MULTI-OPERAND ADDITION

e Bit-arrays for unsigned and signed operands
- simplification of sign extension
e Reduction by rows and by columns

- [p:2] modules and [p:2] adders for reduction by rows

- (p:q] counters and multicolumn counters for reduction by columns
e Sequential implementation
e Combinational implementation

- Reduction by rows: arrays of adders (linear arrays, adder trees)
- Reduction by columns: (p:q] counters

- systematic design method for reduction by columns with (3:2] and (2:2]
counters

e Pipelined adder arrays

e Partially combinational implementation

Digital Arithmetic - Ercegovac/Lang 2003 3 — Multi-Operand Addition



BIT ARRAYS FOR UNSIGNED AND SIGNED OPERANDS

dpdpdpgdg.aqa, ... a
b,b,by by byb, ... b
CoCpCpCp-C1Cyr ... C
dyd,d,dy.dd, ... d
?Oeoeoleo.elez SO <

sign extension

Figure 3.1: SIGN-EXTENDED ARRAY FOR m = 5.
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. XXXX ...X ag. a4 ... ay
-1 -1
§.XXXX ...X b'o.biby ... by
-1 -1
Co-C1C ... Cy
(X X _1
do.dids ... d,
. .XXXX ...X -
-1 €0.616 ... 6,
§.XXXX ...X -1
-1 Reduced to
Reduced to
ag.ayay ... ay
S XXXX X
¢ XXXX < b'g.biby ... by
oo Cp.CiCo ... Cy
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_____________________ dg.didy ... d,
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YYYY...Yi e el
....'.'.J.-'.Q'.;.L'.'.:'I:'.'.'J
@ Transformed to
ag.aqay ... an
b'g.biby ... by
®) Cop.CCo ... Cy
do.dids ... d,

1€ g€y . €18 ... €

...............

Figure 3.2: SIMPLIFYING SIGN-EXTENSION: (a) GENERAL CASE. (b) EXAMPLE OF SIMPLIFYING ARRAY WITH m = 5.
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REDUCTION

e By rows

e By columns
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[p:2] ADDERS FOR REDUCTION BY ROWS

[p:2] adder k [p:2] module
. T s
[ s
2 e e e e e e |e e T
input carries
output carries
(@
[p:2] module
= k
I p I
houti ihin
-~ H z -~

(b)

Figure 3.3: A [p:2] adder: (a) Input-output bit-matrix. (b) k-column [p:2] module decomposition.

Digital Arithmetic - Ercegovac/Lang 2003 3 — Multi-Operand Addition



MODEL OF [p:2] MODULE

k max value p(2“ - 1)
p A p A
HW
W  max value W
L hin
Nout ﬂ og, W} max value H
max value 2*H
Z
2 P 2 P

4

max value 2(2" - 1)

Figure 3.4: A model of a [p:2] module.
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inputs of weight 2 I inputs of weight 2 1
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Figure 3.5: Gate network implementation of [4:2] module.
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i-1

inputs of weight 2

inputs of weight 2

uwn|od snoiaald
WwioJ} salled

uwiNjod 1xau 0}
sale

ts representing w

@ denotes the b

inputs of weight 2 i1

inputs of weight 2

FA

uwn|od snoiaald
wioJy salles

c |s
l‘l

uwin|od 1Xau 0}
saured

(b)

@ denotes the bits representing w

Figure 3.6: (a) [5:2] module. (b) [7:2] module.
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(p:q) COUNTERS FOR REDUCTION BY COLUMNS

p—1 q .
Z T, = > y]'2‘7
1=0 0

29 —1 Z D, i'e'a q = ’_l092<p + 1>_‘

X0
X1
- p inputs (same weight)
Xp-1
Yo-1-- Yo g outputs
(a) (b)

Figure 3.7: (a) (p:q] reduction. (b) Counter representation.
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IMPLEMENTATION OF (p:q] COUNTERS

10

all inputs of weight (1)

FA FA
C S C S
\](1) @ |
FA
C S
@ @ |@
FA
(4)1 (2)1 1)
\ 4

Figure 3.8: Implementation of (7:3] counter by an array of full adders.
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X6x5x4x3 x6X5 x4x3 x6X5 x4x3 x, 1 x, %0 x %0 X5 x4 X X X
|||||||||| %HQH L
(qu)’ a Ua1 qAO
| .
Q (Agy)’
t
,
O a Y% l

Figure 3.9: Gate network of a (7:3] counter.

