ARITHMETIC COMBINATIONAL MODULES AND NETWORKS

e SPECIFICATION OF ADDER MODULES FOR POSITIVE INTEGERS
e HALF-ADDER AND FULL-ADDER MODULES

e CARRY-RIPPLE AND CARRY-LOOKAHEAD ADDER MODULES

e NETWORKS OF ADDER MODULES

e REPRESENTATION OF SIGNED INTEGERS:

1. sign-and-magnitude
2. two's-complement

3. ones’-complement

e ADDITION AND SUBTRACTION IN TWO'S COMPLEMENT
e ARITHMETIC-LOGIC UNITS (ALU)

e COMPARATOR MODULES AND NETWORKS

e MULTIPLICATION OF POSITIVE INTEGERS
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ADDITION OF POSITIVE INTEGERS

e CONVENTIONAL RADIX-2 NUMBER SYSTEM:

= (Ty_1,...,T0) & x, integer
n—1 ;
r= > x; X 2
i=0

e RANGE: 0 to 2" — 1
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ADDER MODULES FOR POSITIVE INTEGERS

X Y
Cout ADDER ~— ¢,
{n
z

Figure 10.1: ADDER MODULE.

T+ y+cn=2"Con + 2
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A HIGH-LEVEL SPECIFICATION OF ADDER MODULE

INPUTS: z=(xp_1,...,20), x; €{0,1}
Y= <yn—17---7y0)7 Yj S {071}
Cin € {07 1}

OUTPUTS: 2= (%p-1,..-,%0), %; €{0,1}

FUNCTIONS: z = (2 + y + ¢;,) mod 2"

| 1if (x4 y+con) >2"

C - °
out 0 otherwise
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EXAMPLE for n=5

r Yy Cn < Cout
12 14 1 | (124144 1) mod 32 =27 0 because (12 + 14+ 1) < 32
19141 | (194+14+1)mod32=2 1 because (19 + 14+ 1) > 32
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CARRY-RIPPLE ADDER IMPLEMENTATION

X
Y1 *na Yi X Yo 0
: l { k l & l |
C.
out _Cn | i+1 Ci C 1
Full Adder [¢—— <+— Full Adder [¢— <«— Full Adder «l— C 0: in
|
|
|
! { l l
e Y (P |
Zn-l Z i z 0

Figure 10.2: CARRY-RIPPLE ADDER MODULE.

e DELAY OF CARRY-RIPPLE ADDER
ty(net) = (n — 1)t. + max(t., t.)

t. = Delay(c; — ciy1)
t., = Delay(c; — 2;)
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HIGH-LEVEL SPECIFICATION OF FULL-ADDER

Ti+Yi + ¢ =261 + 7

INPUTS: Ti, Yi, C; € {O, 1}
OUTPUTS: Ziy Ciaq c {O, 1}

FUNCTION: 2 = (z; + y; + ¢;) mod 2

1 if (:132-+y¢+c¢)22

Civ1 = .
ot 0 otherwise

Introduction to Digital Systems 10 — Arithmetic combinational modules and networks



FULL-ADDER IMPLEMENTATION

Li Yi Ci|Cit1 Zi
0 0 0] 0 O
0 0 1] 0 1
010 0 1
011 1 O
1 000 1
1 011 O
1 10 1 O
1 111 1

1./ /.. 1 /1
Zi = LY, C; + XY, C, + XY, Cp + LY Cy

Ci+1 TiY; + T;C; + Y;C;
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FULL ADDER TWO-LEVEL IMPLEMENTATION

X —1>0— X

Y —1>0— Y]

L r P e

>ﬁ'yi DO &—DO_
Da

X o DO DD_’% c::

Cit1
C’i+1
ully
) G —DO (@)

Figure 10.3: IMPLEMENTATIONS OF FULL-ADDER MODULE: a) TWO-LEVEL.
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ALTERNATIVE IMPLEMENTATION

e ADDITION mod 2 — SUM IS 1 WHEN NUMBER OF 1'S IN INPUTS
(including the carry-in) IS ODD:

Zi =X DY O ¢
e CARRY-OUT IS 1 WHEN (x; +y; =2) or (x; +y; =1 and ¢; = 1):

Cit1 = TiYi + (T © Yi)Ci
e INTERMEDIATE VARIABLES

e HALF-ADDER

i Y

2
=

)
_ O

= O O O
O = O
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IMPLEMENTATION WITH HALF-ADDERS

e FA EXPRESSIONS IN TERMS OF pls, gis and c.s

Zi = Pi D¢
gi+Di- G

Ci+1

Half Adder (HA)

(©

Figure 10.3: IMPLEMENTATIONS OF FULL-ADDER MODULE: b) MULTILEVEL GATE NETWORK WITH XORs, ANDs and OR;
c) WITH XORs and NANDs.
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WORST-CASE DELAY

yi Xi yO XO

S oo Foe

C.
i+1 Ci Cl

<—T Full Adder [¢—— eeco <+— FullAdder [¢—— eeeo <«<— FullAdder |«1—c_=c.

