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1 Introduction

Given two metric spaces (Xi,d;) and (Xa,ds), an embedding ¢ : (X1,d;) — (Xa,d3) has
distortion c if and only if distances are preserved up to a factor of ¢ (and uniform scaling).
Easy to compute low distortion embeddings are extremely useful in computer science. Simply
put, in many applications, if we can embed with small distortion a metric space which we do
not understand well into some other metric space for which we do have efficient algorithms,
then such an embedding provides an efficient algorithm for the original metric space. On
a more fundamental level, studying embeddings of different metric spaces is a way to learn
about the structure of these metric spaces and it has numerous implications in combinatorial
optimization, discrete mathematics, functional analysis, and other areas.

In this paper we study the edit distance metric: Given two strings over a finite character
alphabet, the edit distance (also known as Levenshtein distance [10]) measures the minimum
number of character insertions, deletions, and substitutions needed to transform one string
into the other. Edit distance plays a central role in genomics, text processing, web appli-
cations, and other areas. In particular, fast estimation of edit distance and efficient search
according to the edit distance are the most investigated and used algorithms in computa-
tional biology. In this paper, we show that edit distance embeds in ¢; with relatively small
distortion. More specifically we show that {0, 1} endowed with edit distance embeds into

¢y with distortion 90(VIoedloeTogd) - Note that edit distance is well-defined even on strings
over a larger alphabet, as well as on strings of varying length. Our results trivially extend to
larger alphabet, and they can be applied to variable length strings using standard padding
arguments. We omit the discussion on these extensions from this extended abstract.

Furthermore, we show that our embedding can in fact be made efficient, thus implying
improved algorithms for a number of problems, including sketching and approximate nearest
neighbor search.

Given two d-bit strings, the best known running time to compute the exact edit distance,
due to Masek and Paterson [11], is O(d?/logd) (there is an easy quadratic-time dynamic
programming algorithm). For approximating the edit distance, Batu et al. [3] show an
algorithm that runs in time O(d™®*(@/220=1)) and can distinguish between edit distance O(d®)
and edit distance €2(d). The best approximation achieved by a (nearly) linear time algorithm
is the d*/7 result of Bar-Yossef et al. [2]. If the edit distance metric is modified to allow “block
operations” (i.e., swapping arbitrarily large blocks as a single operation), then the resulting
block edit metric can be embedded into ¢; with distortion O(logdlog”d) [6, 12, 5]). Andoni
et al. [1] showed that edit distance can not be embedded into ¢; with distortion less then 3/2.
With regard to the possibility of embedding of edit distance into ¢; with small distortion,
they say:

“So far, however such a result seems quite elusive. This raises the possibility that
a low-distortion embedding might not be possible.”

We show an embedding into ¢; with distortion 00 (VIog dTogTog d) (Notice that distortion d



is trivial.) It is also worth pointing out that our paper provides a theoretical foundation
to the experimentally successful idea of Broder et al. [4] of estimating similarity between
documents or web pages by looking at sets of “shingles” (substrings) covering the document.
Our methods (as well as other constructions and results in [3, 7, 2]) can be considered as a
refinement of the original approach of [4].

A notion related to embedding is the sketching model. In this model we compute, for
any string x, a sketch (i.e., a small “fingerprint”) of = which is far smaller then the length
of z and yet we can estimate the distance between two strings x and y by examining their
sketches. Sketching is related to multi-scale dimension reduction methods and approximate
nearest neighbor search [9, 8|, to streaming algorithms, and to communication complexity
of document exchange [6]. The sketching model is well understood for Hamming distance
(and implicitly for ¢1), see [9]. For edit distance, Bar-Yossef et al. [2] show how to compute
a constant size sketch that can distinguish between edit distance at most k£ and edit distance
at least (kd)*? for any k < Vd. Our embedding results can be used to produce constant
size sketches that can distinguish between edit distance at most k£ and edit distance at least
90(VIogdloglogd)

