu-1,Yn-2,.--,%) |y|="3yr"  (multiplier)
P = (pan—1,P2m-2,---,00) |p| = 2?”0 Lpir! (product)
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TWO'S COMPLEMENT

e RADIX-2 CASE
EACH OPERAND: n-BIT VECTOR
RESULT: 2n-BIT VECTOR

—@HET =) <p < (=2 (=2 = 22

TRr,Yr and pr — positive integer representations of =, vy, and p
HIGH-LEVEL ALGORITHM

TRYR ifz >0, y=>0
2% — (2" —xp)yr fx <0, y >0
2% — xp(2" —yg) x>0, y <0
(2”’—333)(2”—(?”3) ifz <0, y<0

PR
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TYPES OF ALGORITHMS

1. ADD-AND-SHIFT ALGORITHM

e SEQUENTIAL
e COMBINATIONAL

2. COMPOSITION OF SMALLER MULTIPLICATIONS
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RECURRENCE FOR MAGNITUDES
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RELATIVE POSITION OF OPERANDS

xrﬂyj }

plj]

rplj+1]
plj+1]

'
'
1 1
I T
'
'

Multiplier Y
i Multiplicand ~ Xr* i '
| P
vector - digit multiplier
ADDER
v o
\1 \1 shift right

Figure 4.1: RELATIVE POSITION OF OPERANDS IN MULTIPLICATION RECURRENCE

1 = n(tdz’gmult + tadd + tT€9>

Digital Arithmetic - Ercegovac/Lang 2003
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SEQUENTIAL MULTIPLIER WITH REDUNDANT ADDER

X Y
Reg. X Shift Reg. Y
y.
Y f
MULTIPLE GEN. |«
L
Y *
REDUNDANT nonredundant
ADDER m— redundant
plj+1] V—>F CONVERTER
Reg. PH Shift Reg. PL
pljl
A 4
ADDER

Figure 4.2: SEQUENTIAL MULTIPLIER WITH REDUNDANT ADDER

Digital Arithmetic - Ercegovac/Lang 2003
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RADIX-4 SEQUENTIAL MULTIPLIER RECODING

e MULTIPLIER RECODING TO AVOID VALUES z; =3

zi =Y+ ¢ —4dcin

Yi T Ci| Zi Ciyl
0 0 O
1 1 0
2 2 0
3 |-1 1
4 0 1

Digital Arithmetic - Ercegovac/Lang 2003 4 — Multiplication
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RADIX-4 MULTIPLIER IMPLEMENTATION

THREE PIPELINED STAGES

e Stage 1: MULTIPLIER RECODING
e Stage 2: GENERATING THE MULTIPLE OF THE MULTIPLICAND
e Stage 3: ADDITION AND SHIFT (with conversion of the shifted-out bits).

cycle 0 1| 2 3 4 5 |..] m+1 m+2
LOAD X
LOAD Y
Stage 1 0 20| 21 29 23 24
Stage 2 0 0 Xzo| Xz | Xzo | Xz Xz

Stage 3 0 0| 0 |PS[1]|PS[2]|PS[3] PS[m — 1] | PS[m]
SC[1] | SC[2] | SC|3] SC[m — 1] | SC[m]
CPA Final
product

Digital Arithmetic - Ercegovac/Lang 2003 4 — Multiplication
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STAGE 3 Reg X Shift-Reg M
X X ' v
Recoder carry
STAGE 1 L
AR
2X | Reg |
y y y one zero
SELECTOR =
) neg
STAGE 2
v
Reg XY <
n+24 multiple of X
«— Sign-extended
n+3
VY
CARRY-SAVE Reg CS[1,0]
ADDER (SCLPS1) (SC0,PS0) .
STAGE 3 n+3 43 w3 - (Register I.DL cou.ld be
, shifted SC V shified PS 1 zi/z 1 2 g 2 , merged with register M)
n+
Reg SCH Reg PSH v CONV > Reg PL
n-2 (lower) n-2 (SC1,PS1) 5 /(SZCO,PS()) n
FINAL STEP I ! l | v
to CPA e Product

(register control signals not shown)

n-even

Digital Arithmetic - Ercegovac/Lang

2003

(most significant part)

Figure 4.3: RADIX-4 MULTIPLIER.