Figure 10.2: CARRY-RIPPLE ADDER MODULE.

e WORST-CASE DELAY t, = tyor + 2(n — 1)tyanp + max(2txann, txor)
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CHARACTERISTICS OF FULL-ADDER IN cmos FAMILY

13

Introduction to Digital Systems

Input | [standard loads]
C; 1.3
X; 1.1

Size: 7 [equivalent gates]

From| To Propagation delays

tpLH UpHL

[ns] [ns]
C; z; 10.43+0.03L0.49 + 0.02L
X; zi 10.68 +0.04L 0.74 4+ 0.02L
i zi 10.68 +0.04L 0.74 4+ 0.02L
x; |¢iy1]0.73+0.04L(0.71 4 0.02L
Yi | ¢iv1]0.37+0.04L10.64 + 0.02L

L: load on the gate output
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CARRY-LOOKAHEAD ADDER IMPLEMENTATION

e FASTER IMPLEMENTATION

e ADDITION AS A TWO-STEP PROCESS:

1. DETERMINE THE VALUES OF ALL THE CARRIES

2. SIMULTANEOUSLY COMPUTE ALL THE RESULT BITS
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CARRY-LOOKAHEAD ADDER MODULE

X Y
n n
| I
[ -G
Cout= Cp, : | Co= Cin
e Carry Generator T
Cn-1 X oo y ¢

Introduction to Digital Systems

w
c
3
@
@
>
@
@
=
S}
)
/\

Figure 10.4: CARRY-LOOKAHEAD ADDER MODULE.
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SWITCHING EXPRESSIONS

e INTERMEDIATE CARRIES:

Civ1 = gi+Pi- G
BY SUBSTITUTION,

C1 = go + PoCo
C2 = g1+ Pi1C
= g1+ P1go + P1PoCo
C3 = g2+ P2C2
= g2 + P2g1 + Pap1go + P2P1PoCo
C4 = g3+ P3g2 + P3p2g1 + Psp2p19go + P3pP2P1PoCo
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CLG-4

@)

Figure 10.5: CARRY-LOOKAHEAD ADDER: a) 4-BIT CARRY-LOOKAHEAD GENERATOR WITH P and G OUTPUTS (cLG-4).
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CARRY LOOKAHEAD GENERATOR
G +— (CLG-4)

(b)

ty(xo — c1) = tpg +torg-a
ty(co = c1) = torg-a
tp(xo — P,G) = tpg +torg—4
tp(xo — 23) = tpg +tora—4a +txor

18
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MODULE PROPAGATE AND GENERATE SIGNALS

P =1: ¢;, PROPAGATED BY THE MODULE

G =1: cout =1 GENERATED BY THE MODULE,
IRRESPECTIVE OF ¢y,

p_ | Lif r+y=2"—1
0 otherwise

oo [Tl r+y> 24
0 otherwise

Cost = G+ P -c
P = p3pap1po

G = g3 + P3g2 + P3P2g1 + P3P2P190
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NETWORKS OF ADDER MODULES

ITERATIVE (CARRY-RIPPLE) ADDER NETWORK

T = (l (D)I(O))
z(?’) ($157$14,ZC13751312)
£(2) (3311, L10, L9, 5138)
M = (x7, 6, T5, T4)
i(o) (163, L2, L1, ZCo)

where
r = 2220 1 2852 4 oty (M) 4 4 (0)
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16-BIT CARRY-RIPPLE ADDER

X y X X X y
4 4 4 4 4 4 4 4
o T T I N e O
Cout=c, . | = c
16 abit | C12 abit |, 8 abit |, 4 4-bit , n = Co
| adder adder adder adder |
' |
Y ¢ S dh AU (. S 4
1 0
7 (©) 7 () Z( ) Z( )