Another important problem is that of approximate nearest neighbor search algorithms.
Given a database of n points in an underlying metric space, we want to pre-process the
database and provide a search algorithm which, given a query point, finds a database point
which is close to the query point. There is a vast literature on this subject. We restrict
our attention to some of the theoretical work where the pre-processing cost is polynomial
in the input size (even for high dimensional data; for d-bit strings the input size is nd) and
the search cost is polynomial in the size of the query and in logn. Kushilevitz et al. [9]
and Indyk and Motwani [8] consider databases in ¢1, {5, and the Hamming cube. Their
search algorithms retrieve a database point at distance at most 1 + € times the minimum.
Muthukrishnan and Sahinalp [12] show how to extend this result to block edit distance.
Indyk [7] gives a solution for edit distance where the search can return a point at distance
at most d° times the minimum, for any ¢ > 0. The Bar-Yossef et al. paper [2] gives similar
bounds with a better pre-processing performance. Our embedding results imply a solution
where the search returns a point at distance at most 90 (Vg dloglog d)

We defer the discussion of other applications to the full version of the paper.

- k for all feasible values of k.

times the minimum.

2 Preliminaries

We denote by [i, j] the set {i,i +1,...,j} and we denote by [j] the set [1,j]. (If j < i then
i, 7] is the empty set.) Let x € {0,1}*. We denote by |z| the length of z. For i € [|z|] we
denote by x; the i-th character in z. For i,j € [|z|] we define z[i, j] = z;xip1Tie ... x;. (If
j < i then z[i, j] is the empty string.) When we denote a set of strings, we usually intend
(unless otherwise specified) that multiple copies of the same string are counted as different



elements of the set. Thus, the simplified notation {z', 22, ..., 2"} is used for the set
{(@. k) jehnk=[{ieli-1]: o' =2}[}.
For s € N, we put
shifts(x, s) = {z[1, |x| — s + 1], z[2,|z| — s+ 2],..., z[s, |x|]}

Let z,y € {0,1}*. We denote by zy the concatenation of = followed by y. We denote by
ed(x,y) the edit distance between x and y, which is the minimum number of insert, delete,
and substitute operations needed to convert x to y (or vice versa). For z,y with |z| = |y|,
we denote by H(z,y) the Hamming distance between x and y (i.e., the number positions i
such that z; # y;). For a set X and s € N, we denote by ()s() the set of subsets of X of
cardinality s. Let x,y € {0,1}*. Consider an optimal sequence of edit operations converting
z into y. Any such sequence is equivalent to a function f,, : [0,|z| + 1] — [0, |y| + 1] U {e}
with the following properties.

L. foy(0)=0and f,,(Jz] +1) = |yl + 1.
2. Vi € [[a]], foy(i) € [lyl]U{e}.
3. Vi,j € [|z|] such that i < j and f,,(7), fo,(7) # €, it holds that f, (i) < fu, (7).

The interpretation of f,, as a sequence of edit operations is as follows. Having f, (i) = ¢
corresponds to deleting z;. If there is no i such that f, ,(i) = j that corresponds to inserting
yj. If j = fo,(i) € [ly|] and z; # y; then that corresponds to substituting y; for x;. The
extension of f,, to 0 and |z|+ 1 is useful in some of the calculations below. Notice that for
7 €10,]y| + 1] we may put

fred) = £710) = { i 3ie 0|zl + 1), fou (i) = j;

it € otherwise.

The following facts are trivial.

Fact 1. ed(z,y) > ||z| — |y||-

Fact 2. ed(z,y) > [{j: foy() =} +[{7: foy() =<}l
Fact 3. [{j: foy(j) =} = |z| = yl.

Fact 4. Let i,i' € [|z|] and 7,7 € [ly|] satisfy the following conditions: i < i'; j < j';
Fogli) = 33 V" € [i 4 L7, o) = ¢ and ¥j" € [j + 1.7, f-2") = <. Then,

ed(z, y) = ed(x[L, @], y[1,5) + ed(z[i' + 1, [z]], y[" + L [yl])-

For z,y € {0,1}*, ed(z,y) can be estimated roughly by comparing substrings of = and
y, as the following lemmas quantify.



Lemma 5. Let x,y € {0,1}* such that |x| < |y|, and let b € N, b < |x|. Then, there exists
an injection
follel =b+1] = [lyl = b+ 1]

such that

Hiellz|—b+1] : ed(zfi,i+b—1],y[f(), f(i)+b—1])
> 2ed(z,y)} < ed(z,y).