(least significant part)
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RECODING IMPLEMENTATION

BASED ON MULTIPLIER BITS (M;, My) and CARRY FLAG C

0 select 2x
One_MO@C_{l select @
0 select direct
neg = My - C+ My~ My = { 1 select complement
0 load non — zero multiple

L . . / . / . / p—
zero = My - My - C+ M- M- C { 1 load zero multiple (clear)

Cnext — MlMO + Mlc
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one neg Gy zero

Figure 4.4: RECODER IMPLEMENTATION.

Digital Arithmetic - Ercegovac/Lang 2003
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GENERATION OF (—1)x

PS[]] PSn+2 PSn_|_1 PSn PSl PS()
SC[j] SChis SChit SC, -+ SC; SC,

/ / / / /
—4& Xpta Ko X, - Xy X
CSA sy Sn+-1 Sn "t 81 S0
b3

Cn+-2 Cn+1 Cn Tt (] 1

x for 2's complement of z
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EXAMPLE OF RADIX-4 MULTIPLICATION

15

5 m = 3 radix-4 digits
=29 X =11101
27 Y =11011

Digital Arithmetic - Ercegovac/Lang 2003
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CSA shifted out

PS[0] 00000000

SC[0] 00000000

xZy 11100010
4PS|[1] 11100010
4SCI1] 00000001

PS[1] 11111000 11
SC[1] 00000000

xZ1 11100010
4PS[2] 00011010
45C12] 11000001

PS[2] 00000110 1111
SC[2] 11110000

xZ, 00111010
4PS|[3] 11001100
45C13] 01100100

PS[3] 11110011 001111
SC|3] 00011001

P 1100 001111 = 783

Digital Arithmetic - Ercegovac/Lang 2003
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EXTENSION TO HIGHER RADICES

e EXTENSION TO HIGHER RADICES REQUIRES PREPROCESSING OF MORE
MULTIPLES

e ALTERNATIVE: USE SEVERAL RADIX-4 AND/OR RADIX-2 STAGES IN
ONE ITERATION

EXAMPLE: RADIX-16 MULTIPLIER DIGIT {0,...,15} RECODED
INTO A RADIX-16 SIGNED-DIGIT v; IN THE SET {-10,...,0,...,10} AND
DECOMPOSED INTO TWO RADIX-4 DIGITS u; and w; SUCH THAT

v; = 4du; +w; u,w; € {—2, —1,0, 1, 2}

Digital Arithmetic - Ercegovac/Lang 2003 4 — Multiplication
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Xl SCl PSl

Reg X Reg SC Reg PS
. Wi
.|  SELECTOR
radix-16 | p. N
signed-digit J (-2,-1,0,1,2) multiple of X ! |
! CSA 1 |
i 3 :
{-10....,10} R A aljl |
§ SELECTOR } l
B = | |
u; 3 v v v 3
(-2,-1,0,1,2) multiple of 4X | |
l CSA?2 j
A [4:2] adder can be used i i

instead of two [3:2] adders sC ps 16p[j+1]

n+3 (see comments in Section "Radix 4")
-«—»
XX... XXX

CSA 1 XX...XXX
XX...XXX

XXXX... XXX

sign extension
XXX X... XXX

=
CSA 2 A EAS > to spill converter
XX...XXX

XX... XXX
XX... XXX

to SC and PS XX... XXX
registers (shifted) T

to spill converter

<

Figure 4.5: RADIX-16 MULTIPLICATION DATAPATH (partial).
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TWO'S COMPLEMENT

e MULTIPLICAND IN 2'S COMPLEMENT = ADDITION AND SHIFT
OPERATIONS PERFORMED IN THIS SYSTEM

e THE EFFECT OF 2'S COMPLEMENT MULTIPLIER TAKEN INTO AC-
COUNT IN TWO WAYS:

1. BY SUBTRACTING INSTEAD OF ADDING IN
THE LAST ITERATION

n—2 .
Y= —yYp12" "+ 'Zo ;2!
1=

—> CORRECTION STEP.
2. BY RECODING THE MULTIPLIER INTO A SIGNED-DIGIT SET

Digital Arithmetic - Ercegovac/Lang 2003 4 — Multiplication
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COMBINATIONAL MULTIPLICATION

n—1 ;
p= 2 TYr
1=0

DONE IN TWO STEPS:
1. GENERATION OF THE MULTIPLES OF THE MULTIPLICAND

(x X yi)ri

2. MULTIOPERAND ADDITION OF THE MULTIPLES GENERATED IN STEP
1.

Digital Arithmetic - Ercegovac/Lang 2003 4 — Multiplication



n-1

mfi]

(a)
e O
e O
e O
e o
e O
e O
e O

(b)

0
yi
o o o
o o o
o o o
o o

m[0]
m[1]
m[2]
m[3]
m[4]
m[5]
m[6]
m[7]

21

Figure 4.6: (a) RADIX-2 MULTIPLE GENERATION. (b) BIT-MATRIX FOR MULTIPLICATION Of MAGNITUDES (n = 8).

Digital Arithmetic - Ercegovac/Lang 2003
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RADIX-2 TWO'S COMPLEMENT MULTIPLICATION

1. EXTEND RANGE BY REPLICATING THE SIGN BIT OF MULTIPLES
e PRODUCT HAS 2n BITS

2. THE MULTIPLE zy,,_12"* SUBTRACTED INSTEAD OF ADDED
n-1 , "Z2 o
Yy = _yn—12 =+ '20 yz'2

e COMPLEMENT AND ADD

3. RECODE THE (2'S COMPLEMENT) MULTIPLIER INTO THE DIGIT SET
{-1,0,1}
e NO ADVANTAGE IN FOLLOWING THIS APPROACH
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BIT-MATRIX IN RADIX-2 2'S COMPLEMENT MULTIPLIER

e Simplification of sign extension based on
(—s)+1—-1=(1-s5)—1=5—1

Consequently,

Ipn-1Y: Tp=2Y; ... ToY;
is replaced by
(%—1%)/ Tp-2Y; .. ToYi
-1

Digital Arithmetic - Ercegovac/Lang 2003 4 — Multiplication



7 6 5) 4 3 2 1 0
T3Yo T3Yo T3Yo T3Yo T3Yo T2Yo T1Yo LoYo
L3Y1 T3Y1 T3Y1 T3Y1 L2Y1 T1Y1 ToY1
T3Y2 T3Y2 T3Y2 T2Y2 T1Y2 ToY2
ThYs T3Ys ToY3 TYY3 T(Ys

Y3

(a)

7 0 5) 4 3 2 1 0
(23y0)" T2yo 10 ToYo
(z3y1)" xay1 T11 Town
(z3y2)" T2y2  T1y2 Toyo
(z3y3)" ahys Y3 woY3
Y3
0 -1 -1 -1 -1

(b)

7 0 5) 4 3 2 1 0
Y3 (23y0)" w210 T1Y0 Tolo
(z3y1)" xay1 T1h Town
(w312)" @ay2  T1Y2  ToY2
1 (z5y3)" 2hys  xys  (woys)'

(c)

Figure 4.7: Constructing bit-matrix for two’s complement multiplier (n = 4).

Digital Arithmetic - Ercegovac/Lang 2003
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RADIX-4 MULTIPLICATION

25

e REDUCE NUMBER OF STEPS TO n/2

e PARALLEL OR SEQUENTIAL RECODING

e TWO CASES

1. BIT ARRAY ADDED BY A LINEAR ARRAY OF ADDERS
— SEQUENTIAL RECODING INTO {-1,0,1,2} SUFFICIENT
2. BIT ARRAY ADDED BY A TREE OF ADDERS
— PARALLEL RECODING INTO {-2,-1,0,1,2} REQUIRED

Digital Arithmetic - Ercegovac/Lang 2003
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PARALLEL RADIX-4 RECODING

26

e RADIX-2 MULTIPLIER

Yn—1,Yn—2---, Y1, Yo
y; — multiplier bit; v; € {0, 1,2, 3} - radix-4 multiplier digit

oon
V; =21+ Y2y J=(z—-1,..,0)