Figure 10.6: 16-BIT CARRY-RIPPLE ADDER NETWORK USING 4-BIT ADDER MODULES.
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CARRY-LOOKAHEAD ADDER NETWORK

carries from CLG-4 modules

Cog Coa Tzo 16 €12 Cg C4
X ¥y | X2 Y| 2 ¥ ¥ ¥ 2 ¥ 2 ¥ X ¥ £ ¥
YRR ii e e e
CLA-4 CLA-4 CLA-4 CLA-4 CLA-4 CLA-4 CLA-4 [ CLA-4 [ o
/2T4 /zi4 /2T4 /zi4 12 T4 /2T4 /2T4 f2i4
7 ? z Z z z z 2
G | Py G |Fs G |Ps G Py G |Ps G R G P G | Fo
| [
Cn CLG-4 < CLG-4 <
32
8 €24 ©0 C16 C10 Cg Ca
critical path
\

carries to CLA-4 modules

Figure 10.7: 32-BIT CARRY-LOOKAHEAD ADDER USING cLa-4 AND crLc-4 MODULES.

e PROPAGATION DELAY:
tp('net) = tpg + 2torg—4 + tapp
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CLA ADDER (cont.)

cy = G+ Py

cs = G1+ PGy + PPy

c1o = Go+ PG+ BPGy+ PP, Py

cie = Gz + P3Gy + PsPoGL+ B3P P Gy + P3P P Pycy

Py = p3-p2-p1-po
Go = g3+ gap3 + G1P3P2 + JoP3D2p1
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REPRESENTATION OF SIGNED INTEGERS AND BASIC OPERATIONS

e TWO COMMON REPRESENTATIONS:

- SIGN-AND-MAGNITUDE (SM)
- TRUE-AND-COMPLEMENT (TC)
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SIGN-AND-MAGNITUDE (SM) SYSTEM

e z REPRESENTED BY PAIR (z,, 7

S1gN;
01 >0
STV 1if 2<0
magnitude:
Lm
e RANGE OF SIGNED INTEGERS
total number of bits: n
sign: 1

magnitude: n — 1

oD << 21

e TWO REPRESENTATIONS OF ZERO:

rs = 0,2, =0 (positive zero)

rs = 1,2, = 0 (negative zero)
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TWO'S-COMPLEMENT SYSTEM

e NO SEPARATION BETWEEN THE REPRESENTATION OF SIGN
AND REPRESENTATION OF MAGNITUDE

e SIGNED INTEGER z REPRESENTED BY POSITIVE INTEGER zp
e MAP 2: BINARY REPRESENTATION OF xp

n—1 :
rr= Y ;2" , 0<zp<2"-—1
i=0

e MAP 1: TWO'S COMPLEMENT
rp = x mod 2"
BY DEFINITION OF mod, FOR |z| < 2™: equivalent to

|z if >0
TRZ N on — 2] if 2 <0

FOR UNAMBIGUOUS SYMMETRICAL REPRESENTATION
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Signed integer X

!

Map 1
Two’s-complement
system
Positive integer X
Map 2
Conventional
binary code

Bit-vector X

Figure 10.8: SIGNED INTEGER REPRESENTED BY POSITIVE INTEGER.
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Complement forms
—

True forms
ﬁ

Figure 10.9: TWO'S COMPLEMENT REPRESENTATION FOR n = 4.

Introduction to Digital Systems
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MAPPING IN TWO'S-COMPLEMENT SYSTEM

29

X TR X
0 0 00...000
1 1 00...001
2 2 00...010
_ - . True forms
_ _ - (positive)
_ - - ITRrR =3
on—1 2=t —1/01...111
—on~—l 2=+ 110...000
(2"t —1)2"~1 +1/10...001
_ - - Complement forms
_ _ - (negative)
—2 2" —2 [11..110 |z = 2" — |x|
—1 2" —1 |11...111

Introduction to Digital Systems
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EXAMPLE 10.2: MAPPINGS FOR —4 <z <3

Introduction to Digital Systems

T |Tr| T
3| 3 011
21 2 010
1| 1 ]001
0| 0 [000
-1 7 |111
-2 6 110
-3 5 101
-4 4 1100

10 — Arithmetic combinational modules and networks
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CONVERSE MAPPING

TR if zp<2"!'—1 (z>0)

e vp—2" if zp>2""1 (2 <0)

IN TERMS OF BIT VECTOR (2_1, Tn_2, ..., 1, To)