Proof. Let I ={i € [Jx| =b+1]: f.,(0) € [ly| — b+ 1]}. Put
imax = max{i € [|x| —b+ 1] :

Vi€ li], fuy(d) €llyl=b+1]V foy(4) =<}
By Fact 4,
ed(z,y) = ed(x[1, imax), y[1, ly| — 0+ 1])+
+ed(@[imax + 1, 2]}, ylly| — b+ 2, [y]]).
We have that

[{iellzl =b+1]: fuy(@) € [lyl —0+2,[y|]}
{6 € [imax + L, |2| — b+ 1]+ foy (i) # e}l

|| — b+ 1 — dmax

[yl = b+ 1 —imax

[{ielyl—b+1]: fiyG) =<}

VAN VAR VAN

where the last inequality follows from Fact 3. Using Fact 2,

1] = [ie€llz|—b+1]: fo,(i) # e}
—{iellz] —b+1]: fay(i) € [lyl —b+2,]y[]}]
= x| —b+1—|{iellz]—b+1]: fo,(i)=c}
— i fla] =b+1]: fuy(i) € [lyl —b+2,]y[]}]
|x|—b+1—|{26[|x|—b+1] fay(i) = €}
—{iellyl=b+1]: fry(i) =<}
> || = b+ 1 —ed([1, imax, y[1, [y — b+ 1])
> || —=b+1—ed(z,y).

Vv

For every i € I, put f(i) = f,,(i) and extend f arbitrarily to [|z| — b+ 1]. We show that for
every i € I, ed(z[i,i +b—1],y[f(7), f(i) +b—1]) < 2ed(z,y). Let

g(1) = max{i +b— 1, max{s € [i, |z]] :

5



Fj € [f(0), f(i) +b—1], fau (') = j}},
and let
h(i) = max{f(i) + b — 1, max{j € [f(2),[y]] :
30 € [iyi+b— 1], fuy(i) = j}}-
Notice that either g(i) = i+b—1 or h(i) = f(i)+b—1. Moreover, g(i) — (i+b—1) < ed(z,y)
and h(i) — (f(i)+b—1) <ed(zx,y). Clearly, ed(z[i, g(i)], y[f(¢), h(i)]) < ed(z,y). Therefore,

ed(z[i,i+b—1),y[f(2), f(i) +b—1])
< ed(zli,g()], y[f (@), h(D)]) + g(i) — (i +b—1) +
+h(i) = (f(i) +b—1)
< 2ed(z,y),
as required. O

Let b,d,s € N with ¢ € N and s < b.
Lemma 6. For every x,y € {0,1}9 there exists a sequence ki, ko, . . ., kayy satisfying

d/b

Zkz S 2€d(.§lf,y)7

i=1
such that for every i € [d/b] there exists a bijection
7; « shifts (z[(: — 1)b+ 1,4b], s) —

shifts (y[(¢ — 1)b+ 1,1b], s)

such that
|{z € shifts (z[(i — 1)b+ 1,4b],s) : ed(z,7;(2)) > k;}|

<ed(z,y).
Proof. Let i € [d/b]. Put
af =max{(i — 1)b+ 1,max{j € [d+ 1] :
Foali — 1) € 0.6~ 1B}
bf = min{ib,min{j € [d] : f.,(j +1) > ib}},
a! = max{(i — 1)b+ 1, max{j € [d+ 1] :
foyG=1) €10, (i = 1)8]}},

and
b? = min {ib, min {;j € [d] : fx_;(] +1) > ib}}.

6



By Fact 4,
ed(x y) = ed(a:[l, aim - 1]7y[17 a’g - 1])+

+ed(zlaf, b], ylal, b?]) + ed(x[b] + 1,d],y[b! + 1,d]).

R

Moreover, by Fact 1,
ed(z[l,af — 1],y[1,a! —1]) > |af — a!|

»

and

ed(z[bf +1,d],y[by +1,d]) = [bf — b

We assume without loss of generality that bf — a? < bY — a?. Notice that if z € shifts(z[(i —
1)b + 1,ib],s) (or z € shifts(y[(: — 1)b + 1,ib],s)) then |z| = b — s+ 1. By Lemma 5,
there exists an injection f : [bf —af —b+ s+ 1] — [b) —a! — b+ s+ 1] such that |{j €
bF —af —b+s+1]: ed(z[af+j—1,a¥+j+b—s—1],yla!+ f(j)—1,a!+ f(j)+b—s—1]) >
2ed(z[a?, b?],y[a!, b))} < ed(z[a¥,b¥],ylal,b!]). For everyj € bf —af —b+ s+ 1] set
r(zlaf+j—1Laf+j+b—s—1]))=yla! + f(§) — 1,a’ + f(j )+b—s—1] and extend 7; to
the rest of shifts (z[(i — 1)b+ 1,1b], s) arbitrarily, and set k; = 2 ed(z[a?, b¥], y[a?, b?]). Now,

i Y% Z’Z

|{z € shifts (z[(: — 1)b+ 1,4b],s) : ed(z,7;(2)) > k;i}|
ed(x[al, b7], yla?, b?]) + max{a?,a?} —