2
e RECODING ALGORITHM
1. Obtain w; and ;4 such that

?)j = UJj + 4tj+1
2. Obtain
Zj = ’LU]' + tj

e TO AVOID CARRY PROPAGATION:
—2§wj§1 Oétj_|_1§1

Digital Arithmetic - Ercegovac/Lang 2003
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PARALLEL RADIX-4 RECODING ALGORITHM

. N o (O, Uj) if”Uj Sl
(L1, 1) = { (1, v; —4) ifv; > 2

Zj:’w]'—|—tj

Vj_ ]

™ ™
ADD ADD

l l

Figure 4.8: RADIX-4 PARALLEL RECODING FROM {0,1,2,3} INTO {-2,-1,0,1,2}.
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BIT-LEVEL IMPLEMENTATION

28

e radix-2 multiplier

Y = (yn—h Yn—2y - - - 7y0> Yi € {07 1}

e recoded radix-4 multiplier

4 = (Zm—la “m—2y -+ - 7Z0) Zi € {_27 _17 07 17 2}

Y2j+1 Y25 Y2i—1 2y

O 0 0 O
0 O 1 1
0 1 0 1
0 1 1 2
1 0 0 -2
1 0 1 -1
1 1 0 -1
1 1 1 O

Digital Arithmetic - Ercegovac/Lang 2003
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EXAMPLES OF RECODING

29

y = 01011110 y = 10001101

z2=12022z2z=2111

Digital Arithmetic - Ercegovac/Lang 2003
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RECODER IMPLEMENTATION

30

e sign = 1 if z; is negative
e one = 1 if z; is either 1 or -1

o two =1 if z; is either 2 or -2.

519N = Yoj41
one = Yo D Y251
/ / /
two = Y2j+1Y2;Y25—1 T Y241Y25Y2j-1

® carry-in: ¢ = sign

Digital Arithmetic - Ercegovac/Lang 2003
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J
y,.
Viwi i 2j-1
®
@ L g
T L
— |
= W,
sign ¢ one two

(a)

multiplicand X

two
2X | X

one

R

sign

BIT-INVERTER

v

2X, X, 1,0, X, 2X

= hit-vector

(b)

31

Figure 4.9: (a) IMPLEMENTATION OF RECODER. (b) IMPLEMENTATION OF MULTIPLE GENERATOR.
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13 12 11 10 9 8 7 6 5 4 3 2 0
T20. Se Se Se Se Se Se € € e e e e e
xz1: sy sp sp sy £t £ f 1 o Ce
Tz Sg S & g g 8 8 8 8 8 ¢
xz3z h h h h h h h h Cy

(a)
T2: s, e e e e e e
xrz: S} t £t £ £ f £ f Ce
T2 s, £ 8 8 &g g g g cf
xz3: h h h h h h h h Cy

-1 -1 -1

(b)
rz. 1 1 s s se e e e e e e e
T2 sy £t £ f £ f f f Ce
T2: s, £ & 8 &g g g g ¢
xz3zh h h h h h h h Cy

32

Figure 4.10: RADIX-4 BIT-MATRIX FOR MULTIPLICATION OF MAGNITUDES (n = 7).

Digital Arithmetic - Ercegovac/Lang 2003

4 — Multiplication



15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 O
T20. Se Se Se Se Se Se Se S. € e e e e e
xrz1: sy sy sy osp osp sy £t t f o Ce
T Sy Sg Sq S, & & & 8 & & 8 8
xz3: S, S, h h h h h h h h Cy

Ch
()
T2 s, e e e ¢ e e
T2 sy £ f f £ f f Ce
T2 s, € 8 & & ¢ g8 g¢g cf
r23: s, h ' h h h h h h h Cq
-1 -1 -1 -1 ch
(b)
xzy. 1 1 1 s sc se e e e e e e e e
T2 sy £ f f £ £ f f f Ce
T2 s, € 8 & & ¢ 8 g¢g cf
x23: s, h h ' h h h h h h cq
Ch

33

Figure 4.11: RADIX-4 BIT-MATRIX FOR 2’S COMPLEMENT MULTIPLICATION (n = 8).
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x (multiplicand) VAND - vector AND gate
12