1) Forazp < 2n=1 bit x,, 1 is 0 and = > 0.
r=ap=0x2""+ tfjjxﬂi
i) Forxp >2""1bitx, ;island x < 0.
r=ap—2"=(1x2"" ¢ ”zj 2,2) — 2" = —1 x 2" ¢ ”zj ;2
COMBINING BOTH CASES

1 n
rT=—x, 12" + 'Zo ;2
1=

Introduction to Digital Systems 10 — Arithmetic combinational modules and networks



32

8-BIT EXAMPLES:

1 n
r=—x, 12" + .ZO ;2
Z:

X i

0100010110 + 69 = 69
11000101 | —128 + 69 = —53

SIGN DETECTION:

Introduction to Digital Systems

x>0 if z,.1=0
x <0 if z,.1=1
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ONES’-COMPLEMENT SYSTEM

rr =2 mod C
ONES'-COMPLEMENT SYSTEM: C =2" —1

e the ones’-complement system symmetrical, with the range — (2" — 1) < z <
o — 1,

e two representations for zero, namely xp =0 and xp = 2" — 1;

e the sign also detected by the most-significant bit

x>0 if (x,-1=0)or (zp=2"—1)

Introduction to Digital Systems 10 — Arithmetic combinational modules and networks



MAPPING IN ONES'-COMPLEMENT SYSTEM

34

X TR i
0 0 00...000
1 1 00...001
2 2 00...010
- - - True forms
- - - (positive)
- - - ITRrR =3
gn—1 2n=1 _1]01...111
2"t —1)] 271 110...000
- - - Complement forms
—2 2" —3 |11...101 | (negative)
—1 2" —2 |11..110 |z =2" — 1 — |7
0 2" —1 |11...111

Introduction to Digital Systems
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ADDITION IN TWO'S COMPLEMENT SYSTEM

35

e TO GET
Z2=T+Y
COMPUTE
zp = (xg + yr) mod 2"
CORRECT IF =21 < (z +y) <21 -1
e PROOF: CONSIDER
(xR + yR) mod 2"
AND SHOW THAT IT CORRESPONDS TO zpg
BY DEFINITION OF THE REPRESENTATION,

xr=x mod 2" and yr =1y mod 2"
THEREFORE,

(xr +yr) mod 2" = (x mod 2" +y mod 2") mod 2"
= (x 4+ y) mod 2" = z mod 2"

BY DEFINITION OF REPRESENTATION

z mod 2" = zp
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2's COMPLEMENT ADDITION: A SUMMARY

1. ADD zr AND yp (use adder for positive operands)

2. PERFORM THE mod OPERATION

e DOES NOT DEPEND ON THE RELATIVE MAGNITUDES OF THE OPERANDS
AND ON THEIR SIGNS (simpler than in S+M)

EXAMPLES OF ADDITION FOR C=64 and —32 < z,y,2 < 31

Signed | Representation Two's-complement | Signed
operands addition result
T | vy |zp YR (xgp+ yr) mod 64 = zp| =z
13/ 9 |13 9 22 mod 64 = 22 22
13| -9 |13 55 68 mod 64 =4 4
-13| 9 |5l 9 60 mod 64 = 60 -4
-13] -9 | 51 55 106 mod 64 = 42 -22
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THE mod OPERATION

o Let wp = xR+ yr. Then

:CR,yR<2” = wR<2><2”

if 2"
ZR:meon”:{wR 1T we <

wpr—2"1if 2" <wp<2x2"

e Since wr < 2 x 2"
W = (wTw Wp—1y -+, wO)

<2 w, =0
YR > 9n 4f w, =1

Case 1. wg < 2". Then wg mod 2" = wr < (Wy_1, ..., Wp).
Case 2. wp > 2"

wgr mod 2" =wg —2" < (L,w,_1,...,wg) — (1,0,...,0)

= (’(Un_l, ce ,”LU())

e CONCLUSION: wg mod 2" = (wy,_1, ..., wp)
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e mod OPERATION PERFORMED BY DISCARDING MOST-SIGNIFICANT
BIT OF w
e 2'S COMPLEMENT ADDITION:

RESULT CORRESPONDS TO OUTPUT OF ADDER, DISCARDING THE
CARRY-OUT

discard

Cout +— — ADDER — 0

z

Figure 10.10: TWO'S-COMPLEMENT ADDER MODULE.
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EXAMPLES OF 2'S COMPLEMENT ADDITION