R ’l”l 7 ’l

—((t = 1)b+ 1) + ib — min{b7, bY

1771

IN

S ed( [az7bzx] [ i/ab?])_'_ed( [Lai - 1]7y[17a§!_1])+
+ed(z[bf 4+ 1,d],y[b! + 1,d])
= ed(z,y).
Moreover,
d/b d/b
Yk < 2Zed (afaf, 07, yla, b))
i=1
< 2ed(az, ).
This completes the proof. O

3 The Embedding

In this section we prove our main result, the following upper bound on the distortion of
embedding edit distance into ¢;. The embedding given in this section ignores computational
efficiency. In the next section we present an efficient implementation of the embedding.

Theorem 7. There exists a universal constant ¢ > 0 such that for every d € N there exists an
embedding
¢ ({0,1}4, ed) — €1 with distortion at most 2¢VIeedloglogd,

7



We first present an informal description of the embedding. Let z € {0,1}% be any string.
We partition x into 2VIesdlosloed disjoint substrings of (approximately) the same length. We
refer to these substrings as blocks. Let x',2?,... denote the blocks. We consider the sets
shifts(x?, s) for s ranging over the non-negative powers of logd that are below the block
length. Given z,y € {0,1}%, define the distance between shifts(z?, s) and shifts(y¢, s) to be
the minimum cost perfect matching between the two sets, where the cost of an edge between
two elements is their edit distance, truncated above s. This is a metric on sets of strings
that are much shorter than x. Ideally, we would like to embed this metric into ¢;. The
edit distance-preserving embedding into ¢; would then consist of concatenating the scaled
embeddings of shifts(z?, s) for all blocks ¢ and all values of s. However, a good embedding
of shifts(z’, s) seems to be too strong an inductive hypothesis. Therefore, we inductively
embed the strings in shifts(z?, s) into ¢; and redefine the edge costs for the matching to be
the truncated ¢; distance between the embedded strings. We embed this metric over sets
of strings into ¢;. This embedding is not necessarily low distortion. The following lemma,
which may be of independent interest, states the properties of this embedding.

Lemma 8. For every € > 0 and for every d,s,t € N that satisfy In(s/e) <t < d there is a
mapping ¥ : ({o,;}d) — (4 such that for every A, B € ({O’Sl}d),

[¥(A) =¥ (B)]h < % -min {Z min{t, 2H(z, o (z)) 1n(8/6)}}

T€EA

(where the first minimum is taken over all bijections o : A — B), and furthermore if for all
x€Aandy € B, H(x,y) > t, then

[(A) = (B)[ly = (1 —e)t.

Proof. Put b = M. Consider the function Yy : ({O’Sl}d) — {0, 1}(2d)b, which is defined as
follows. Let A = {z!,2?,... 2%} € ({O’Sl}d). To set x(A), we generate a coordinate for every
sequence I = (iy,4y,...,45) € [d]® and for every string z € {0,1}°. We set x(A4);, = 1 iff
thereis j € {1,2,..., s} such that z = 2 27 .- xib Forall A € ({0’;}d) put ¥(A) = 555 x(A).
1

11 Vig

Let A, B € ({O’Sl}d). Let 0 : A — B be a bijection that minimizes

> min{t, 2H(z, o (z)) In(s/€)}.

TEA

IThat is, we consider multisets: for every I, take the multiset of samples from all the strings in A (or B),
and add a counter to each string in the multiset, so the indices for the vector 1 are strings plus counters.
Alternatively, we can use other encodings, such as we can index 1 with strings and the entries will have a
value which is the counter.