Digital Arithmetic - Ercegovac/Lang 2003

11

3 — Multi-Operand Addition



12

MULTICOLUMN COUNTER

(pk:—bpk—% -5 PO - Q]

k=1 Di ;
v=3Y ¥ a;2' <271
i=0 j=1

(@ (b)

Figure 3.10: (a) (5,5:4] counter. (b) (1,2,3:4] counter.
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cycle time dependent on precision

X[i] l
Y
Carry Propagate Adder
S[i]
clk Y
— " Register S
Sli-1]

(a)

cycle time not dependent on precision

XI[G-D(p-2)+1]
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To CPAtogetS

(®)

X[i(p-2)] X[i]
00
} \ 4 l } \d
[p:2] Adder [3:2] Adder
Cli] PSJi] Cli] PS[i]
clk ! : clk !
—| Reg. C | |Reg. PS —| Reg. C | |Reg. PS
Cli-1] PS[i-1] Cli-1] PS[i-1]
\ v A\ v

To CPAtogetS

(c)

Figure 3.11: SEQUENTIAL MULTIOPERAND ADDITION: a) WITH CONVENTIONAL ADDER. b) WITH [p:2] ADDER. ¢) WITH

[3:2] ADDER.
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COMBINATIONAL IMPLEMENTATION

14

e Reduction by rows: array of adders

— Linear array
— Adder tree

e Reduction by columns with (p:q] counters
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p operands

[p:2] ADDER

p-2 operands

[p:2] ADDER

p-2 operands

[p:2] ADDER

ee e -2 Operands

[p:2] ADDER

H

to CPA

15

Figure 3.12: LINEAR ARRAY OF [p:2] ADDERS FOR MULTIOPERAND ADDITION.
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ADDER TREE

e k - the number of [p:2] CS adders for m operands:
pk=m+2(k—1)

[p:2] treeof I-1levels

m — 2
k=|——| [p:2] carry-save adders
p— 2
e [he number of adder levels
[p:2] tree of = M,
IIeveIs____ Ll L L]
. LA / YVYY E
E [p:2] eoo [p:2] !
E Yy yvy M4 E

Yy .y

Figure 3.13: Construction of a [p:2] carry-save adder tree.
mi—

m;=0p { ‘ + my_1mod 2
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NUMBER OF LEVELS (cont.)
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Table 3.1: [3:2] Reduction sequence.
[ 112345 6 7 8 9
m;|3 469 13 19 28 42 63
P
(TS|
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m=9 a|a|a| a|a|a| 4 4 4

CSA CSA CSA
bL\Ela\W bl [a r/fﬂ/Ja
CSA CSA
d o b c
\ Bit-vector types
L=4 a: (n-1,..., 0)
b: (n,..., 1)
CSA c.(n,..,0)
d e d: (n+1,...,2)
e (ntl,..,0)
f:(n+2,..., 1)
CSA

fl *e

O O O O T OO0 T 9T THLH O OO

XXX XXX XXX
XXX XXX XXX
XXX XXX XXX
XXX XXX XXX
XXX XXX XXX
X X X a X X X
XXX b xxx
X X X a X X X
XXXX € XXXX
X X X b Xxxx
X X X
XX X X
X X X X
XXXXX C X X X X
X X X e XXXXX
d XxXxx
e XXXXX
f XXXXX

Figure 3.14: [3:2] adder tree for 9 operands (magnitudes with n = 3) .
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Level 4 CSAs

Level 3CSAs

Level 2 CSA

Level 1 CSA
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[4:2] ADDER [4:2] ADDER [4:2] ADDER [4:2] ADDER
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R

[4:2] ADDER

'

Figure 3.15: Tree of [4:2] adders for m = 16.
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REDUCTION BY COLUMNS WITH (p:q] COUNTERS

1011
0010
1001
0110
1010
1111
0110
0101
0111
1010

Figure 3.16: Example of reduction using (7:3] counters.
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NUMBER OF COUNTER LEVELS

21

mp =P
mj—q

ml:p{ p J+’ml—1 mod q

[ ~ Zng/q<ml/Q)

(p:q] treeof m,
| levels 4 4 0 1
\
(p:q] Y (p:q]
'Kq A q//, ml_l mOdq
e P — mI 1

Figure 3.17: Construction of (p:q] reduction tree.
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Table 3.2: Sequence for (7:3] counters

Number of levels

1 2 3 4

Max. number of rows

7 15 35 79 ..