39

Bit-level Positive |  Signed
computation | representation values
n =4 x = 1011 rr=11| = -5
y = 0101 Yyr= D| y= 5
w = 10000 wgr = 16
z = 0000 zp= 0 2= 0
n=38| x= 11011010 rp =218 v =—-38
y = 11110001 yp =241y = —15
w = 111001011 wgr = 459
z = 11001011 zr =203 | 2 = =53

Introduction to Digital Systems
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CHANGE OF SIGN IN TWO’S COMPLEMENT SYSTEM v

o =—=
zp = (2" — xg) mod 2"
x = 0: since z = —x = 0 we have zp = xp = 0. Moreover,
zr = (2" = 0) mod 2" =0
x > 0: since z = —x Is negative,

zp=2"—|z| =2" — |z

Moreover, x is positive so that

Substitute: zp = 2" — xp.
x < 0: since z = —x Is positive,
ZR=2=—1
Moreover, x is negative so that
rp=2"—|x|=2"4+=x

Substitute: zp = 2" — xp.
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CHANGE OF SIGN (cont.)

e DIRECT SUBTRACTION 2" — zp COMPLEX
EXAMPLE:

28 100000000
rr 01011110
10100010

e INSTEAD, USE 2" = (2" — 1) + 1

cp=02"—1—ap)+1

e THE COMPLEMENT WITH RESPECT TO 2" — 1: COMPLEMENT
EACH BIT OF z

TR =17 010001
63 —xp 111111 — 010001
101110
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CHANGE-OF-SIGN OPERATION

TWO-STEP OPERATION:

1. COMPLEMENT EACH BIT OF z denoted 2.
2. ADD 1 (set carry-in ¢g = 1)

e DESCRIPTION:

EXAMPLE FOR n =4, z = —3:

1101 |z = =3
10010
0000

1
0011z =3

S O RR

2

Introduction to Digital Systems 10 — Arithmetic combinational modules and networks



SUBTRACTION IN TWO'S COMPLEMENT SYSTEM

43

co=z—y=a+(-y)

EXAMPLE:

zr=(rr+ (2" —1—yg)+1) mod 2"
e THE CORRESPONDING DESCRIPTION
Z = ADDR(Q, g’, 1)

NSNS

I\

01100000

00110001 | 3" 11001110

1
00101111

SUMMARY OF 2'S COMPLEMENT OPERATIONS

OPERATION | 2's COMPLEMENT SYSTEM
Z=T+Yy z=ADD(z,y,0)
Z=—x z=ADD(z',0,1)
2= —Y z2=ADD(z,y', 1)

Introduction to Digital Systems
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OVERFLOW DETECTION IN ADDITION

e OVERFLOW - result exceeds most positive or negative representable integer
_271—1 S > S 2n—1 —1
- BOTH OPERANDS SAME SIGN, RESULT OPPOSITE SIGN

/ / !/
U= xn—lyn—lzn—l + xn—lyn—lzn—l

x>0

V>0 e

x>0

y>0
<0

Overflow

x<0
y<0
z<0

x<0
y<0
z0 Overflow :

0 5 n-1 2n

Figure 10.11: OVERFLOW IN TWO'S-COMPLEMENT SYSTEM.
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TWO'S COMPLEMENT ARITHMETIC UNIT

INPUTS: z=(Tp_1,...,%), x; €{0,1}
Yy = (yn—lv' .- 7y0)7 Y;j € {07 1}
Cin € {071}
FZ(fQ?fl)fO)

OUTPUTS:  z=(%-1,...,20), %; €{0,1}
Cout, S9N, zero,ovf € {0,1}

FUNCTIONS:
F Operation
001 | ADD | add 2= +Y
011 | SUB | subtract 2= —

101 | ADDC | add with carry |z = x4+ y + ¢,
110 | cs change sign z=—I
010 | INC increment z=x+1

sgn =1 if 2 <0, 0 otherwise (the sign)
zero=1 if z=0, 0 otherwise
ovf =1 if 2z overflows, 0 otherwise
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4 N
Xn1 eee X
KX
\
XX ] )_( X
N J T T
N
K,— COMPL X K, — COMPLY
f f f
2 1 0
n (0..0) — N n
A\ A Y
Combinational 0 !
ombinationa — Ky
< - MUX X
network Gin
e ”
KX Ky KMX CO v Y
Cﬂ
ADDER —— ¢
Cn1
n
n
N — .
Lo I |
Cout ovf zero sgn z