Let z € A. Let I € [d]® be chosen uniformly at random. Then, for z = x4, - - - 2;,,
X(A);. = 1. On the other hand,

Tj
=
=

S
=
83

I
=)
IN

Pr [\Z {2;, # a(:c)z'j}]
— 1—Pr [/b\ {2, = a(x)zj}]

1

L (1_ H<x,;<x>>)”

_ 2bH(=,0(x))
d

1—e¢
1—ce

. {17 OH(z, o(x)) In(s/e) } |

t

_ 2H (z,0(x))In(s/€)
t

IN

Thus we get
[ (A) = ¢(B)|lx
= = Y KA (B

Ield]b ze{0,1}?

t
= %~2Pr[x(8)17z =0|z=wxyxiy - T4)

z€EA
+2£S . ;Pr [X(A)LZ =0 | 2= Ty Ty« - 'xib]
t [ 2H(x,0(x))In(s/¢)
< 3 ZBEZAmm {1, ; }
= Y minft, 2H(r, o(x) In(s /).

On the other hand, assuming that min{H(z,y) : * € ANy € B} > t,

Prly(B);.=1] < S.(l_w)b

d

b
t
< s-[1=2
<+ (-3)

dln(s/e)
t



Therefore,

[(A) = &(B)llx
t
= ﬁ Z Z |X(A)I,z _X(B)I,z|
Ield]b ze{0,1}®
t
= 55 ZPr X(B)r:=0]2z=uzT )
€A
t
+2_8 ’ ZPI [X(A)I,z =0 | 2 =T Ty "+ 'xib]
z€B
t
= 5, Y (L=Prix(B)r.=1|2=zai; - 15))
€A
t
JF% Z (1 =Prx(A)r.=1|2=zi75 73,
z€B
> Lon_g
- 2s €8
= (1—e),
completing the proof. O

For given values d, s and fort = s, € = %, we denote by 14 s the embedding v of Lemma 8.

Proof of Theorem 7. The proof is by induction on d. Clearly, the claim is true for d sufficiently
small. We therefore assume that the claim holds for all strings of length less than d. For
d' < d, let ¢y denote the embedding constructed for strings in {0, 1}%. Let = € {0,1}¢. For

j€Nlet s; = (logd)’. Put iy, = 2V°87808 and put jy., = min {j eN: s; > m}.
d

For j € [0, jmax), Put d; = “— —s;+1 Forie [imax] and j € [0, jmax|, Put A; (z) =
shifts(x[(¢ — 1)d/imax + 1,9d/imax), 5;), and put

B; j(x) = {@dj(y) TS Am(ff)} .

Finally, define the vector p4(x) whose coordinates are indexed by I, z, 1, j as follows.

(@d@))l,z,z’,j = (djdwé’j <BiJ))1,z :

(Notice that we implicitly assume, for simplicity, that i,,., divides d, and we partition z into
imax Dlocks of length d/iya, each. The assumption can be removed by increasing the length
of some of the blocks by 1. To simplify the notation, we ignore this issue in this extended
abstract.)

Consider two strings z,y € {0,1}%, x # y. By Lemma 6, there is a sequence ky, ko, . . ., k

satisfying
i=1

10



such that for every i € [inax] and for every j € [0, jmax] there exists a bijection 7 : A4; ;(z) —
A; ;(y) such that

Hz € Aij(x) : ed(z,7(2)) > ki}| < ed(z,y). (2)
Now, if s; < ed(z,y) then, trivially, by Lemma 8,
a5 (Bij () = Va8 (Bij ()l < 55 (3)

Otherwise, if s; > ed(z,y), then by Equation (2) and the induction hypothesis,
[{z € Bij(2) : H(z7(2)) > llpa; luip - ki }| < ed(z, ).
Therefore, by Lemma 8,
[¥d,,s;(Bij (@) = Yy, (Bij(y))[l1

< i-min Z min{s;, 2H(z,0(z)) - In(2s;) }
8‘7 7 ZEBZ'7J'($)
< L. Z min{s;, 2H(z,7(z)) - In(2s;)}
S‘j zGBi’j(m)
1
< L (@l(ry) s+ 55 2, 7(2) - (2s,)
J
< ed(z,y) + 2[|@g, lluip - Ki - In(2s;). (4)

Summing Equations (3) and (4), over i, j, and using Condition (1), we get

lpa(z) — wa(y)ll;

Tmax Jmax

= D [ty (Biy(x) — s, (Biy )|,

i=1 j=0

imax . Z Sj + 'L.max : (jmax + ]-) . ed(l‘a y) +

J: sj<ed(z,y)

log?d &
(2t i ) 3
=1

, logd log?d
< (2. Meow M —2 L) ed(z.y).
(2 oglogd P llip loglogd) ed(z,y)