2x VAND i o 3

-

. — 72 =

VAND+[3:2] =
1

. Y3 x (multiplicand) i
VAND+[3:2] J 4 MG - multiple generator
12

. P, (23 29 2p Zp)

VAND+{3:2] | Vs | 4xMG+[42] Eaxec] 2
. P ) J[ + (25 24) ;§
VAND+{3:2] | b [ 26 + 21 [[emec)>— £
L B o

VAND+(3:2] | % [ mGaz) ] reo [

1

VAND+[32] | Y7 CPA
. p6 24
VAND-+[32] | %s P (product)
1
. y9
VAND+[3:2] J Recoding:
- 1P
00 Yir Yio Yo Ys Y7 Ys Ys Ya Y3 Y2 ¥y y0

VAND+[3:2]

==l — A

l Py (25 24) (23 22 2 Z9)

p (product)  Pyz- Py Pio- Py

(b)

(a)

Figure 4.12: LINEAR CSA ARRAY FOR (a) r =2. (b) r = 4.

Digital Arithmetic - Ercegovac/Lang 2003
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DELAY OF LINEAR ARRAY MULTIPLIERS

35

e For radix 2,
T — tAND —|— (n - 2)tfa _|_ t(Cpay(n+1>>
e For radix 4

n
T = Urec + tAND—OR -+ (§ o 2)tfa + t(cpa,n)

Digital Arithmetic - Ercegovac/Lang 2003
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REDUCTION BY ROWS: ADDER TREES

36

multiples of x

[3:2] [3:2]
multiples of x
- NENRNEEN
[3:2] [3:2] 1421 421
2] [4:2]
CPA
l
[3:2] product
CPA ®)
product

(a)

Figure 4.13: TREE ARRAYS OF ADDERS: a) with [3:2] adders. b) with [4:2] adders.
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° (o|[o][o][e][@] °
[3:21 D ol o||o oo D
adder*
L (®j|®][®][®[®]
B o o [o][e][e]|[e][0] °
[3:2] o o o/lo 0o
adder
L |o||[®]|®@]|®|]@®]
e o o
°
o] .
[3:2]
adder oo
— adl
(N
[3:2]
adder o |0
- o]

o . .
[3:2]
adder vI|v
ldl
o« &

adder

ST

* [3:2] adder uses HAs when possible.

Level 4
(16 FA + 3HAs)

Level 3
(10 FA + 7HAs)

Level 2
(7 FA + 5HAs)

Level 1
(3 FA + 9HAs)

11-bit CPA

37

Figure 4.14: REDUCTION BY ROWS USING FAs AND HAs (n = 8): Cost 36 FAs, 24 HAs, 11-bit CPA.
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*3 ) Y Yoo Vs Y2 Vi
e Us \Us s ¢ & 4
0 ] [ [ [

0,0 80 ® W e ey @ @ ¢ ¢
TN
" 0! ® lu la iu —T—b » )

$ NN e
HA HA HA

C
| U0 T S SR

OR HA HA

i l l ° ® ° °

OR HA

l ° ° ® ° °

OR

l ' y v ' Y

p, pg Ps P, Py P, P

Figure 4.15: PIPELINED LINEAR CSA MULTIPLIER FOR POSITIVE INTEGERS (n = 4)

Digital Arithmetic - Ercegovac/Lang 2003

Yo
® - Jatch
[)
Full-adder
with AND
® gate
[ ]

® Modules with

0 inputs can
be simplified
®
®
®
v
Py
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REDUCTION BY COLUMNS USING (p, g] COUNTERS

39

=

o m/0]

m[1]

m[2]

m[3]
m[4]

m[5]

m[6]
m[7]

Figure 4.16: BITS OF MULTIPLES ORGANIZED AS BIT-TRIANGLE.
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Table 4.3: Reduction by columns using FAs and HAs for 8x8 radix-2 magnitude multiplier.