Figure 10.12: IMPLEMENTATION OF TWO'S-COMPLEMENT ARITHMETIC UNIT.
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CONTROL OF TWO'S-COMPLEMENT ARITHMETIC OPERATIONS

e OPERATION IDENTIFIED BY BIT-VECTOR F = (f2, f1, fo)
e COMPLEMENT OPERATION ¢ = compL(b, K):

b if K=0
DV K =1
Operation | Op-code Control Signals
JaJ1fo z K, K, Kyx
ADD 001 | ADD(z,y,0) | 0 | 0 | 1
SUB 011 | ADD(z,¢/,1) | 0 | 1 | 1
ADDC 101 | ADD(z,¥y,cn)| O | O 1
CS 110 | ApD(2,0,1) | 1 |dc.| O
INC 010 | ApD(z,0,1) | 0 |dc.| O
e CONTROL SIGNALS:
Kx — f2f1
Ky — fl
Kyux = Jo

Co = f1 + foOCin

Introduction to Digital Systems 10 — Arithmetic combinational modules and networks
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ALU MODULES AND NETWORKS

e ARITHMETIC-LOGIC UNIT

module realizing set of arithmetic and logic functions
e Why build ALUs?

1. Use in many different applications

2. ALU modules used in processors: function selected by control unit

Introduction to Digital Systems 10 — Arithmetic combinational modules and networks
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TYPICAL EXAMPLE OF ALU

Control (.5) | Function

ZERO z =0

ADD z = (z+y+ cin) mod 16
SUB z=(r+y + cp) mod 16
EXSUB z= (2" 4+ y + cip) mod 16
AND Z=xY

OR Z=T+Yy

XOR Z2=xDYyY

ONE z = 1111

a’ denotes the integer represented by vector a’
-, +, and @ are applied to the corresponding bits

Introduction to Digital Systems 10 — Arithmetic combinational modules and networks
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4-bit ALU

X y

x4 Y 4

v v 3
p - I

4 - BIT ALU
G +— «— Cip
4
Z

Figure 10.13: 4-bit ALU.
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NETWORKS OF ALU MODULES

e MODULE HAS NO CARRY-OUT SIGNAL

— cannot be used directly in an iterative (carry-ripple) network

— carry-out signal implemented as
Cout — G + P ¢ Cln

— carry-skip network

Introduction to Digital Systems 10 — Arithmetic combinational modules and networks
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16-bit ALU

X3 y3 x2 y2 X1 vt x0 yO
T4 T4 3 4 4 4 4 4 4
v 3 Y Y 3 \ Y 3
3 2 1 0
P’ < — P P e—| P - S
3 4 - BIT ALU ) 4 -BIT ALU N 4 -BIT ALU 0 4 -BIT ALU
G <«— — G <+— le— G <+—] G «— < Co
i 4 )I 4 Cs i 4 i 4
1 0
23 22 z z

piniginy

‘Clz lCB C4

Figure 10.14: 16-bit ALU.
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COMPARATOR MODULES

53

e HIGH-LEVEL DESCRIPTION OF AN n-BIT COMPARATOR:
INPUTS: T = (ZCn_l,...,CCQ), T; € {071}

Y= Yn-1,---,%), y; €{0,1}
Cinp € {G,E,S}
OUTPUT: z € {GES}

G if (zx>y) or (rx=y and ¢, = G)
FUNCTION: z=<:E if (z=y) and (¢, = E)
S if (x<y) or (r=y and ¢, =5)

x and y — the integers represented x and y

e IMPLEMENTATION OF 4-bit COMPARATOR MODULE

Cin = (Ci,Cﬁ,Ci) 3 Civ 517 516 {O 1}
z = (29225, 2925 27 e{0,1}
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Figure 10.15: 4-BIT COMPARATOR MODULE: a) block diagram; b) gate-network implementation.
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BINARY-LEVEL DESCRIPTION

Si = Ty
Ez’ = (Qil@yzy, Z:O,,S
G = xy;

2O = Gs+ E3Gy + EsEsG + EsEs Gy + E3E2E1E06z§1
ZE — EgEQElE()CgL
2% = S5+ B39 + E3FyS) + E3EqEiSy + E3EyFy Egc,
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ITERATIVE COMPARATOR NETWORK ”

X3 Y3 X2 y2 x1 yl X0 yO
Z In
- < < < «—— E
zE COMPARATOR < COMPARATOR < COMPARATOR < COMPARATOR Cin -1
S MODULE < MODULE < MODULE < MODULE s
C =0

Figure 10.16: 16-BIT ITERATIVE COMPARATOR NETWORK.
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TREE COMPARATOR NETWORK
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Figure 10.17: 16-BIT TREE COMPARATOR NETWORK.
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TREE COMPARATOR (cont.)