IA

Thus, we obtain the recurrence relation

log?d . logd
i <4 ; ip 7.1 4 max )
||90d||Lp — ||S0djmax ||Lp loglogd + L loglogd

s0 ||¢dllLip (as a function of d) satisfies the conditions of Lemma 14 (in the appendix), and
therefore the recurrence solves to ||¢gl|L, = 20(Vicedloeglogd),

11



We now proceed to bound |[p;||1ip- Define a sequence ji, ja, ..., ji... as follows. For
i € [1,imax], if 2[(1 — 1)d/imax + 1, id/imax] = y[(1 — 1)d/imax + 1, id/imax] then put j; = —1,
otherwise put
Ji = max{j € [0, jmax] :
V2 e Aij(a)V2' € Aij(y),ed(z,2') > [log i - 55}

Put s, .11 = ﬁ. Let I = {i € [1,imax] : Ji > 0}. Clearly,
ed(z,y) < (e i +2) - i1,
iel
On the other hand, consider z € A; ;(z) and 2’ € A; ;(y). If ed(z,2") > ||g0;jl||L-1p -5, then by
the induction hypothesis H(¢(2), ¢(2’)) > s;. Therefore, by Lemma 8,

lpa(x) — wa(y)l;

> > ||y, s (Bigi (@) = Ya s, (Big, )],
el
1
= 5 Z Sji
el
1
Z 2 10gd ' ZGZI Sji+1
> . ed(z,).

2 (e, ip +2) log d
Thus we get the recurrence

||§0;1 Lip < 2”903/1@'%,{ |Lip - logd + 4logd,
which solves to ||, || = 20(VIeedloglosd) by Temma 14.

4 Implementation, Applications

The embedding described in the previous section is computationally inefficient. An effi-
cient implementation of the embedding is derived from the following algorithmic version of
Lemma 8.

Lemma 9. There exists a probabilistic polynomial time algorithm 1) that for every § >
0, for every d,s € N that satisfy In(2s) < s < d, and for every A € ({O’Q}d) computes
Y(A) = Y(A,d,s,d) € £10(5210g(1/6)) such that for every A,B € ({O’Sl}d) the following holds
with probability at least 1 —

9(4) = $(B)1 < - - min {me{s, 6, o(x)) 1n<2s>}}

z€EA

12



(where the first minimum is taken over all bijections o : A — B), and furthermore if for all
x € Aandy € B, H(z,y) > s, then

s
9 (4) — 6Bl > 5.
Proof sketch. Put b = dlnT(Qs), as in the proof of Lemma 8 (with ¢t = s and € = %) Instead

of averaging over all I € [d]’, we take a sample of O(slog(1/d)) independent, uniformly
distributed, I-s. Using standard large deviation bounds, for any A, B € ({0’1}d),

s

Pr |16(4) - w(B)] > 1

. Hgn{z min{s, 6H(x, o(x)) 111(25)}}] < g,

TEA

and if for all x € A and y € B, H(x,y) > s, then

Pr[lje(4) (B < 5] < 3.

We still have the problem of indexing, for every sample point I, all possible z € {0,1}°.
Notice, however, that for any A € ({0’;}d) and I € [d]°, the number of possible values of z
that actually appear is s. Hashing {0, 1} into a domain of size O(s) is sufficient with high
probability. (Notice that ||1)(A) — 1 (B)||; cannot increase due to the hashing.) O

Lemma 9 implies the following algorithmic version of Theorem 7.

Theorem 10. There exists a polynomial time algorithm ¢ that for every 0 > 0, for every
d € N, and for every x € {0,1}¢ computes p(z) = p(z,d,8) € (5D uch that for
every x,y € {0,1}2, with probability at least 1 — 6,

2_0(\/W) . ed(l‘, y) <

< [le(z) = ¢yl <
< Q0WIEdIEIED . oi( ).

The proof of Theorem 10 follows closely the proof of Theorem 7, and is omitted from this
version of the paper. Notice that in order to embed {0, 1}¢ into ¢;, we need to take § < 474
to ensure that all (2;) distances are preserved with high probability.