1
14 13 12 11 10 9 8 6 543210
[=4
€ 1 2 3 4 5 678765 43 21
ms 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6
R o 0 0 o0 o0 01 110O0O0O0O0O0
fi o 0 0 0 0 11 100O0O0O0O00O0
[ =
€ 1 2 3 4 6 66 66 6 5 4 3 21
me 4 4 4 4 4 4 4 4 4 4 4 4 4 44
h; o 0 0 0 0 0O0O0O0O1T1O0O0O00O0
fi o o0 o0 1 2 2222100000
[ =
€ 1 2 4 4 4 4 4 4 4 4 4 4 3 21
my 33 3 3 3 3333333333
R o 0 0 0 0 0O0O0OO0OO0OO0OT1QO0QO0O0
fi o o0 1 1 1 111111002020
[ =
e 1 3 3 3 3 3333333321
my 2 2 2 2 2 2222222222
h; o 0 0 0 0 0O0O0O0OO0OO0OO0OO0OO0OO0
i o 1 1 1 1 1111111100
CPA |2 2 2 2 2 222 2222121

40

e; is the number of inputs in column ¢; f; is the number of FAs; h; is the number of HAs; m; is the

number of operands in the next level in the reduction sequence.
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e o o o o (o |[@] e o o o o o
e o o o QQDQOQQQ
e o o (o6 o o o o o
o o o [of[e| o o o o
o o o0 0o o o
e o 0 o o
e o o
°
e o o oto|[o|/0]0][e] e o o o
o o oo/o/o/oo@ooo
¢ [o]|®|®TT® | ®||®](®] ® o o
o [o][o[o][e]/0o|[e] o @

o o o 0o 0o 0o 0

®j|e][@]/eje] @

R AR e A

LS

Level 4
(3 FA + 3HAs)

Level 3
(12 FA + 2HAs)

Level 2
(9 FA + 1HA)

Level 1
(11 FA + 1HA)

14-bit CPA

41

Figure 4.17: REDUCTION BY COLUMNS USING FAs and HAs (n = 8): Cost 35 FAs, 7 HAs, 14-bit CPA.
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FINAL ADDER

42

2n-1 (MSB) position 0(LSB)

0o |

MS Region Middle Region LS Region

time

(a)

Product (redundant form)

||

— Fast Adder — CRA

l

Product (conventional form)

Carry-Select
Adder

(b)

Figure 4.18: Final adder: (a) Arrival time of the inputs to the final adder. (b) Hybrid final adder.

Digital Arithmetic - Ercegovac/Lang 2003

4 — Multiplication



PARTIALLY COMBINATIONAL IMPLEMENTATION

43

x (multiplicand)

RECODERS + MULTIPLE
GENERATORS

+

iiINRER

(12+1) bits of
multiplier

[4:2] [3:2]

B

[4:2]

H

[4:2]

® - larch * .

i \

to CPA

Figure 4.19: RADIX 2'2 SEQUENTIAL MULTIPLIER USING CSA TREE.
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ARRAYS OF SMALLER MULTIPLIERS

p=axb

A = (ak—laak—% . '7a0>
B = (bi_1,b-2,...,b)

P = (pk+1—1,pk+1—27 e 7P0>

e USE OF k£ x [ MODULES
e OPERANDS DECOMPQSED INTO DIGITS OF RADIX 2¥ AND 2/

(n/k)-1 . .
T = ‘ZO 33(2)2]%

(n/l)—1 , . .
y = ) y(J)QlJ

J

(n/k)—-1 . . (n/l)-1 , . .
=0

(4

__ Zx(z‘)y(j)QkiHj _ Zp(z',j)ka’—Hj
e (n/k) x (n/l) MODULES NEEDED
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EXAMPLE 12 x 12 USING 4 x 4 MODULES »

r=a,2°+0,2"+ ¢,
Yy = ay28 + by24 + ¢y

XY = a,a,2 40,02 +b,a,2" +a,¢,2°+b,b,2°+c,a,2%4b,c, 2 0, 2 e,

KOy (0)
e 6 o o o o o o o o oo o oo o o o ( e 6 o o o o o o j
® 6 o o o o o o o o o o o o o o
e 6 o6 o o o o o o o o o o o o o
e 6 o o o o o o
e 6 o o o o o o

Figure 4.20: 12 x 12 MULTIPLICATION USING 4 x 4 MULTIPLIERS: BIT MATRIX.
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MULTIPLY-ADD AND MULTIPLY-ACCUMULATE (MAC)

e Multiply-add: S =X xY + W

13121110 9 8 76 5 4 3 2 1 0
T2 S, S. Se e e e e e e e e
T2 1 s, f fffffff ¢
r20 1 s, g & g £ 888 & Cf
zzzz h h h h h hhh ¢
w. W W W W W W W