0 otherwise

0 otherwise
S _ 1if g<s

0 otherwise

e ¢ and s are the integers represented by the vectors g and s, respectively.
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MULTIPLIERS

e . X m bits multiplier:
0 <x <2"—1 (the multiplicand)
0 <y <2™—1 (the multiplier),
0<z<(2"—=1)(2™ —1) (the product).

e The high-level function:
2= XY

m—1 ) m—1 )
e=a( X yi2) = L ayi2
Since y; is either 0 or 1, we get

T iy =1
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MULTIPLICATION BIT MATRIX
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I7Y3
LYy TelY4
T7Ys TelYs T5Ys

L7Y2
L6Y3
L5Y4
L4Y5

L7Y1
L6Y2
L5Y3
L4Y4
L3Y5

Multiplier implementation:

e m arrays of n AND gates

e m — 1 n-bit adders
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L4Y0o
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T1Y1r ToYyi
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Cout [ Haif cout I paf | N

Adder Adder 1 e L v 1 e 1o —? <I__ Y1
OR l
: MH MF MF ME MF MF MF MH
sum_out sum_out |
Module MH / _/I ) | /l / 1 / | / 1 / |
sum_in x_bit y_bit —f—++t Te " T T e e <]+
‘ ’JJ“ MF MF MFE MF MF MF MF MH
\# L | |
cin ———/ —
c_gui Full = i —T1°? T T+ T = T+ - <l_‘ Y3
Adder
! MF MF MF MF MF MF MF MH
sum_out . ‘r) '
Module MF T —F— T T Te T T To—<JHva
(@ MF MF MF MF MF MF MF MH
i % |
gl 7 -l Woutil =t ol el N2l Y
MF MF MF MF MF MF MF MH
L | L ‘ ‘
P13 P12 P11 Pio Pg Pg Pz Ps Ps P4 P3 P2 Py Po
(b)

Figure 10.18: IMPLEMENTATION OF AN 8 x 6 MULTIPLIER: a) PRIMITIVE MODULES; b) NETWORK.
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MULTIPLIER DELAY

e delay of the buffer which connects signal 1y, to the n AND gates
e delay of the AND gate
e delay of the adders

tadders = te(n — 1) +ts + (t. + t5)(m — 2)
If t, =t., we get
tadders = (N + 2(m — 2))ts = (n + 2m — 4)t,
FOR THE 8 x 6 CASE: #,40 = (8 + 12 — 4)t, = 16t,
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EXAMPLE OF NETWORKS WITH STANDARD ARITHMETIC MODULES "

Inputs:  a[3], a[2], a[1], a[0], b[3], b[2], b[1], 0] € {0, ..., 216 — 1}
€ = (63, €2, €1, 60) , € € {0, 1}

Outputs: ¢[3], c[2], ¢[1], c[0] € {0, ...,217 — 1}
de {0,1,2,3)
feA{0,1}

Function:

1 if atleast onee; =1 .

= 0 otherwise : » 3=0,1,2,3
1 if e; is the highest priority event

0 if no event occurred

ali] + blt] if e; is the highest priority event
0 otherwise

Introduction to Digital Systems 10 — Arithmetic combinational modules and networks



64

MODULAR IMPLEMENTATION

CONSISTS OF

e a PRIORITY ENCODER to determine the highest-priority event;
® an ADDER;

e two SELECTORS (multiplexers) to select the corresponding inputs to the
adder:

e a DISTRIBUTOR (demultiplexer) to send the output of the adder to the
corresponding system output; and

® an OR gate to determine whether at least one event has occurred.
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a[3] a[2] a[1] a[0]

b[3] b[2] b[1] b[O]

PRIORITY
ENCODER
A2 A Y A ¥ Y \ A ¥
SELECTOR |—> SELECTOR
¥ 4
ADDER
4
> DISTRIBUTOR
A 2
d c[3] c[2] c[1] c[q]

Figure 10.19: NETWORK IN EXAMPLE 10.5
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