Digital Arithmetic - Ercegovac/Lang 2003
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oy
o
B | S
BECE

Figure 3.18: Multilevel reduction with (7:3] counters
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SYSTEMATIC DESIGN METHOD

24

Full adder
(3-2)

2i+12i

e

or

Figure 3.19:
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Half adder

(2-2)

2i+12i

e

or

e denotesOor 1

diagonal outputs when
representing separately
sum and carry bit-vectors
ispreferrable

horizontal outputs when
interleaving sum and carry bits
is acceptable

Full adder and half adder as (3:2] and (2:2] counters.
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column: 1 O
of|eo # of rows
o o
(X Y ) o|\|eo )
* ’] reduce
o o
/. o
4 transfer
(X Y ) ° 4
o
@ o

Figure 3.20: Reduction process.
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RELATION AT LEVEL {

26

e; — number of bits in column ¢
f; — number of full adders in column 7

h; — number of half adders in column 2

ei — 2fi — hi+ fic1+ hi1 = my_

resulting in

2fi+hi=e —my_1+ fi-1+ hi_1 = p;

Solution producing min number of carries:

fi=1pi/2] h;=p; mod 2

Digital Arithmetic - Ercegovac/Lang 2003
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6543210

3 88388
6 6 666
00010
22211

266666
4 4 4 4 4 4
000010

022211

4 4 4 4 4 4
333333
000001

111110

1333333
22222272
0000001
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0111110

ms

hi

/i

mo

hi

fi

mi

hi

fi

[

1

€;

mo

hi

fi

Digital Arithmetic - Ercegovac/Lang 2003



o||o]||[o0]| 0] ]e®
o||o||o]|]|o]]e
o||o||o]|]|o]]e
Level 4 o|[e]|[e]|[e] e m3_6
ol (of|®||®]| ©® (8FAs, 1HA)
o||o||e0| o o
e o o o o
e o o o o
o |o||olloe]||o]le
ol leo||ot]e]|]|e
o Le|lefle][ofle] m=4
Level 3 ol
° of|eo ° ° (8FAS, lHA)
o|l|o||0]| o o
ol le||ol]leo|]|eo]]e
Level 2 o||oltlo||olto]|]e m1:3
slerefieiel * (5FAs 1HA)
o o o o o o
° oo =2
Level 1 o o ° ° mo
ollol|of]|e]l]e] o (5FAs, 1HA)
[ o9 o o o o
| o © o o o o o CPA
e © o © o o o o

28

Figure 3.21: Reduction by columns of 8 5-bit magnitudes. Cost of reduction: 26 FAs and 4 HAs.
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EXAMPLE: ARRAY FOR f =a+3b+ 3c+d

Operands in [-4,3). Result range:

A4 (—12) 4 (—12) —4=—-32< f<34+94+9+3=24
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transformed into
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2b | by

2¢ | ¢y

20

2C

/
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FINAL BIT MATRIX
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54321 0
[ =3

6 10266 4
my |4 4 4 4 4 4
hi 00010 0
£ 1000110
| =2

e, 110444 4
m; 133333 3
hi 100000 1
£ 001110
=1

e, 113333
my 122222 1%
hi 00000 0
£ 00111 1
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3
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Digital Arithmetic - Ercegovac/Lang 2003 igure 3.22: Reduction array f = a + 3b + 3c + d. 3 — Multi-Operand Addition
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PIPELINED LINEAR ARRAY

Sage 1l

Sage 2

Sage 3

Sage4

Figure 3.23: Pipelined arrays with [4:2] adders for computing S[j| =

X[SJ]

[4 2] ADDER
4- + X[1,-1]

[4:2] ADDER

X[1]

i

[4:2] ADDER

1

Pipelined CPA

gj-3]

Si

Digital Arithmetic - Ercegovac/Lang 2003

= - latches

(@)

X[8,]

YY) X[l,j]

bl 4

[4:2] ADDER [4:2] ADDER

Sagel

Sage 2

Sage 3

i X[i ), 5=

i

[4:2] ADDER

1

Pipelined CPA

gj-2]

Sj-3]

(b)

1,...,N: (a) Linear array. (b) Tree array.
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PARTIALLY COMBINATIONAL IMPLEMENTATION

a bc d abcd ]
[ | | I [ ] | | ||
[3:2] [3:2] [4:2] Stage 1
- T =
[ ] —
Jfkj]- 14:2] Stage 2

CPA mm - latches CPA
} !
S S

(@ (b)

Figure 3.24: Partially combinational scheme for summation of 4 operands per iteration: (a) Nonpipelined. (b) Pipelined.
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CSA

- latches

g operands

CSA

A

\ A /
CPA
S

Figure 3.25: Scheme for summation

Digital Arithmetic - Ercegovac/Lang 2003

Reduction g-to-2

Accumulation

of ¢ operands per iteration.
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