Figure 4.21: Radix-4 bit-matrix for multiply-add of magnitudes (n = 7). z;’s are radix-4 digits obtained by multiplier recoding.

e Multiply-accumulate:

széxmxnﬂ

Sli + 1) = X[i] x YT[i] + S[i]
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x (multiplicand)
y (multiplier)

RECODERS + MULTIPLE
GENERATORS

BIT-ARRAY
REDUCTION

to CPA

(a)

x (multiplicand)

y (multiplier)

RECODERS + MULTIPLE

GENERATORS

BIT-ARRAY REDUCTION

Incrementer
\ |
INCR  [| [42]
] —
Sli+1] T
== = /gfches mm =m
Sli] < —
]
Y : : Y

to CPA

(b)

\

precision of
the product

Figure 4.22: Block-diagrams of: (a) Multiply-add unit. (b) Multiply-accumulate unit.
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SATURATING MULTIPLIERS

48

computed product
Pon-1 P, Pyg Py
o000 00
overflow
all Is if overflow

Figure 4.23: Detection and result setting for multiplication of magnitudes.
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TRUNCATING MULTIPLIERS

k
o 0|0 o o o o o
e o o0 o o o o
e © o o0 o o o
o 0 0 o 0|0 o o
e © o o o o |0 o
e o o o o o o not implemented
e ¢ 06 0 0 0 o o
o o 06 0o 0 0 o o

e 6 o o o o o o o o runcatedproduct

e © o o o o o o oundedproduct

Figure 4.24: Bit-matrix of a truncated magnitude multiplier.
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11 10 9 8 7 6 5 1 3 2 1 0

LT5Ty Taly T3LY L2Xy 1Ty ToLo
T5l1 Tyl 3T XX T1T1 Lol
LT5ly Tyl T3XL2 XX T1T2 T0IL2
T5T3 T4ly T3L3 L2X3 L1XL3 T3
T5ly Tgly T3L4 X2X4 T1T4 TOT4
L5l T4ls X3T5 T2X5 T1Ls5 ToLs

T5ly T5X3 T5X2 5L 5L T4Lo T3Lo 2Ly L1X0 Lo
T5 L4l3 T4l T4l T3L1 T2XT] I
Ty L3 o)
I3

(a)

11 10 9 8 7 6 5 4 3 2 10
U5y X553 T5Lg X1 Ty Lalg 3Ty T2y T1X )

X5 XT3 T4X9 T4X1 T3T1 T2X1 x1
Ty T3To T3Th 9

(b)

Figure 4.25: Bit-array simplification in squaring of magnitudes (n = 6).
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CONSTANT AND MULTIPLE CONSTANT MULTIPLIERS

P =X xC, C - constant
DONE AS

P = Zj X X CjQ‘j
{j} corresponds to 1's in binary representation of C

e ADDERS ONLY

e HOW TO REDUCE NUMBER OF ADDERS?

1. Recode to radix 4: max n/2 — 1 adders
2. Apply canonical recoding: n/3 adders avg, n/2 — 1 max
3. Decomposition and sharing of subexpressions

4. Multiple constant multiplication - further reductions
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CONSTANT MULT. (cont.)

52

45X = 5X x9=X(2*+1)(2°+1)

ADDER

) asx
SLk - shift left k positions

Figure 4.26: Implementation of P = X x C for C' = 45 using common subexpressions.
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MULTIPLE CONSTANT MULTIPLICATION

93

COMPUTE
P, =9X =5X +4X
P, = 13X =5X +8X
Py = 18X =2 x 9X
P, =21X =5X + 16X

e WITH SEPARATE CONSTANT MULTIPLIERS: 6 ADDERS

e BY SHARING SUBEXPRESSIONS: 4 ADDERS
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X
' §L2 5
] ol 4X $—
' SL4 5 ' SL3 5 ADDER
16X 8X 5X
ADDER ADDER ADDER
21X 13X 9X

Figure 4.27: An example of multiple constants multipliers.
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