Theorem 10 can be used to solve many data processing problems that involve edit dis-
tance, by first embedding the data into ¢, and then applying previous results for /; data. We
discuss several examples to illustrate the issue. Our first example is a sketching algorithm,
which is a basic building block for other tasks.

13



Theorem 11. There are universal constants c, o, B > 0, a < 3, such that the following holds.
There is a probabilistic polynomial time algorithm s that for every 6 > 0, for every d,t € N,
and for every x € {0,1}¢ computes a sketch s(x) = s(x,d,t,0) € {0,1}°0e(/9) sych that
for every z,y € {0,1}¢ with probability at least 1 — § the following holds. If ed(x,y) < t
then H(s(z),s(y)) < alog(1/6), and if ed(x,y) > 2¢vieedloglosd . ¢ then H(s(z),s(y)) >
Blog(1/9).>

Proof. To compute s(zx), use Theorem 10 to embed x in ¢, then use the ¢; sketching algo-
rithm implied in [9]. O

Corollary 12. There is ¢ > 0 such that for every d > 0, for every n,t € N, there is a a one-
round public-coin probabilistic two-party communication protocol that on input x,y € {0, 1}"

exchanges O(log(1/9)) bits and with probability at least 1 — & outputs 1 if ed(z,y) <t and 0
if ed(x,y) > gcVlognloglogn , ¢

Proof. Suppose Alice gets x and Bob gets y. Alice computes s(x), Bob computes s(y) (on
the same random string), then they exchange these bits. They output 1 if and only if
H(s(x),s(y)) < alog(1/0). By Theorem 11, the protocol succeeds with probability at least
1-—0. O

Another obvious application is approximate nearest neighbor search. In the nearest
neighbor search problem, a database consisting of n points in an ambient distance space
must be pre-processed, and a search algorithm must find a database point closest to an
input point, using the pre-processed database. In the approximation version, the search
algorithm may return a database point at distance somewhat larger than the minimum.
Using approximate nearest neighbor algorithms for points in ¢; [9, 8], we get the following
theorem.

Theorem 13. There is a probabilistic pre-processing algorithm D and a search algorithm
N that satisfy the following conditions with high probability. On any input X C ({O’i}d), the
pre-processing algorithm D computes in polynomial time a pre-processed database D(X) =
D(X,n,d). Using D(X), on any input q € {0,1}%, the search algorithm N finds in time poly-
nomial in d and logn a database point N(q) € X such that for every z € X, ed(q, N(q)) <
20(Vlogdloglogd) . o (¢, ).

Proof. Let ¢ be the algorithm from Theorem 10, taking § < 272, (So, ¢ embeds ({0, 1}, ed)

into Elo(dg).) To pre-process the database X, apply the ¢; pre-processing algorithm of [9] to
the database {p(z) : = € X}. To search a query ¢, apply the ¢; search algorithm of [9] to

©(q). O

2The comparison of s(x) and s(y) is done using the same outcome of the algorithm’s coin tosses in both
cases.
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Appendix

Lemma 14. Consider a non-negative function f : N — R that satisfies the following. There
exist ng € N and constants o, 8 > 0 such that for every n > ny

n
< - ). a B+v/lognloglogn
f(n) - f (2 lognloglogn) (logn) +2 ’
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Then, there exists a constant ¢ > 0 such that for every n € N, f(n) < 2¢vicenloglogn,

Proof. The proof is by induction on n. For the base case, if we take a sufficiently large
constants ¢ and ny; > ng, then for all n < ny, f(n) < geviognloglogn “and for all n > ng,

20\/(logn—\/lognloglogn) loglogn | (log n)a Z 26\/10gnloglogn.

So, let n > n; and assume that the claim holds for all n’ < n. We have

n (7
log f(n) < log (f (W> - (log )+
+2ﬁ¢m>

IN

lOg (QCV(logn—JW) loglogn (logn)a+

+2B\/10gnloglogn>

IN

log (2 . gey/llog n—/Tognloglog ) loglog
(logn)”)

= C\/(logn — y/lognloglogn)loglogn +

+aloglogn + 1

[log 1
= cy/lognloglogn - 1— w"—
logn

a [loglogn 1
+— +
c logn cy/lognloglogn
1 [logl
cy/lognloglogn - |1 — = M—i—
2 logn
a [logl 1
+— 5087 +
c logn cy/lognloglogn

< cy/lognloglogn,

provided that ¢ and n; are sufficiently large. O

IN
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